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Received 29 September 2003; received in revised form 26 March 2004

Abstract
We consider commutative hypergroups with translation operators which are compact on L2 resp. L1 . It will be
shown that such hypergroups are necessarily discrete and that in the case of compact translations on L1 the support of
the Plancherel measure coincides with the set of all characters and the hypergroup must be symmetric. Furthermore
we will show that a certain type of Reiter’s condition is fulﬁlled.
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1. Introduction
In this paper we are going to study commutative hypergroups X for which the translation operator Tx −I
is compact on the space L2 (X, m) (resp. L1 (X, m)) for each x ∈ X, where m is the Haar measure on X.
These hypergroups will be called compact type (resp. strong compact type). The most prominent examples
of such hypergroups are the polynomial hypergroups generated by the little q-Legendre polynomials (see
[4]). We will present a full description of such hypergroups.
∗ Corresponding author.

E-mail addresses: ﬁlbir@gsf.de (F. Filbir), lasser@gsf.de (R. Lasser), szwarc@math.uni.wroc.pl (R. Szwarc).
1 The third author was partially supported by KBN (Poland) under grant 2 P03A 028 25 and by Research Training Network

“Harmonic Analysis and Related Problems” Contract HPRN-CT-2001-00273.
0377-0427/$ - see front matter © 2004 Published by Elsevier B.V.
doi:10.1016/j.cam.2004.03.028

206

F. Filbir et al. / Journal of Computational and Applied Mathematics 178 (2005) 205 – 214

The motivation for the investigations in this paper arose from our work on the so-called Reiter’s
condition of type P1 for locally compact commutative hypergroups (see [2,3]). A precise deﬁnition of
Reiter’s condition will be given in Section 3. This condition is of particular interest in spectral analysis
of the Banach algebra L1 (X, m). An important problem is to investigate whether the maximal ideals of
L1 (X, m) have a bounded approximate identity.
Hypergroups on N0 generated by orthogonal polynomials are of special interest. In [3] we studied
polynomial hypergroups in some detail with respect to the P1 -condition. We were able to show that there
is a bounded approximate identity in the maximal ideal which is generated by a character, if and only
if, the generalized Reiter condition is fulﬁlled at this character (see [3, Theorem 3.2].) In [3] it has been
shown that the P1 -condition is satisﬁed at every character which is absolutely summable. Using this
result we observed that the P1 -condition is fulﬁlled at every nontrivial character if the Jacobi operator is
compact on 2 resp. 1 . This observation led us to the more general question whether we have the same
situation for hypergroups of compact type (resp. strong compact type). This question will be answered
completely in this paper.
The paper is organized as follows. In Section 2 we present the basic facts on hypergroups as far as they
are necessary to understand the paper. Section 3 contains the main results as well as some examples.

2. Preliminaries
Throughout this paper we will denote by X a locally compact commutative hypergroup. For the convolution of two elements x, y ∈ X we write x ∗ y which is deﬁned as x ∗ y , where x is the point measure
at the point x. The involution of an element x ∈ K will be denoted by x̃. Let Cc (X) denote the space of
all continuous functions on X with compact support. For a given x ∈ X and a function f ∈ Cc (X) the
translation Tx f of f is given by
Tx f (y) = f (x ∗ y) = x ∗ y (f ).
The commutativity of X ensures the existence of a Haar measure m on X, i.e., a regular positive Borel
measure m = 0 such that


f (y) dm(y) =
Tx f (y) dm(y), for all f ∈ Cc (K), x ∈ X.
X

X

The spaces Lp (X, m), 1  p  ∞, are deﬁned as usual. It is well known that the translation operator Tx
can be extended to the spaces Lp (X, m), 1  p  ∞, and to the space of bounded continuous functions
Cb (X) on X and moreover, that this operator is bounded on each of this spaces.
Let M(X) be the set of all regular bounded Borel measures. For a measure  ∈ M(X) we have a
bounded operator

Tx f d(x),
T : B → B, T f =  ∗ f =
X

where B can be one of the spaces Cb (X) or Lp (X, m), 1  p  ∞. In the case d = f dm we will write
Tf .
Let C denote the C ∗ -algebra generated by the operators Tf , f ∈ Cc (X), acting on L2 (X, m).
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The convolution of two functions f, g ∈ L1 (X, m) is deﬁned by

f (y) Tỹ g(x) dm(y).
f ∗ g (x) =
X

With this product and the *-operation f ∗ (x) = f (x̃) the Banach space L1 (X, m) becomes a Banach
*-algebra.
The set of all characters of X will be denoted by Xb (X), i.e., the set
Xb (X) = { ∈ Cb (X) :   = 0 and Tx (y) = (x)(y) for all x, y ∈ X}.

Let X̂ be the set of all hermitian characters, i.e.,
X̂ = { ∈ Xb (X) : ∗ = }.
The Fourier transform of a function f ∈ L1 (X, m) will be denoted by Ff () resp. fˆ() depending on
whether  is in Xb (X) or in X̂. There is a uniquely determined positive regular Borel measure  on X̂
with


2
|f (x)| dm(x) =
|fˆ()|2 d()
X

X̂

for all f ∈ L2 (X, m). The measure  is called the Plancherel measure and its support will be denoted by
S. It is well known that
S = { ∈ K̂ : |fˆ()|  Tf  for all f ∈ L1 (X, m)}.

For more details on hypergroups we refer to monograph [1].
Let aj be a family of numbers indexed by elements j from a set J. By limj →∞ aj = a we mean that
for any ε > 0 we have |aj − a| < ε for all but ﬁnitely many j.
3. The results
The ﬁrst proposition is known (see for example [7, Theorem 3.4]). We state it here, with a different
proof, for the sake of completeness.
Proposition 1. Let X be a commutative hypergroup with Haar measure m. If the support S of the
Plancherel measure  is compact then the hypergroup X is discrete.
Proof. By
assumption we have (S) < + ∞. Let fi be a net of functions with compact support Ki ⊂ X
such that i Ki = {e} and fi 2 = 1. Then fˆi → 1 pointwise and by the dominated convergence theorem
also in L2 (S, ). Thus by the Plancherel formula the sequence fi is convergent in L2 (X, m) and its limit
cannot be anything else but m({e})−1/2 e . We may assume that m({e}) = 1.
We will show now that no x in X can be an accumulation point. Assume for a contradiction that there
is a net xi such that xi = x and xi → x in X. Since for every f ∈ L2 (X, m) the mapping
X  x → Tx f ∈ L2 (X, m)
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is continuous and e ∈ L2 (X, m) we have
m({xi })−1 xi = Tx̃i e → Tx̃ e = m({x})−1 x ,
where the convergence is with respect to the norm of L2 (X, m). On the other hand,
m({xi })−1 xi − m({x})−1 x 22 = m({xi })−1 + m({x})−1 > m({x})−1 ,
which gives a contradiction. 
We now introduce a special type of hypergroups which we are going to study in detail.
Deﬁnition 1. We say that a hypergroup X is of compact type if for every x ∈ X the operator Tx − I is
compact on the space L2 (X, m).
Now we will show that hypergroups of compact type are necessarily discrete and moreover, have a
special dual structure.
Theorem 1. Every commutative hypergroup of compact type is discrete. The support of the Plancherel
measure is given by S = {i |i ∈ I } ∪ {1}, where i → 1. In particular, every nontrivial character in S
is square summable.
Proof. Let f ∈ Cc (X). The operators Tx − I are compact on L2 (X, m) and so is the convolution operator

ˆ
Tf − f (1)I =
f (x)[Tx̃ − I ] dm(x).
X

Since the limit of compact operators is compact the operator Tf − fˆ(1)I is compact for every f ∈
L1 (X, m).
Via the Gelfand transform, Tf − fˆ(1)I is mapped into the multiplication operator Mfˆ−fˆ(1) acting on
2
L (S, ). For ε > 0 consider the closed set
Sε = { ∈ S : |fˆ() − fˆ(1)|  ε}.

The closed subspace
Vε = {g ∈ L2 (S, ) : supp g ⊂ Sε }
of L2 (S, ) is invariant for the operator Mfˆ−fˆ(1) . Moreover, this operator restricted to Vε is invertible.
By compactness of this operator the space Vε must be ﬁnite dimensional. Therefore the set Sε is ﬁnite
for any ε > 0 and for any f ∈ L1 (X, m). This, by deﬁnition of the topology on S, implies that S is of
the form as claimed in the statement of the theorem, i.e., the trivial character is the only accumulation
point in S and S is compact. 
Deﬁnition 2. We say that a hypergroup X is of strong compact type if for every x in X the operator Tx − I
is compact on the space L1 (X, m).
Strong compact type implies compact type as the following results state.
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Proposition 2. Let X be a commutative hypergroups of strong compact type. Then every nontrivial
bounded character is absolutely integrable.
Proof. According to the Theorem of Riesz on compact operators on Banach spaces, for each x ∈ X the
spectrum of the operator Tx consists of 1 and countably many eigenvalues x,1 , x,2 , . . . different from
1. For an eigenvalue  let Nx, denote the corresponding eigenspace. Since the operators Tx commute
with each other the space Nx, is invariant for every translation Ty .
Let M be the family of all ﬁnite dimensional invariant subspaces of L1 (X, m) for {Tx }x∈X . A subspace
V in M will be called minimal if it does not admit a proper subspace in M.
Let V be a minimal subspace. Then for every x and  if Nx, ∩ V = {0} then Nx, ∩ V = V . Fix x ∈ X.
Hence there exists  such that Nx, ∩ V = {0} or Nx, ∩ V = {0} for each . In the ﬁrst case we have
V ⊆ Nx, . Otherwise, Tx V = {0}. Thus for each x ∈ X we have either Tx  = 0 for each  ∈ V or Tx  = ,
for each  ∈ V . In both cases every function  ∈ V is a common eigenfunction for all the operators Tx
and the eigenvalue depends only on x and V . Therefore V must be a one-dimensional space spanned by a
continuous and self-adjoint character . Let a function 0  =  ∈ V . Then Tx  = (x), where (x) depends
only on x and V . We may assume that  is continuous by replacing it with Tf , where f ∈ Cc (X), if
necessary. Of course there exists f such that Tf   = 0. We have
(x)(y) = Tx (y) = Ty (x) = (y)(x).

Hence there exists a constant c such that (x) = c(x) for any x ∈ X. In particular  is continuous. Thus
Tf V is a one-dimensional space spanned by the continuous function (x). By taking any approximate
unit fn in L1 (X, m) we can actually show that the space V is spanned by . We then have
(Tx )(y) = (x)(y).

(1)

Observe that  is bounded by 1. Indeed, since the operators Tx are contractions on L1 (X, m) we have
|(x)|L1 (X,m) = Tx L1 (X,m)  L1 (X,m) .
Hence |(x)|  1. Moreover, we have that  ∈ L1 (X, m) ∩ L∞ (X, m), hence by the Schwarz inequality
 ∈ L2 (X, m). Therefore  is a self-adjoint character because
(x̃)2 = Tx̃ ,  = , Tx  = (x)2 .

We claim that every ﬁnite dimensional subspace V invariant for {Tx }x∈X is a direct sum of the minimal
subspaces. Indeed, V contains a minimal subspace W . This subspace is spanned by a character . Hence
 ∈ L1 (X, m)∩L∞ (X, m). Let V  be the space of all functions in V which are orthogonal to  with respect
to the standard inner product. Then V  is also invariant. Indeed, let  ∈ V  and x ∈ X. Then Tx  ∈ V and
Tx ,  = , Tx̃  = (x),  = 0.
Thus Tx  ∈ V  . Now we can repeat the same procedure for V  .
Thus we have proved that every ﬁnite dimensional subspace V invariant for {Tx }x∈X is spanned by
self-adjoint characters. In particular every subspace Nx, is spanned by such characters. In particular we
have Nx, ⊂ L1 (X, m) ∩ L∞ (X, m).
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Let Mx, denote the eigenspace for the operator Tx on the space L∞ (X, m) corresponding to the
eigenvalue  = 1. We have
[(Tx )L1 →L1 ]∗ = (Tx̃ )L∞ →L∞ .
The Fredholm alternative yields that
dim Nx, = dim Mx ∗ , ,
dim Nx̃, = dim Mx, .
Moreover, since Nx, ⊂ L∞ , we have
Nx, ⊂ Mx, ,
Nx̃, ⊂ Mx̃, .
This implies
Nx, = Mx, ,
Nx̃, = Mx̃, .

(2)

The dual space Xb (X) can be identiﬁed with the set of all bounded characters. Let  be a bounded
character different from 1. Then  is a common eigenfunction of the operators Tx with eigenvalues
(x). There exists x ∈ X such that (x)  = 1. Then  ∈ Mx, for  = (x). By (2) we obtain that
 ∈ Nx, ⊂ L1 (X, m). Therefore  is absolutely integrable. 
Proposition 3. Every commutative hypergroup of strong compact type is of compact type.
Proof. Let x ∈ X. Since Tx − I is compact the spectrum of Tx consists of 1 and at most countably
many nonzero eigenvalues 1 , 2 , . . . , such that n → 1. The corresponding eigenspaces Nx,i are ﬁnite
dimensional and by the proof of Proposition 2 are contained in L2 (X, m).
In the proof of Proposition 2 we have shown that every character is in L2 (X, m). It is easy to show
that the characters form an orthogonal basis of L2 (X, m). Therefore the space L2 (X, m) is spanned by
the absolutely integrable characters.
Let  be a character. Then (Tx − I ) = (i − 1) for some i, because  ∈ L1 (X, m). Thus Tx − I has
the representation of the form
Tx − I =

∞


(i − 1)Px,i ,

i=1

where Px,i denotes the orthogonal projection onto Nx,i . Hence Tx − I is compact on L2 (X, m). 
Theorem 2. Let X be a commutative hypergroup of strong compact type. Then Xb (X) = S. In particular
the hypergroup X is symmetric, i.e., every bounded character is self-adjoint.
Proof. Proposition 3and Theorem 1 imply that X is discrete. Let C be the C ∗ -algebra generated by the
operators Tx acting on the Hilbert space 2 (X, m). Since 1 (X, m) ∗ 2 (X, m) ⊂ 2 (X, m) we have
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⊂ C. Moreover, 1 (X, m) ∩ 2 (X, m) is dense in C. Let f ∈
 ∈ Xb (X),   = 1. By Proposition 2 we have  ∈ 1 (X, m). Hence

1 (X, m)

∩
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2 (X, m)

and

2 |f, | = f, 2 =  ∗ f 2  1 f 2
= 1 Tf (e )2  1 e 2 Tf L2 →L2 .
In particular the functional (f ) = f, , for f ∈ 1 (X, m) gives rise to a continuous linear functional
on the C ∗ -algebra C. Since the structure space of C can be identiﬁed with S we have  ∈ S. 
Now we study the so-called Reiter’s condition for hypergroups. The following results are an extension
of the work which has been done in [3]. First we repeat the precise deﬁnition of the Reiter condition.
Deﬁnition 3. Let  ∈ Xb (X) be ﬁxed. We say that the P1 -condition with bound M is satisﬁed in 
(P1 (, M) for short) if for each > 0 and every compact subset C ⊆ X there exists g ∈ L1 (X, m) with
the following properties:
(i) Fg() = 1,
(ii) g1  M,
(iii) Tỹ g − (y)g1 < for all y ∈ C.
We are now considering hypergroups of strong compact type with respect to the P1 -condition.
Theorem 3. Let X be a commutative hypergroup of strong compact type. Then the P1 (, M) condition
is satisﬁed for each nontrivial character .
Proof. By Proposition 2 and Theorem 1 the hypergroup X is discrete and its dual is compact with the
trivial character as the only accumulation point. By the proof of Proposition 2 every nontrivial character
belongs to 1 (X, m). In the same manner as in [3, proof of Proposition 4.3] we obtain that P1 (, M) is
satisﬁed. 
Now we turn to the polynomial hypergroups. Let us recall some basic facts. For a more thorough
treatment of this class of hypergroups we refer to [5,6].
Let {Rn }n∈N0 be a polynomial sequence deﬁned by a recurrence relation of the type
R1 (x) Rn (x) = an Rn+1 (x) + bn Rn (x) + cn Rn−1 (x)

(3)

for n ∈ N with starting polynomials R0 (x) = 1, R1 (x) = 1/a0 (x − b0 ) and an > 0, bn  0 for all n ∈ N0
and cn  0 for all n ∈ N. Let the polynomials be normalized at x = 1, i.e.,
Rn (1) = 1
for all n ∈ N0 . We also assume that the coefﬁcients in the linearization formula
Rn (x)Rm (x) =

n+m


g(n, m; k)Rk (x),

k=|n−m|

are nonnegative for all n, m, k ∈ N0 .A polynomial sequence with these properties generates a hypergroup
structure on N0 .
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We can obtain a Banach algebra structure by considering the weighted space
h(0) = 1,

h(1) =

1
,
c1

h(n) =

1 (N , h)
0

where

a1 a2 .....an−1
,
c1 c2 .....cn

(4)

with translation operators given by
Tn (m) =

n+m


g(n, m; k) (k).

(5)

k=|n−m|

Proposition 4. Let {Rn }n∈N0 deﬁne a hypergroup on N0 . Then the hypergroup is of compact type, if and
only if, an → 0, bn → 1 and cn → 0 in which case the hypergroup is also of strong compact type.
Proof. The translations Tn can be deﬁned recursively as follows. We set T0 =I . The operator T1 is deﬁned
on sequences { (n)}∞
n=0 by the formula
T1 (n) = an (n + 1) + bn (n) + cn (n − 1),

n  0.

(6)

Using (5) it can be proved that
T1 Tn = an Tn+1 + bn Tn + cn Tn−1 .
Plugging in x = 1 to the recurrence relation (3) we obtain
an + bn + cn = 1,

for n > 0, and a0 + b0 = 1.

(7)

Now we get
(T1 − I )Tn = an (Tn+1 − I ) + (bn − 1)(Tn − I ) + cn (Tn−1 − I ).
This formula implies that the operator Tn − I can be factored by T1 − I . Therefore the operators Tn − I
are compact on 2 (N, h), if and only if, T1 − I is compact.
Formula (6) implies the following:
T1 n = cn+1 n+1 + bn n + an−1 n−1 ,

n  0.

(8)

2 (N, h) or 1 (N, h). The matrix of the operator T
The system {n }∞
1
n=0 forms a basis for either space
corresponding to this basis is tridiagonal. Therefore the operator T1 − I is compact on 2 (N0 , h), if and
only if,

lim

n→∞

T1 n , n+1 
T1 n+1 , n 
T1 n , n 
= lim
= lim
= 0.
n 2 n+1 2 n→∞ n 2 n+1 2 n→∞ n 22

By (4) and (8) the latter holds, if and only if,
cn+1 an → 0

and

bn → 1.

By (7) and the fact that an and cn are positive, this is possible only if an → 0, bn → 1 and cn → 0.
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Similarly, the operator T1 − I is compact on
lim

n→∞

1 (N, h),
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if and only if,

T1 n , n+1 
T1 n+1 , n 
T1 n , n 
= lim
= lim
= 0.
n 1 n+1 ∞ n→∞ n+1 1 n ∞ n→∞ n 1 n ∞

By (4) and (8) this holds, if and only if,
an → 0,

cn → 0

and

bn → 1.

(9)

Hence, also Tn − I is compact for every n ∈ N, provided (9) holds, as we have seen before it can be
factored by T1 − I . 
In view of Theorem 3 we get the following.
Corollary 1. Let {Rn }n∈N0 deﬁne a hypergroup on N0 of compact type. Then the P1 (, M) condition is
satisﬁed for every nontrivial character .
Example 1. We consider the little q-Legendre polynomials. They satisfy recurrence relation (3) with
(1 + q)(1 − q n+1 )
,
(1 − q 2n+1 )(1 + q n+1 )
(1 − q n )(1 − q n+1 )
bn =
,
(1 + q n )(1 + q n+1 )
(1 + q)(1 − q n )
cn = q n
.
(1 − q 2n+1 )(1 + q n )
an = q n

By [4] they deﬁne the polynomial hypergroup. From the recurrence relation we can read easily that this
hypergroup is of strong compact type. Hence the modiﬁed Reiter’s condition is satisﬁed for each nontrivial
character.
Example 2. Let the orthogonal polynomials Rn satisfy (3) such that bn is increasing, bn → 1,
cn+1 an  (bn+2 − bn+1 )2 ,
for every n  0, and an + bn + cn = 1. Then by remarks following [8, Theorem 1] the polynomials Rn
give rise to a hypergroup. Moreover an → 0 and cn → 0. Hence the resulting hypergroup is of strong
compact type.
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