
Dynamics of Fermi-Dirac particles

December 31, 2013

Robert Stańczy
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ul. S.  Lojasiewicza 6, 30-348 Kraków

Abstract

This paper is devoted to the study of dynamics governed by the system of
self-gravitating particles, modelled by Fermi–Dirac and Maxwell–Boltzmann
statistics The set of all solutions is characterized by a unstable manifold for
a non-autonomous perturbation of an autonomous dynamical system. We
study a model based on the Fermi function as well as a simplified one for
which explicit estimates are easier to establish.

1 Introduction of dynamical system

Consider the following non–autonomous system{
x′ = y − x ,

y′ = 2 y − e2sR
(
e−2s y

)
x ,

(1)

and look for the solutions starting at s = −∞ from (x, y) = (0, 0). If R(z) =
z, which corresponds to the Maxwell–Boltzmann (MB) statistics, we recover the
autonomous dynamical system. For the Fermi–Dirac model (FD) with R expressed

via the Fermi functions (see for example Appendix) or for R(z) =
(
1
z + η

z1/3

)−1
with η > 0 in the simplified Fermi–Dirac model (sFD), the main difficulty is due to
the fact that (1) is not autonomous. However, both in (FD) and (sFD) R converges
to the identity as η → 0+. Thus the (MB) case can be formally seen as the limit case
of the (FD) or (sFD) cases. In any case we have the following estimate 0 ≤ R(z) ≤ z
for any z ≥ 0, for the justification real Fermi–Dirac case see Appendix. Hence, the
nonlinear and non-autonomous term can be estimated in the first quadrant by the
autonomous expression

0 ≤ e2sR
(
e−2s y

)
x ≤ xy .
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