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Abstract

Let X be a homogeneous tree of degree ¢ + 1 (2 < ¢ < o0) and
let 1) : X x X — C be a function for which ¥ (z,y) only depend on
the distance between z,y € X. Our main result gives a necessary
and sufficient condition for such a function to be a Schur multiplier on
X x X. Moreover, we find a closed expression for the Schur norm |[[¢|| s
of ¥. As applications, we obtain a closed expression for the completely
bounded Fourier multiplier norm || - | a7, a() of the radial functions on
the free (non-abelian) group Fy on N generators (2 < N < oo) and of
the spherical functions on the p-adic group PG L2(Qq) for every prime
number q.

Introduction

Let Y be a non-empty set. A function ¢ : Y x Y — C is called a Schur
multiplier if for every operator A = (ay,)syey € B(*(Y)) the matrix
(Y(x,y)asy)zyey again represents an operator from B(¢*(Y)) (this operator
is denoted by M, A). If ¢ is a Schur multiplier it follows easily from the closed
graph theorem that M, € B(B((*(Y))), and one referrers to || M| as the
Schur norm of ¢ and denotes it by [[1]|s. The following result, which gives a
characterization of the Schur multipliers, is essentially due to Grothendieck,
cf. [PisO1, Theorem 5.1] for a proof.
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0.1 Proposition (Grothendieck). Let Y be a non-empty set and assume that
Y:Y xY — C and k > 0 are given, then the following are equivalent:

(i) ¢ is a Schur multiplier with ||¢||s < k.

(ii) There exists a Hilbert space S and two bounded maps P,Q :Y —

such that
Uz, y) = (P(x),Qy) (r,yeY)
and
1P[loc]| @l < K,
where

[Plloc = sup [|P(2)[|  and [|Qloc = sup [|Q(y)]|
€Y yey

It follows from (the proof of) the above theorem that M, is completely
bounded when 1 is a Schur multiplier and that ||My]||e, = || Myl

Let X be (the vertices of) a homogeneous tree of degree ¢ + 1 for 2 <
q < o0, i.e., X consists of the vertices of a connected and cycle-free graph
satisfying that each edge is connected to precisely ¢ + 1 other edges. Let
d: X x X — Ny be the graph distance on X, that is, d(z,y) = 1 if and only
if there is an edge connecting = and y. Let zy be a fixed vertex in X and
consider the pair (X, zg). If ¢ : X — C is radial, i.e., of the form

(0.1) p(r) = @(d(z,z0))  (x € X)

for some ¢ : Ny — C, then we consider the function ¢ : X x X — C given
by

(0.2) oz, y) = ¢d(z,y))  (z,y € X).

The main results of section [Il (Theorem [[3 and [[LT2)) are stated in The-
orem [0.2] below:

0.2 Theorem. Let (X, xg) be a homogeneous tree of degree qg+1 (2 < q < o)
with a distinguished vertex xo € X. Let p : X — C be a radial function and
let Ny — C and @ : X x X — C be defined as in (O)) and (O2). Then ¢
is a Schur multiplier if and only if the Hankel matrizc H = (h; ) jen, given
by

hig=¢(i+j)—@i+j+2) (i) €No)
is of trace class. In this case, the limits

lim $(2n) and lim ¢(2n + 1)

n—oo n—oo



exists and the Schur norm of ¢ is given by

IH]l R
(=D =5 Hlr i g <00,

q

1@lls = les| + e~ + {

where
cr =1 lim ¢(2n) £ 5 lim ¢(2n+ 1)

n—oo

and T is the operator on the space of trace class operators B'(¢2(Ny)) given

b
’ r(A) = SAS® (A€ BYAN))),

where S is the forward shift on (*(Ny).

In section [2] we consider spherical functions on a homogeneous tree X
of degree ¢ +1 (2 < ¢ < ). For ¢ < oo the spherical functions can be
characterized as the normalized radial eigenfunctions to the Laplace operator
L (cf. Definition 2.1]). Spherical functions have been studied extensively in the
literature, cf. [FTN91]. Although the Laplace operator is not well defined for
g = oo one can still define spherical functions in this case (cf. Definition 2.4)).
The main result of section [2is the following characterization of the spherical
functions ¢ : X — C for which the corresponding function ¢ : X x X — C
is a Schur multiplier (cf. Theorem and 2.5)):

0.3 Theorem. Let (X, xy) be a homogeneous tree of degree g+1 (2 < g < 00)
with a distinguished vertex xqg € X. Let ¢ : X — C be a spherical function
and let ¢ : X x X — C be the corresponding function as in ([0L2). Then ¢

is a Schur multiplier if and only if the eigenvalue s corresponding to p is in
the set

{5 €C : Re(s)® + (£4)"Im(s)? < 1} {1}
The corresponding Schur norm is given by
11— 5%

1 — Re(s)” — (ﬂ)QIm(s)z

q—1

Ills = (Re(s)? + () *Im(s)* < 1)

and
[Pls =1 (s==+1),

where we set g% equal to 1 when q = occ.

In section Bl we use Theorem [0.2] together with a variant of Peller’s char-
acterization of Hankel operators of trace class (cf. [Pel80, Theorem 1’]) to



obtain an integral representation of radial Schur multipliers on a homoge-
neous tree of degree ¢+ 1 (2 < ¢ < 00), cf. Theorem and Remark 3.3l

Let G be a locally compact group. In [Her74], Herz introduced a class of
functions on G, which was later denoted the class of Herz-Schur multipliers
on G. By the introduction to [BE84], a continuous function ¢ : G — C is a
Herz—Schur multiplier if and only if the function

(0.3) ¢z, y) =y 'z)  (z,yeq)

is a Schur multiplier, and the Herz-Schur norm of ¢ is given by

lellms = l[@lls-

In [DCHS85] De Canniere and Haagerup introduced the Banach algebra
MA(G) of Fourier multipliers of G, consisting of functions ¢ : G — C such
that

v e A(G) (¥ € A(G)),
where A(G) is the Fourier algebra of G as introduced by Eymard in [Eym64]
(the Fourier—Stieltjes algebra B(G) of G is also introduced in this paper).
The norm of ¢ (denoted ||¢||ara(e)) is given by considering ¢ as an operator
on A(G). According to [DCHS85| Proposition 1.2] a Fourier multiplier of G
can also be characterized as a continuous function ¢ : G — C such that
M,

Mg) = p(g)Ag) (g€ G)

extends to a o-weakly continuous operator (still denoted M) on the group
von Neumann algebra (A : G — B(L*(G)) is the left reqular representation
and the group von Neumann algebra is the closure of the span of A(G) in the
weak operator topology). Moreover, one has |||y = ||M,|. The Banach
algebra MyA(G) of completely bounded Fourier multipliers of G consists of
the Fourier multipliers of G, ¢, for which M, is completely bounded. In this
case they put [|¢llanac) = [[Mopl|eb-

In [BF84] Bozejko and Fendler show that the completely bounded Fourier
multipliers coincide isometrically with the continuous Herz—Schur multipli-
ers. In [JoI92] Jolissaint gives a short and self-contained proof of the result
from [BE84] in the form stated below.

0.4 Proposition ([BE84], [Jol92]). Let G be a locally compact group and
assume that p : G — C and k > 0 are given, then the following are equivalent:

(i) ¢ is a completely bounded Fourier multiplier of G with |¢||vac) < k.

(i1) ¢ is a continuous Herz-Schur multiplier on G with ||¢||ns < k.
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(11i) There ezists a Hilbert space € and two bounded, continuous maps

P .Q: G — 3 such that

ey 'z) = (P(z),Qy))  (z,y€Gq)

and

[Plloc|Qlloe <

where
[Pl =sup [|[P(z)]| and [|Q|o = sup [|Q(y)]|-
zeG yeG

Consider the (non-abelian) free groups Fy (2 < N < 00), or more gener-
ally, groups of the form

(0.4) [ = (kmerZ/2Z) * (5,2, Z),

where M, N € Nyg|J{oo} and ¢ = M + 2N — 1 > 2. The Cayley graph
of I' is a homogeneous tree of degree ¢ + 1 (cf. [F'TN9I page 16-18]) with
distinguished vertex xg = e, the identity in I'. Spherical functions on finitely
generated free groups were introduced in [FTP82], [FTP83|, and they were
later generalized to groups I' of the form (0.4]) with ¢ < oo (cf. [FTN91
Ch. 2]). The spherical functions on I" are simply the spherical functions on
the homogeneous tree (', e), where we have identified (the vertices of) the
Cayley graph with I'. In section @ we use Theorem and to prove
similar results about Fourier multipliers and spherical functions on groups I
of the form (0.4) (cf. Theorem and [£4). In particular, we obtain from
Theorem

0.5 Theorem. Let I' be a group of the form (04) with 2 < q < oo. Let
¢ : I' = C be a radial function and let ¢ : Ny — C be the function defined
by (@I)). Then ¢ € MyA(T') if and only if the Hankel matriz H = (h; ;)i jen,
given by

hig=¢li+j)—@i+ji+2)  (i,j € No)

is of trace class. In this case

15, if q=o0
= |C + C_ + T -1 y ’
lollasoay = le] + le-| {(1_3)”(1_5) Hl, if q< o,

where c+ and T are defined as in Theorem [(.2.

Moreover, we use Theorem [0.5] to construct radial functions in M A(T") \
MyA(T") for all groups I' of the form (0.4]) (cf. Proposition [g)). Bozejko
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proved in [Boz82] that M A(T) \ MyA(T') # () for the non-abelian free groups
by constructing a non-radial function in this set.

For a prime number ¢ let Q, denote the p-adic numbers (correspond-
ing to ¢) and let Q; denote the invertible p-adic numbers (the non-zero
p-adic numbers). Similarly, let Z, denote the p-adic integers (correspond-
ing to ¢) and let Z} denote the invertible p-adic integers (the p-adic units).
Let PGLy(Q,) denote the quotient of GLy(Q,) by its center Q;I, where
GLy(Q,) denotes the 2 x 2 invertible matrices with entries from Q,. Simi-
larly, let PG Ly(Z,) denote the quotient of G'Lo(Z,) by its center Z;:I. One
can, according to Serre (cf. [Ser77, Chapter II §1]), interpret the quotient
PGLy(Q,)/PGLy(Z,) as a homogeneous tree X of degree g + 1 with the
range of the unit in PGLy(Q,) by the quotient map as distinguished ver-
tex xg. Moreover, (PGLy(Q,), PGL2(Z,)) form a Gelfand pair in the sense
of |[GV88] and there is a one-to-one correspondence between the spherical
functions on PGLy(Q,) associated to this Gelfand pair and the spherical
functions on the homogeneous tree (X, xzq) (cf. Proposition E7). In sec-
tion B we use Theorem and [IL3] to prove similar results for functions on
PGL,y(Q,) (cf. Theorem [G.6l and Theorem B.8)). In particular, we obtain from
Theorem

0.6 Theorem. Let g be a prime number and consider the groups G =
PGLy(Q,) and K = PGLy(Z,) and their quotient X = G/K. Let ¢ be
a spherical function on the Gelfand pair (G, K), then ¢ is a completely boun-
ded Fourier multiplier of G if and only if the eigenvalue s of the corresponding
spherical function on X, is in the set

{s€C : Re(s)® + (£4)"Im(s)* < 1} _J{=1}.

q—1

The corresponding norm is given by

1 — g2
lelac = - (Re(s)? + (2£2)Im(s)? < 1)
1 — Re(s)? — (gf—}) Tm(s)?
and

lelpa =1 (s==%1).

The present paper originates from an unpublished manuscript [HS87] from
1987 written by two of the authors of this paper. Thanks to the third author,
the manuscript has now been largely extended in order to cover radial func-
tions on homogeneous trees of arbitrary degree ¢+ 1 (2 < ¢ < 00) as well as
applications to the p-adic groups PG L2 (Q,) for a prime number ¢g. The orig-
inal manuscript focussed on radial functions on the free groups Fy = *V_,Z

n=1
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(2 < N < o0). In particular, Theorem was proved in [HS87] for the
case I' = Fy. A few months after [HS87] was written, Bozejko included the
proof of Theorem in the case I' = Fy in a set of (unpublished) lecture
notes from Heidelberg University, cf. [Boz87]. Later, Wysoczanski obtained
in [Wys95| a similar characterization of the radial Herz—Schur multipliers on
a free product ' =T'y -+ %« 'y (2 < N < 00) of N groups of the same car-
dinality k£ (2 < k < 00). The length function used in [Wys95] is the so-called
block length of a reduced word in I'.

1 Radial Schur multipliers on homogeneous
trees

Let X be (the vertices of) a homogeneous tree of degree g+ 1 for 2 < ¢ < o0,
and consider the pair (X, zg) where x, is a distinguished vertex in X.

1.1 Proposition. There is a bijective correspondence between the following
types of functions:

(i) ¢ : Ny — C.
(i) ¢ : X — C of the form

for some ¢ : Ny — C.
(i1i) ¢ : X x X — C of the form
¢z, y) = o(d(z,y))  (z,y € X)
for some ¢ : Ny — C.
Proof. This is obvious. O

A function of the type (ii) from Proposition [Tl is refereed to as a radial
function.

Let S be the forward shift on (2(Nyp), i.e.,
Se, = eyt (n € Np),

where (e,,)nen, is the canonical basis of £2(Ny). Recall that S*S is the identity
operator I on ¢*(Ny) and SS* is the projection on {eg}~*.



Denote by || - ||; the norm on the trace class operators B (£2(Ny)), i.e.,

e e}

1Tl = Te(IT1) = Y _(|Tlen, ea)

n=0
for any T € B((*(Ny)) for which this is finite.
Let 7 € B(B(£*(Ny))) be given by
(1.1) T(A) = SAS” (A € B(*(Ny))).

Obviously, 7 is an isometry on the bounded operators. The following argu-
ment shows that 7 is also an isometry on the trace class operators. If T' is
a trace class operator on £*(Ny) and T = U|T| is the polar decomposition of
T, then 7(T') = SUS*S|T|S* is the polar decomposition of 7(T"), from which
it follows that ||7(7)|1 = Tr(S|T|S*) = Tr(|T'|) = ||T"||:. This leads us to

defining
(1-7)

from which we see that (1— g) makes sense as an element of B(B'(£2(Ny))),
and its norm is bounded by (1 — X)~!
Assume for now that 2 < ¢ < co. For m,n € Ny put

Sma = (1=1)7(S™(S")" = L5785 (57)"S)
_ { (1= 1) 7S5 = Lsm=i (s it mon > 1

(a>1, A e BYP(Ny))),

n=0

S™m(S*)"n if min{m,n} =0
Note that
ST(S)" = Sin (min{m,n} = 0)
and
ST(SH)" = (1 — %)Sm,n + %Sm_l(S*)”_l (m,n >1).

Hence it follows by induction in min{m,n} that S™(S*)" € span{Sk,; : k,l €
No} for all m,n € Ny. Since C*(S) is the closed linear span of {S™(S*)"
m,n € Ny} we also have

(1.2) C*(S) =span{Smn : m,n € Ny}.

1.2 Lemma. Let T, T’ € B((*(Ny)) be related by
T=(1-YH(I1-1)7'T.

Assume that one, and hence both, matrices are of trace class, then

Te(SHS*VT) = Te(Si,T') (4,5 € No).



Proof. For i,j € Ny we have that

Te(SU(STYT) = (1—1)7 Te(S'(S*)T — LSH(S*)r(T"))

= (1= 17 Te(SU(S YT — LSSV ST'S")
(1=5) 7 T((S (7Y — 578 (S7YS)T")
= Tr(8:,1"),
which finishes the proof. O

1.3 Theorem. Let (X, zq) be a homogeneous tree of degree g+1 (2 < ¢ < 00)
with a distinguished vertex xo € X. Let p : X — C be a radial function and
let 9 : Ng — C and ¢ : X x X — C be the corresponding functions as in
Proposition [I1. Finally, let H = (h; ;)i jen, be the Hankel matriz given by
hij=¢(i+7)—@(i+j+2) fori,j € Ng. Then the following are equivalent:

(i) ¢ is a Schur multiplier.
(i) H is of trace class.

If these two equivalent conditions are satisfied, then there exists unique con-
stants c+ € C and a unique ¢ : Ng — C such that

pn)=cy+e(=1)"+4d(n)  (neNy)

and .
lim ¢(n) = 0.

Moreover,
. -1
I18lls = les| +le-| + (1= I = %) Hlh,
where T is the shift operator defined by (I.1I).

In order to prove Theorem [[3], choose (once and for all) an infinite chain
w in X starting at xg, i.e., an infinite sequence xg, x1,xs,... such that z;
and x;,1 are connected by an edge and z; # x; o for all i € Ny (cf. [F'TNI1,
Chapter I §1]). Since X is a tree we have z; # x; whenever ¢ # j. Define
a map ¢ : X — X such that for any € X the sequence z,c(x),*(z),...
becomes the infinite chain setting out at z and eventually following w (this
chain is denoted by [z,w) in [F'TN91]). To make this more precise, define

(z € X),

/

o) = xir1 if x = x; for some i € Ny
T if x # x; for every i € Ny

where 2’ is the unique vertex satisfying d(z, z') = 1 and d(2/, w) = d(z,w)—1,
and where d(y,w) = min{d(y, z;) : i € No} for y € X.
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1.4 Remark. For x,y € X there are smallest numbers m,n € Ny such that
c"(z) € [y,w) and ¢"(y) € [z,w). Moreover, these m,n € Ny can be charac-
terized as the unique numbers satisfying

c™(x) =c"(y) and " () # " y) if m,n > 1,

and
"(x)=c"(y) if min{m,n}=0.

Note that in both cases d(z,y) = m + n.
Put

:—Zé (x € X)

c(z =z

and observe that {z € X : ¢(z) = x} consists of precisely ¢ elements, because
this set contains all neighbor points to = except c¢(x). Since two such sets
{ze€X : cz) =z}, {z € X : c(z) =2’} are disjoint if x # 2/, it follows
that (Ud,)zex is an orthonormal set in #%(X). This shows that U extends to
an isometry of ¢*(X). Elementary computations show that

1

U 0, = —0¢(2 re X
Nk ( )

Z (z € X).

In particular, UU* # [ so U is a non—umtary isometry. For each x € X we
define a vector &/, € (*(X) by

and
UU*é,

Q|’—‘

MI»—A

(I —UU" )6 = (1—1)" %(5 - Z 5.)  (reX).

L=ty
! q c(z)=c(x)

Using the fact that for all w € X the set {z € X : ¢(z) = w} has ¢ elements,
one easily checks that

1 if x=y
(1.3) (0,00 = —o27 i x#y, c(r) =cly) (z,y € X).
0 if c(x) # c(y)

1.5 Lemma. For xz,y € X we have that

(Smn)ig = ey Oeiay) (5,5 € No),

7c’b

when m,n € Ny are chosen as in Remark[1.7).

10



Proof. For m,n,i,j € Ny we have that
(Smn)ig = (Smne;, ez>
= (1 — —) ([S™(S*)" — lS*Sm(S*)"S]ej,ei>
( - _) (%), (57)™es) — %<(S*)n€j+17 (S*)™eiy1)]

1 if i—-m=7-—n>0
0 if i—-m=7—n<-1 or i—m#j—n

On the other hand, if z,y € X and m,n € Ny are defined according to
Remark [[4] then by (L3),

1 if d(y)=c(x) '
(00 ) Vi () = —=7 i d(y) #c(x) and dH(y) = ()
0 if I (y) #

()

By the definition of m and n we have

dy)=c(r) &= i—-m=j-n>0

and ' |
Iy =c(2) <= i+1-m=j+1-n>0.
Therefore
1 if i—-m=7-—n2>0
1 e .
<;]'(y)7 éi(@) = Tg-1 lf Z—m:]—n:_l
0 if i—-m=j—n<-1 or i—m#j—n

This proves Lemma
Similarly to how we defined S, ,, for m,n € Ny, put
(1.4)
Ui = (1=3) ") = ;UU™(U)"D)
_ Wl gmeyn — Lgm-t(geyn-1y g >
- { ) e ey ez

According to Coburn’s theorem (cf. [Mur90, Theorem 3.5.18]) there exists a

s«-isomorphism @ of C*(S) onto C*(U) such that ®(S) = U. Hence, by (L2),
C*(U) is equal to the closed linear span of {U,,,, : m,n € Ny}.
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1.6 Lemma. For z,y € X we have that (Up, )z, s non-zero if and only if
m,n € Ny are chosen as in Remark[1F} In particular, (Upp)ey # 0 tmplies
that d(x,y) = m + n.

Proof. Let m,n € Ny and z,y € X. By (L4) we have for m,n > 1
-1 m *\7 m— *\1n—
Unn)ey = (L=3) ((U™U")"6y,0:) — U HU)"710,,64))

m4+n

= (1= ((Ber): denw) — (Fenmr(3) O (o))

Since " Hy) = " (z) = "(y) = ¢™(x) and hence ¢"(y) # ™ (x) =
" y) # ¢ 1(x) we find that

m4+n

Unn)aoy = (1=7T¢ 2 if *(y)=c"(x) and " y) # " ),

q

and
Unn)ay =0 if "(y)#c™(@) or " Hy)=c""(a).
If min{m,n} = 0, then by (L4)

Unn)ay = (U™(U)"dy, 0r)

- q_ 2 <5c"(y)7 50’”(90))
_ i ) =)
0 if c(y) # ()

In both cases we see that (Up,)sy # 0 if and only if m,n € Ny are defined
from z,y € X as in Remark [[L4 O

1.7 Corollary. Let ¢ : X — C be radial and ¢ : X x X — C the correspond-
ing function as in Proposition[I1. If ¢ is a Schur multiplier, then C*(U) is
invariant under My € B(B((*(X))). Moreover,

M@(Um,n) == cp(m + n)Umm (m,n S No)

Proof. Since C*(U) is equal to the closed linear span of (U, ;) m.nen, We only
have to show that

Mz(Upn) = ¢(m +n)Up,p (m,n € Nyp).
But from the definition of a Schur multiplier it follows that

(Mg (Unmn))ay = @2, 9)(Unn)ey = @(m +10)Unn)zy — (m,n € No),

since, according to LemmalL.0l, (U, )4,y 7# 0 implies that m+n = d(z,y). O
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Following the notation of [Ped89l 3.3.9] we let £ ® i denote the rank one
operator given by

EomE) =  (Cer(N))

for £,n € (?(Np). It is elementary to check that the trace class norm of £ ®n
is

(1.5) 1€ @nll = llEllallnlls (&,n € 2(No)).
If £ n) € (2(Ny) for all k € Ny and

D olEWE <oo and Y [n™I3 < oo,
k=0 k=0

then N
T — Z g(k) ® U(k)
k=0

is a well defined trace class operator, because

9 [ 1 [es)
L6) YW In® e < (3 16@12)* (3 In¥3)* < oo.
k=0 k=0 k=0

Conversely, if T € B'(¢£2(Ny)) there exists sequences (£®)reny, (1" ken, in
¢*(Np) such that

N[

(1.7) S IERNE =D In™N3 = 1Tl < oo
k=0 k=0
and
(1.8) T = Zf(k) ® n(k)'
k=0

Finally, note that (I7) and (L) imply that

(1.9) 10 =D 1EP ™2
k=0

This is well known, and it can be obtained from the polar decomposition
T = U|T| of T combined with the spectral theorem for compact normal
operators (cf. [Ped89, Theorem 3.3.8]), which shows that

|T| = Z Aie; © e;,

el
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where (e;);er is an orthonormal basis of eigenvectors for |T'| and (\;);c; are
the corresponding (non-negative) eigenvalues of |T'|. Note that

> XN =Te(IT)) = || T < oo.

i€l
In particular, Iy = {i € I : A\; > 0} is countable (possibly finite). Moreover,

=% €0 ey,

i€lp
. 1 . 1
where £ = (\;)2Ue; and n@ = (\;)2¢; satisfy

DoIECI =D IOl =) A = T

i€l i€lp i€lp
This proves (7)) and (L8) because I is countable.

Proof of Theorem[1.3 (i1) = (i) and upper bound for ||@||s. Assuming that
(1) is true we have that the Hankel matrix H = (h;;); jen, is of trace class.
If A is a trace class operator, then A is a linear combination of positive trace
class operators and therefore

[e.e]
Z| Aey,e,)] < 00
n=0

and it follows that

0o 00
Z ‘hw,| < oo and Z |hi+l,i| < 00
i=0 i=0

by putting A = H and A = S*H, respectively (note that S*H is of trace
class since H is of trace class). Using that

hig = ¢(20) —¢(2i4+2) and  hip; = @2+ 1) —@(2i+3) (i € No)

we conclude that

lim ¢(27) = Z hi; and lim ¢(2i+1) Z hit1,

1—00 1—00

=0

where the sums converge (absolutely). Put

= 1 lim ¢(2i) £ 3 lim (20 + 1)

17— 00
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and

Notice that .
lim ¥(n) =

n—~o0

We conclude the existence of ¢y and ¢ as claimed in the theorem, and note
that the uniqueness follows readily.
Put .
I _1 T\
H=01-)(I-2) H

q
and recall that

Tr(SY(S*)H) = Tr(S;;H')  (i,j € Np)

according to Lemma Since
SZ S* ]H th—i-] k+i (7'7.] € NO)

it follows using
hii=¢(i+5) = @li+]j+2) =9 +5) —vi+j+2)  (i,j € No)

and

lim ¥(n) =
that
(1.10) i+ ) =Te(Si;H)  (i,5 € No).

Since H' is of trace class, there exists (cf. (L8) and (L9)) sequences (£®)) e,
and (n™)en, in £2(Ng) such that

=2 Won® and |H =) 1KPll0®],
k=0 k=0

and therefore

(1.11) =60 (5 eNy).
k=0
For each k € Ny we define Py, Q : X — 2(X) by
Py(z) = Zf}k)5éi(r) and  Qx(y Zﬁ] by  (myeX).

=0

15



By @3), {0, : i € No} and {0,,, : j € No} are orthonormal sets in
(*(X). Hence,

1Pi(@)ll2 = 1€ and Q)2 =IIn™l2 (k€ No, 2,y € X),

and therefore

ST 1P lQulloe = Y 1E@ alln® 2 = [|H|1.
k=0 k=0

By (LII)
> (P(@), Q) = D (i) )T =3 (0L O ) 5
k=0 k,i,j=0 i,j=0

for all x,y € X. Momentarily fix x,y € X and choose m,n € Ny according
to Remark [[L4l Then m +n = d(z,y) and by Lemma

(Smon)ji = <5/ ) c](y)> (4,5 € No).
Using (I0) it follows that

e e} e e}

Y (Pul@), Qu)) = D (Sm)jahi; = Te(SmaH') = d(m +n) = d(.y).

k=0 i,j=0

Since x,y € X were arbitrary we have that

B(x,y) = ¢(d(w,y) = ¢t +c (1)1 13 (P (x,y € X).
k=0
Put
Pi(z) = cx(£1)1"%) (2 € X)
and
Qx(y) = (£ (ye X),
then

P(a,y) = (Pr(2), Q4 (1)) +(P-(2), Q- () +)_(Pe(x),Quly))  (z,y € X)
k=0
and we conclude that ¢ is a Schur multiplier with

1lls < 1PHllocllQ+lloo + 1P loollQ-lloe + D I1Plloc | Qklloo

= les] + fe-| + [ H]l1-
This finishes the first part of the proof of Theorem L3l O
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1.8 Proposition. Let V' be a non-unitary isometry on some Hilbert space
€ and let f be a bounded linear functional on C*(V'). Then there ezists a
complex Borel measure pr on T = {z € C : |z| = 1} and a trace class operator
T on (*(Ny) such that

(1.12)  f(V™VH") = /sz_"d,u(z) + Tr(S™(S*)"T) (m,n € Ny).
Moreover,

LAAF= Apell + 117l

Proof. Let (m, ) be the universal representation of C*(V'). Then there
exists &, n € S such that

f(A) =(x(A)&.n)  (AeC(V))
and || f]| = [|€]l|In]]- By the Wold—von Neumann theorem (cf. [Mur90, Theo-
rem 3.5.17]), 5 can be decomposed as an orthogonal direct sum

(113) H =K ¥ (@EEELE)a

where K and (L.).cg are V-invariant closed subspaces, Vy = V| is a unitary
operator on K and for each e € E, V, = V|, is a copy of the forward shift
S on £*(Ny). We can decompose ¢ and 7 according to (LI3):

f = SO S (@EEE{@) and n="mn O (@eeEne)a

where

N = N&oll* + D NEel® and (9> = llnoll* + D _ llmel|*.

eeFE eElR

After identifying (V,, L.) with (S, (2(Ny)), we have

FOV™VIY) = (V"o mo) + D _(S™(S™) 6erme)

eeE

= (V" "0, m0) + Tr(S™(57)"T)

for m,n € Ng, where T = >"__. & ©n. € B'((2(Ny)).

Since V; is a unitary operator we have a natural isomorphism C*(Vj) =
C(o(Vh)), where o(Vp) € T. Hence by the Riesz representation theorem,
there exists a complex measure g on T with supp(u) C o(Vp) such that

(Vo'&o,mo) = /deu(z) (k €Z)

T
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and |[ul[ < [|€ol[l|nol|- Hence

(L14)  FVm(v)m) = / S du(z) + Te(S™(ST) (mom € Ny)

T
and
1 1
A = (oll® + D NElP) 2 (moll® + D Inell®)
eclk eclk
> éolllmoll + D € lmell
eck
>l + 17l
The converse inequality || f|| < ||ull + || 7|y follows from (II4]). O

1.9 Lemma. Let ¢ : X — C be radial and ¢ : X x X — C be the cor-
responding function as in Proposition [I1. If ¢ is a Schur multiplier, then
there exists a bounded linear functional f, on C*(U) satisfying

(1.15) JfolUnn) =@(m+n) (m,n € Ny)
and
(1.16) 1foll < N @lls-

Proof. By Coburn’s theorem (cf. [Mur90, Theorem 3.5.18]) and [Mur90, Re-
mark 3.5.1] there exists a x-homomorphism p of C*(U) onto C(T) such that
p(U)(z) = z for z € T. Let vy : C(T) — C be the pure state given by

w(f)=r1)  (feC(T))
Then 7 = 9 0 p is a state on C*(U) and
yUMU)) =1 (mn € N).
Define f, : C*(U) — C by
foW) =v(Mz(W)) (W € C*(V)).

Then f, € C*(U)*, ||foll < |Ms]| = ||@lls and by Corollary 7 and (L4]) we
have

foUnn) = @(m +n)y(Upn) = (m +n).

18



Proof of Theorem[1.3 (i) = (ii) and lower bound for ||¢|ls. If ¢ is a Schur
multiplier on X then, according to Lemma [[.9], there exists a bounded linear
functional f, on C*(U) satistying (LI5]) and (LI6). Now use Proposition [[.§
to find a complex Borel measure p on T and a trace class operator 7" on
¢*(Np) such that

(L17) Um0 = /T ndp(z) 4 TS (ST (mym € N)

and

(1.18) Lfoll = [lell + 17}
Put 7' = (1 — %)_1 (I = 7)T" and recall that

Te(S'(S)'T) = T (Si;T) (35 € No),
according to Lemma Using this, (I15) and (II7) we find that

(1L19)  @(m+n) = /T () 4 Tr(S(ST)T) (mym € No).

Using (L16) and (LI8) we find that
(1.20) 1@lls = [l + 1 T7])s-

Fix an arbitrary k& € Z and use (I.I9) to see that
o(2n+ k) = /zkd,u(z) + Tr(S"HF(S*)"T) (n+ k,n € Ny).
T

For n+ k,n € Ny put ny = max{0, —k} and note that ny < n. Observe that
Tr(S"*(S*)"T) = i itk (n+k,n € Np),
I=n
when T = (t; ;)i jen,- Also,
T}I_)H;O i tigsr =0
I=n
since

o0
Z ltik| < o0,

l=ng
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which follows from the fact that S™T*(S*)"T is of trace class. Hence
lim Tr(S™™*(S*)"T) =0

so we conclude that

lim ¢(2n+ k) = / 2Fdu(z),
T

n—oo

and therefore
/zkdu(z) :/zk”d,u(z) (keZ).
T T
Hence, there exists a,b € C such that
& ~J a if Ekiseven
/TZ d“(z)_{ b if kisodd -
Put ¢x = £(a£b) and let v be the complex measure on T given by

vV = C+(5+1 + 0_5_1,

where d; (respectively 0_1) is the Dirac measure at 1 (respectively —1). Then

/T Fdu(z) = ey + (—1)Fe_ = / Hdu(z) (k€ D).

T
Hence p = v and we have according to (LI9) and (C20)

(1.21)  @(m+n) =cy +c_(=1)"" 4+ Te(S™(S*)"T) (m,n € Ny)
and

(1.22) I18lls = les] + e + [1T7])x-

This finishes the second part of the proof of Theorem [[.3] since

tmmn = Te(S™(S*)"T) = Tr(S"(S*)™T) = @(m+n) —@(m+n+2) = himp
for all m,n € N. O

This concludes the final step of the proof of Theorem [T.3]

In the rest of this section we let X denote (the vertices of) a homogeneous tree
of infinite degree, and consider the pair (X, zg) where zg is a distinguished
vertex in X. For 2 < ¢ < oo let X, be a homogeneous subtree of degree ¢+ 1
containing zy (besides from xy, we do not care which vertices are removed,
since we will exclusively look at radial functions anyway). Obviously, there is
a bijective correspondence between radial functions on X and radial functions
on X,, and given ¢ : Ny — C we will consider both ¢ : X — C and the
restriction ¢|x, : Xy — C of ¢ to X,
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1.10 Lemma. Let T,T" € B(¢*(Ny)) be related by
/r_ 1 !
T = (1-Y)(1-2)'T.
Assume that one, and hence both, matrices are of trace class, then

qg—1
mHTHl <N+ < || T|)x-

Proof. This follows using ||(I — 5)_1]\ < (1- %)_1 and [[I — 2] <1+ %,
where both operators are considered as elements of B(B'(/2(Ny))). O

1.11 Lemma. For xz,y € X we have that
(Sm(S*)n)i,j = <(5cj(y)’5ci(r)> (Za] € N0)>
when m,n € Ny are chosen as in Remark[I.4)
Proof. This is an easy verification. O

1.12 Theorem. Let (X, ) be a homogeneous tree of infinite degree with
a distinguished verter xq € X. Let p : X — C be a radial function and
let 9 : Ng — C and ¢ : X x X — C be the corresponding functions as in
Proposition [I.1. Finally, let H = (h; ;)i jen, be the Hankel matriz given by
hij=¢(i+j)—¢i+75+2) fori,j € Ng. Then the following are equivalent:

(i) ¢ is a Schur multiplier.
(i) H is of trace class.

If these two equivalent conditions are satisfied, then there exists unique con-
stants cx € C and a unique ¢ : Ng — C such that

p(n) =cp +e ()" +4(n)  (n€Ny)

and '
lim ¢(n) = 0.

n—oo
Moreover,
[lls = les| + le—| + [[HJ1

Proof. Let ¢|x, be the restriction of ¢ to X, for 2 < ¢ < oo, where X, is a
homogeneous subtree of X of degree ¢g+1 containing z,. From Proposition [0.1]
it is easily seen that if ¢ is a Schur multiplier, then the restriction @|x, xx,
(2 £ ¢ < o0) is also a Schur multiplier, and [|@|x,xx,[|ls < [|@|ls- Using
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this together with Theorem [[3] and Lemma [[LT0 it is easy to see that we
are left with the task of proving (ii) = (i) and the upper bound for [|@||s.
But this basically consists of taking the corresponding part of the proof of
Theorem and deleting all the primes, so we only provide a sketchy proof
of this.

Assume that the Hankel matrix H = (h; ;)i en, is of trace class, define
c4 and w as in the first part of the proof of Theorem [[.3] and note that

(1.23) V(i +j) =Te(SY(S*YH)  (i,j €Np).

Since H is of trace class there exists sequences (€%)zcn,, (7™ ren, in 2(Ny)
such that

= i an 1= 2{7° 712,
H W on®™ and ||H]| (S M
k=0 k=0

and therefore

(o)

(1.24) hij = Zgi(k)ﬁ]('k) (4,7 € No).

k=0

For each k € Ny we define Py, Q : X — 2(X) by

Puz) =Y &0 and Quy) =Y nVduy  (ny€X),
i=0 Jj=0

and note that -
> 1 PlloollQklloo = [1H |Is-

k=0
Now verify that
k) _(k
Z<Pk($), Qk(y)> = Z <6cl(:c)7603(y)>£z( )7]]( ) = Z <6ci(:c)75cj(y)>hi,j
k=0 ki, j=0 i,j=0

for all x,y € X. Momentarily fix x,y € X and choose m,n € Ny according
to Remark [L4l Then m + n = d(x,y) and by Lemma [[.T1]

(S™(5)")si = Qei(@y i) (17 € No)-
Using (L23)) it follows that

o0 o0

D (Pel@), Qrly)) = D (S™(S)")jihi;
k=0 i,7=0
Te(S™(S*)" H)
zé(m%—n)
Y(x,y).
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Since z,y € X were arbitrary we have that

oo

Pla,y) = (A, y) = cr + e (1)1 13 (Pu(a), Quly)) (2,5 € X).

We conclude that ¢ is a Schur multiplier with

12lls < lexl + le—l + Y N PelloolQrllos = lex] + le—| + [ H 1.
k=0

O

1.13 Corollary. Let (X, xz9) be a homogeneous tree of infinite degree with
distinguished vertex xg. Choose as before for each integer 2 < q < 00 a
homogeneous subtree X, C X of degree q with z9 € X,. Let ¢ : Ng — C be
gwen and define ¢ : X x X — C as in Proposition[I1. Then ¢ is a Schur
multiplier if and only if §|x,xx, is a Schur multiplier. Moreover,

qg—1, . . .
——|Plls < [[@]x,xx,lls < |P]]s-
qg+1

Proof. This follows from Theorem [L.3] Theorem [[L12] and Lemma [L10. [

2 Spherical functions on homogeneous trees

As in section [Il we begin by considering a pair (X, zy), where X is a homoge-
neous tree of degree ¢+1 for 2 < ¢ < 0o and x is a distinguished vertex in X.
Later on we will also consider the case when X has infinite degree. We give
only a brief introduction to spherical functions on homogeneous trees of finite
degree—the reader is referred to [F'TN9I] for a more thorough exposition.

If ¢ is a (complex valued) function on X we let (for any x € X) Lp(x)
denote the average value of ¢ over the vertices which share an edge with
x. The operator L is called the Laplace operator on X. Following [FTNO9I1]
Chapter II, Definition 2.2], we have:

2.1 Definition. Let (X, z() be a homogeneous tree of degree ¢+ 1 (2 < ¢ <
oo) with a distinguished vertex xy. A radial function ¢ : X — C is called a
spherical function (on (X, zy)) if it satisfies

(i) @(wo) =1

(ii) Ly = s¢ for some s € C.
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The number s is called the eigenvalue corresponding to the spherical
function ¢. Since ¢ is radial it has the form

p(x) = o(d(x, zo))

for some ¢ : Ng — C (cf. Proposition [[LT)). One can rewrite (i) and (ii) as

(2.1) p(0) =1
(2.2) p(1) =
(2.3) pn+1)=s(1+)p(n) —on—1)  (neN),

cf. [F'TN9Il page 42-43]. In particular, a spherical function is uniquely de-
termined by its eigenvalue s. Despite of this, one does not label the spherical
function by their eigenvalue—this is due to tradition and the fact that cal-

culations seem to work out most easily using another indexation. For z € C
define the function ¢, : X — C b

(2.4) v.(x) = f(2)h.(z) + f(1 — 2)h1_.(2) (x € X),
where
(2.5) ho(z) = @) and  f(z) = (¢ + 1)—1% (z € X).

According to [EFTN9I], ¢, is a spherical function on (X, zq) with eigenvalue
(2.6) s: =1+ ¢ 7 +¢) (2€0).
The complex function

cosh(z) = 3(¢* +¢77) (z € C)

maps C onto C and cosh(z) = cosh(2’) if and only if 2/ € z + 2miZ or
2 € —z 4 2miZ. Since

(2.7) s, = ;—fql cosh(In(g)(z — 3)) (z €C)

!The given expression (considered as a function of z for fixed x) has a removable

singularity when ¢=% = qz_l, or equivalently, when z = % + ilf&) for k € Z.
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it follows that every spherical function ¢ : X — C is of the form ¢, for a
z € C and that ¢, = ¢,/ if and only if

Z.

(2.8) z'€z+i2—7TZ or Zel—z+i 2m
In(q) In(q)
From the definition of ¢, it is easily seen that ¢, is bounded if and only if
0 < Re(z) < 1. Since a Schur multiplier must be bounded, ¢, is not a Schur
multiplier if Re(z) < 0 or Re(z) > 1. The following theorem states which
of the remaining 2’s give rise to Schur multipliers and explicitly specifies the
corresponding Schur norm.

2.2 Theorem. Let (X, xy) be a homogeneous tree of degree q+1 (2 < g < )
with a distinguished vertex xy € X. Forz € Clet p, : X — C be the spherical
function given by [24]) and let @, : X x X — C be the corresponding function
as in Proposition[I1. Then ¢, is a Schur multiplier if and only if z is in the
set

{z€C : 0<Re(z) < 1} J{i

1f(7;) : kEZ}U{l—ilfg;) . ke ).
The corresponding norm is given by

6.]ls = (1= 22— g1 —¢*7

¢ells = (1 — g 2Re(2)) (1 — ¢Re(x)-2)[] — g2im(=)~12

(0 <Re(z) < 1)

and
km
In(q)

Proof. Since s, = s1_, for all z € C it is enough to consider z € C for which
Re(z) < 3. The case Re(z) < 0 has already been considered above, with the
conclusion that ¢, is not bounded and hence not a Schur multiplier. Next
we treat the case Re(z) = 0, so write z = it with ¢ € R. Theorem [[3]tells us
that if ¢ is a Schur multiplier, then lim,, .., ¥;(2n) must exist (and equal
¢+ +c_). But it is easily seen from (2.4) that

T (ga(2n) - f(ithg ) = 0

ckezp J1—i ke Z}).

kr
5l = 1 .
s =1 (ze (i o

and from (2.5]) that f(it) # 0. Hence, the only ¢t € R where lim,, o ¥i(2n)
exists is t = % for k € Z. From (24) and (Z3) we get that for n € Ny,

(n) = 1 if kis even
1 (=)™ if ks odd

/ -k
(’Ol—ln(q)
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Hence for z,y € X,
- B { 1 if k is even

(1)@ if ks odd

Since (—1)4@¥) = (—1)d@e0)(—1)dw:20) it follows that Pipir is a Schur mul-
tiplier with Schur norm 1 for all k € Z. !

We are left with the case 0 < Re(z) < 3. In order to show that @, is
a Schur multiplier it is enough, according to Theorem and Lemma [[.2]
to verify that H' given by H' = ([ — g)_lH, where H is the Hankel matrix
H = (h; ;)i jen, With entries h; ; = ¢, (i+j) — . (i+j+2), is of trace class. To
find the corresponding Schur norm we must compute the actual trace class
norm of H' and also find ¢4 from Theorem [[L3] But since lim,, . ¢(n) =0
when 0 < Re(z) < % we conclude that ¢z = 0, so we are left with just
calculating ||H'[|;.

Fix a z with 0 < Re(z) < 3, put @ = ¢ and b = ¢°~! and note that
lal, |b] < 1. From (24]) we find, after some manipulations, tha

Qi+l _ i+l

hij = (1+ 5710 = )1 - 81—

(Za] S NO)
From this it is quite easy to verify that
Qi pitl it _ it

a—2b a—>

where H' = (h; ;)i jen,- Now observe that

M= (= HI+H 71— a1 - )

(Zvj € No),

H' =afon,

where

a=01-)1+)7(1-ad*)(1 -0

q
and € = (&)neng, 1 = (M )nen, € 2(Ny) are given by
an—i—l _ bn+1

gn = ai_ b = Nn (n € No)

From (5]) we conclude that

_ bn+l 2

1]l = lalli€ll2lInll2 =

2Here we again run into the problem of a singularity whenever a = b, but all calculations

can be done by replacing ¢ ’b"+ with (n+ 1)a™ (for n € Np) when this happens.
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Simple, but tedious, computations shows that

i an+1 _ bn+1 Cn—i—l _ dn—i—l B 1 — abed
—  a—b c—d  (1—ac)(1—bd)(1—ad)(l-bc)

when a, b, ¢, d € C satisty |al, [b], |c|, |d| < 1. Using this result with ¢ = @ and
d = b we find that

(1= 2)%11 —a?(]1 - b
(1 —aa)(1 —bb)(1 — ab)(1 — ba)’

1]l =

which is easily seen to finish the proof. O
We now reformulate the above theorem in terms of eigenvalues.

2.3 Theorem. Let (X, x) be a homogeneous tree of degree ¢+1 (2 < g < o)
with a distinguished vertex xqg € X. Let ¢ : X — C be a spherical function
and let ¢ : X x X — C be the corresponding function as in Proposition [11.
Then ¢ is a Schur multiplier if and only if the eigenvalue s corresponding to
@ is in the set

{s€C : Re(s)® + (£2)"Im(s)* < 1} _J{=1}.

q
The corresponding Schur norm is given by
-5

1 — Re(s)? — <i>2 Im(s)?

q—1

1¢lls =

(Re(s)? + (£)"Im(s)? < 1)

and
[@lls =1 (s==£1).

Proof. Observe that z — s, maps {z € C : 0 < Re(z) < 1} onto {s € C :
Re(s)’ + (£)°Im(s)? < 1} and maps {iif% « k € Z} {1 —iff%; « k€ Z}

k
In(q
onto {£1}. The Corollary now follows readily from Theorem once we
have shown that

(1= =g > —¢*7?

(2.9) (1 — g 2Re@)(1 — g2Re()-2)[] — gZm(z)-1]2
1— 2
(2.10) 1= s 2
1 — Re(s,)? — <ZJ_F—1) Im(s,)?
3This formula also holds for ¢ = b and ¢ = d when aH;:ZnH and Cn+l:gn+l are

replaced by (n + 1)a™ and (n + 1)c", respectively.
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for z € C with 0 < Re(z) < 1.

Fix a z with 0 < Re(z) < 1 and (as in the proof of Theorem 22)) put
a=¢q*and b = ¢°! and note that |a|,|b| < 1. In order to eliminate a
and b (in exchange for expressions involving the eigenvalue) we observe the
following relations

(2.11) ab = %, a+b:(1~|—%)sz and a2+b2:(1+%)2sg—§,

where the first two relations are obvious, and the third one follows from the

first two through a®+b? = (a+b)*—2ab. First, look at the nominator in (2.9
and use (ZTIT)) (and a little work) to arrive at

1—g 1= ¢ =[1—a® =0+’ = (1+ 1)1 52

Now, look at the denominator in (Z9) and use (ZI1]) to find that
(1 — g 2Re))(] — gRe()=2)|] _ g2ilm(a)-12

= (1—aa)(1—0b)(1—ab)(1—ab)

= (1+2)%(1 = 2)? + 2(1+ 5)"Re(s?) — (1 + ) (1 + )*5.5..
Use

Re(s?) = Re(s,)? — Im(s,)> and 3,s, = Re(s,)? + Im(s,)?
to continue the above calculation and arrive at

(1 — g 2Re))(] — gRe()-2)| _ g2ilm()-12
= (1+ 5121 = 1%(1 — Re(s.)? — (£) Im(s.)?).

Putting the calculations for the nominator together with the calculations for
the denominator we easily arrive at (2.10). O

To define the spherical functions on (X, z) when X has infinite degree, we
generalize the Laplace operator L to the case of infinite degree. However,
this only makes sense for radial functions. If ¢ is a radial function on X let
L denote the radial function on X for which

Le(r) = ¢(d(z,20) +1)  (z € X),
where ¢ is connected to ¢ as in Proposition [[T]

2.4 Definition. Let (X, () be a homogeneous tree of infinite degree with
a distinguished vertex xy. A radial function ¢ : X — C is called a spherical
function (on (X, o)) if it satisfies

28



(i) ¢(zo) =1
(ii) Ly = s¢ for some s € C.

The number s is again called the eigenvalue corresponding to the spherical
function ¢. Using that

p(r) = ¢(d(z, z0))

for a function ¢ : Ny — C one can now rewrite (i) and (ii) as

(2.12) $(0) =1
(2.13) o(1) = s
(2.14) o(n+1) = sp(n) (n € N).

Note that (2I2)-(2I4) can be considered as the limits for ¢ going to in-
finity of (2ZI)-(2.3]). Obviously, the spherical function corresponding to the
eigenvalue s € C is given by

(2.15) o(n) =" (n € Np).
As a corollary to Theorem we get the following theorem.

2.5 Theorem. Let (X, xo) be a homogeneous tree of infinite degree with a
distinguished vertex xqg € X. Let ¢ : X — C be a spherical function and let
@ : X x X — C be the corresponding function as in Proposition [I.1. Then
© is a Schur multiplier if and only if the eigenvalue s corresponding to ¢ is

in the set
{seC : |s| < 1}U{j:1}.
The corresponding norm is given by

11— 57
1—|sf?

I8lls = (Is <1)

and
[Pls =1 (s==£1).

Proof. 1f |s| > 1 then ¢ is unbounded, and therefore ¢ is not a Schur multi-
plier. If |s| = 1 then lim,, . ¢;(2n) only exits for s = £1, so these are the
only eigenvalues with length one for which ¢ can be a Schur multiplier. But
it is easy to see that if ¢ is the spherical function with eigenvalue s = +1,
then ¢ is a Schur multiplier with Schur norm 1.
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Finally, we are left with the case |s| < 1. Fix s € C with |s| < 1 and
let ¢ be the spherical function with eigenvalue s. In order to show that ¢
is a Schur multiplier it is enough, according to Theorem [[.12] to verify that
the Hankel matrix H = (h; ;) jen, given by h;j = ¢,(i +j) — @.(i +j +2)
is of trace class. To find the corresponding Schur norm we must compute
the actual trace class norm of H and also find ¢4 from Theorem [.12. But
since lim, . ¢(n) = 0 we conclude that cx = 0, so we are left with just
calculating ||H||;. Start by noting that

hij =8t — g2 = (1 - 5%)s's/ (4,5 € No).
Now observe that
H=afon,

where
a=(1-s?

and & = (&n)nenogs 1 = (Mn)nen, € 62(NO) are given by
gnzsn:ﬁn (nENO).
From (5]) we conclude that

11— 57

1— s

1H (s = lalli€lalinlla = 1= 7 > |s"* =
n=0

O

3 Integral representations of radial Schur mul-
tipliers
Let (¢,)22, be a bounded sequence of complex numbers. Consider the Hankel
matrix H = (h; ;)i jen, given by
hij = Ciy; (1,7 € Np)

and the analytic function f on the open unit disc D in C given by

[e.e]

f(z)= chz" (z € D).

n=0

By a theorem of Peller [Pel80, Theorem 1’|, H is of trace class if and only if
the second derivative f” of f is in L'(D), i.e.,

1
11l = _/ |f"(2)|dz1dzy < o0,
T Jp
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where z; = Re(z) and 2o = Im(z). The following theorem is a slight variation
of Peller’s result, which tells that H is of trace class if and only if the function

9() = S FE) = S n+ D+ 2)ens”

is in L'(ID). Moreover, we obtain upper and lower estimates for the L'(DD)-
norm of ¢ in terms of the trace class norm of H.

3.1 Theorem. Let D = {z € C : |z| < 1} be the unit disc in the complex
plane and assume that (¢,)5, is a bounded sequence in C. Consider the
Hankel matric H = (h; ;)i jen, with entries h; j = c¢;4; fori,j € Ny and the
analytic function g on D given by

(e}

g(z) = Z(n +2)(n+1)cy,2" (z € D).

n=0
Then the following are equivalent:

(i) H is of trace class.
(ii) g € L*(D).
If these two equivalent conditions are satisfied, then
1 o
(3.1) hij = — / g(2)2 (1 — |2*)dz1d 2, (1,7 € Nyp),
D

™

where z; = Re(2) and z = Im(z), and
8
1HIh < gl < — I Hlh-

Proof. Assume first that g € L'(ID). Using polar coordinates in D one finds

that
1

- / g(2)z"dzdzy = (n+2)(n+1)

Cn (n € Np)

T n+1
and . 5 )
— / g(2)2"zdz1dzy = (n+2)(n+ )cn (n € Np),
T D n + 2

from which (3] easily follows. Since the matrix whose 7,7 th entries are
given by 27 for some z € D has trace class norm given by ﬁ (cf. the

proof of Theorem [27]) it follows from (B.1]) that H is of trace class and that

][ < llglls-
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We now turn to the other implication of the theorem, and assume that
H is of trace class. By ([7)-(L9) we can find sequences (£®))ren,, (1™ en,

in £?(Ny) such that
H = Zg(k) ® n®
k=0

and

1= 1€P 0™,
k=0

from which it follows that
(3.2) =Y &0, (neNy),
k=0

for any i € {0,--- ,n}.
The following two Taylor expansions are easily verified:

(3.3) (1— 2 = g (n+ 1)2(” D0 (e
and
(3.4) (1—2)"%%= Z% (z € D),
where 5

Yn = M > 0.

" TE)I(n+1)

Using that the Gamma function is logarithmically convex on Rt (cf. [AhI7S8]
Chapter 5 (31)]) and therefore satisfy

NI

T(z+ 1) <T(2)0(z +1) (z>0),

we have that

I(n+1)2T(n+2)z 2
L E RS Y-

vn+1 (n € Np).

N

Using ((1—2)~ )2 = (1 —2)73 for z € D together with (3.3) and (3.4]) one

finds that

Z ViTn—i = (n+ 1)2(n 2 (n € Np).
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It is easy to check that the functions (u,),en, given by
up(z) = 2" (2 €D, n € Ny)
form an orthogonal sequence in L?(ID) with respect to the inner product
1 _
(bo) = [ o0z (o0 € D))
D
Moreover,

1
2
n = ny Un) — — - € Np).
ol = ) = = ()

For k € Ny put

2) =) mEWz" and (2 Z%m ( € D).
n=0

Since 4
73§;(n+1) (n € Np)

it follows that ¢y, ¢y € L*(D). Moreover,

4 4
lewlls < —llE®IE and fluxll3 < —[In™1I3

for all k € Ny. Hence, > ;- ¢xty, € L'(D) and

— 4 4
1> el < =S 16D aln® e = ~ 1.
k=0 k=0

For z € D,

Z@k(z)%(z) = Z%% Zf 2

7,]0

— i+7
= E YiCiri?

z'jO

- Z’Yz/%mzcn
=0 =0

_ ! N 1)( 2)

= §Zn+ n—ir cn
1

= 59(2)
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Hence g € L'(D) and

— 8
gl = 2|| Z@k%”l < ;HHHl
k=0

O

3.2 Theorem. Let (X, xo) be a homogeneous tree of infinite degree with a
distinguished verter xq € X. Let ¢ : X — C be a radial function and let
o : Ny - Cand ¢ : X x X — C be the corresponding functions as in
Proposition [I.1.  Then @ is a Schur multiplier if and only if there exists
constants cx € C and a complex Borel measure p onD ={z € C : |z| < 1}
such that

(3.5) b =yt (=1 + [ duz) (M)

12
d <
| =) < o

i
Iolls < levl +le-I+ | 1=Elagu

and it is possible to choose u such that

11— 8
(3.0 el +le-t+ [ =2 ae) < gl

and

Moreover,

Proof. If ¢ has the form (3.0), then the Hankel matrix H = (h; j); jen, from
Theorem is given by

mdz¢a+ﬁ—¢u+j+2waélﬂ< 2)dp(z) (i) € Ny),

from which it follows that

12
Hl|: < d
Il < [ T

where we again used that the matrix whose i, j th entries are given by 2/
for some 2z € D has trace class norm given by — |Z . By assumption this is
finite, so it follows from Theorem [L.TI2 that ¢ is a chur multiplier with

i
ol < levl +le-+ [ L0l
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To prove the remaining part of the theorem, assume that ¢ is a Schur
multiplier and let ¢4, and H be defined as in Theorem [.T2l Then

p(n) = e+ e (=1)" +4(n)  (n €Ny,
where .
g, Vi) =
Moreover, H = (h; ;)i jen, is a Hankel matrix of trace class with entries
hig=¢(i+5) = @i+ +2)=d(i+7) =i+ +2)  (i,j €Ny
and
(3.7) 1@lls = lew] + le| + [[H ]

By Theorem 31}, there exists a function g € L'(D) such that ||g[: < 2||H|
and

W(n) — d(n + 2) = %/Dz”(l CP)g()dadsn (n e Ny).

Hence, for n € Ny and k € N,

p(n) —P(n+2k) = %Z_:/Z"”j(l—|z|2)g(z)dz1d22

22

_ %/ﬂ)%a—m )9(2)dz1ds.

In the limit £ going to infinity we get, by Lebesgue’s dominated convergence
theorem, that

. 12
P(n) = l/]Dz” 11 _|j2 g(2)dz1dzy (n € Np).

Therefore, (3:5) holds with respect to the complex measure

11—z
du(z) = 1. g(Z)dz1dz,.
Moreover,
11— 8
[ i) = gl < S
7
Hence, by (3.7)

11— 8
el +le-t+ [ =2 ae) < gl
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3.3 Remark. Theorem 2] also holds for homogeneous tress (X, xg) of finite
degree ¢ + 1 (2 < ¢ < o0) if one replaces the right hand side of (3.0]) by

%ZJ_F—}H@HS. This is an immediate consequence of Corollary [[.T3]

4 Applications to free groups
Throughout this section I' denotes a group of the form
(4.1) [ = (%t Z/22) * (%71 Z),

where M, N € Ny|J{oc} and ¢ = M + 2N — 1 > 2. In particular, this
includes the groups

«M_7)27. (3< M < o0)
and the (non-abelian) free groups

Fy=x_ 7 (2 <N < o0).
By [F'TNO1, page 16-18] the Cayley graph of I' is a homogeneous tree of
degree g + 1. There is a canonical distinguished vertex xy in I', namely the
identity element e. The results of section [I] and [2] can all be reformulated
as results about radial or spherical functions on (I',e), but the concept of
a Schur multiplier is perhaps more naturally replaced by the concept of a
completely bounded Fourier multiplier (written MyA(T")).

4.1 Proposition. Consider a group I of the form (@1l with 2 < g < oo.
Let ¢ be a radial function on T', then ¢ is a completely bounded Fourier
multiplier of I' if and only if the corresponding function @ : I' x I' — C given
by Proposition 11 is a Schur multiplier. Moreover,

lellanam) = ll¢lls-

Proof. By left invariance of the metric d on I', we have

G(x,y) = o(d(z,y)) = ¢(d(y 'z,e)) = oy 'a) = o(z,y)  (z,yel),

where ¢ : ' x I' — C is given by (0.3]). Hence, Proposition 1] follows from
Proposition [0.4] and the equalities

el aoary = llellas = ||2]ls-
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Since the spherical functions on I' are simply the spherical functions on
the homogeneous tree (I, e), where we have identified (the vertices of) the
Cayley graph with I', we can use Proposition [4.]] to reformulate the main
results from section [I, 2 and [ (i.e., Theorem [[3], [L12, 2.3] and and
Remark B.3)).

4.2 Theorem. Consider a group T' of the form (&) with 2 < q < co. Let
p : I' = C be a radial function and let ¢ : Ny — C be the corresponding
function as in Proposition [I1. Finally, let H = (h; ;)i en, be the Hankel
matriz given by h; ; = p(i+7) —(i+7+2) fori,j € Ng. Then the following
are equivalent:

(i) ¢ is a completely bounded Fourier multiplier of T.
(i) H is of trace class.

If these two equivalent conditions are satisfied, then there exists unique con-
stants cx € C and a unique ¢ : Ng — C such that

pn)=ci+e(=1)"+4d(n)  (neNy)

and '
lim ¥(n) = 0.

n—oo

Moreover,

[ H 1 B if ¢q=o0
=D =12) Hl if g<o,

lellaoamy = lep] + le-| + {
q

where T is the shift operator defined by (I.1I).

4.3 Theorem. Consider a group T of the form ([&I) with 2 < q < co. Let
p : I' = C be a radial function and let ¢ : Ny — C be the corresponding
function as in Proposition [I1. Then ¢ is a completely bounded Fourier
multiplier of T if and only if there exists constants c,. € C and a complex
Borel measure yp on D = {z € C : |z| < 1} such that

() = s+ (—1)" + / Sdu(z) (e Ny)

and 1 2|
— 2

—d < 00.

) < o0
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Moreover,

11— 2%
lellapar) < lex] +le-| + | ——d[ul(z)
pl—|?]

and it is possible to choose u such that

8q+1

||<ﬂ||MoA<r>

el e+ [ =2 <

where we set g%l

T equal to 1 when q = oo

4.4 Theorem. Consider a group T of the form (&) with 2 < q < oo. Let
p : ' = C be a spherical function, then ¢ is a completely bounded Fourier
multiplier of T if and only if the eigenvalue s corresponding to ¢ is in the set

{5 €C : Re(s)?+ (£4) Im(s)* < 1} J{=1}.
The corresponding norm is given by
11—+
2
1 — Re(s)? — (qJ_r—1> Im(s)?

el aoam) = (Re(s)? + (£1)Tm(s)? < 1)

=)

and
lellaparmy =1 (s ==£1),

where we set g%l equal to 1 when g = oo

1

4.5 Remark. The case ¢ = oo and M = 0 of Theorem [£.4] was proved by
Pytlik and Szwarc in [PS86], Corollary 4].

4.6 Corollary. Consider a group T' of the form (&) with 2 < q < co. There
is no uniform bound on the MyA(T")-norm of the spherical functions on (T, e)
which are completely bounded Fourier multipliers.

4.7 Lemma. Let ¢ be a radial function on I". If

o0

Y (172 < oo,

then ¢ € MA(T"). Moreover,

o 1
lellaamy < () (n+1)%e(n)P)?.
n=0
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Proof. According to [DCHS85, Proposition 1.2] we have to show that ¢ is
bounded (which is obvious from the assumption in the lemma) and that

A< (S n+ 122NN (f € (D)),

where A : 2(I') — B({*(T")) is the left regular representation. Follow-
ing [Haa79] we let 1, denote the characteristic function of the set {z €
I' : d(z,z9) = n} for n € Ny. If I is the free group Fy on N generators
(2 < N < 00), then by [Haa79, Lemma 1.4]

(4.2) IRV Z n+Dem)[[f1all (f € Ce(I)).

Using [BP84, Theorem 5.1], the same inequality holds for I' of the form (4.1))
when ¢ < oo, and by a simple inductive limit argument, (£2) also holds
when ¢ = oo. By the Cauchy-Schwarz, inequality (£.2)) implies that

=

o0
1 1

(4.3) NNl < (D + 1)) ( Z||f1 12)

n=0
oo

= n 4 D)%) 2 £l

o0

(3 (n)
(S + 1%e(m)2) 2 A

for f € C.(I'), because || f|l2 = [|A(f)dzoll2 < IN(f)||. Since C.(T") is dense in

¢H(T), (43) holds for all f € ¢*(T"). This finishes the prof of the lemma. O

4.8 Proposition. Consider a group U of the form (@J]) with 2 < q < oo.
There exists a radial function ¢ : I' — C such that ¢ is a Fourier multiplier
of ', but not a completely bounded Fourier multiplier, i.e., ¢ € MA(T) \

MyA(T).
Proof. Let ¢ : ' — C be the radial function given by

(n) = ap if n=2* for some k € N
P30 if n=2Fforall k€N,

where

(k e N).

Y.
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To show that ¢ € MA(I") use Lemma [£.7 and verify that

(e e}

e} k (e}
> el =X (55) < 1 =gt <o

n=0 =1

In order to see that ¢ is not a completely bounded Fourier multiplier, we
have to show that the Hankel matrix H of Theorem is not of trace class.

Assume that H is of trace class. Let {e; : i € Ny} be the standard basis
of £*(Ny) and put

Ep =span{e; : 3-283<i<5.2"3%) (k> 3).

Note that (E},)52, is a sequence of mutually orthogonal subspaces of ¢2(Np).
Let P, denote the orthogonal projection of £?(Ny) onto Ej. Then

1H > 1> PHP =Y |PH P

k=3 k=3

However, ||P,H Py||; is the trace class norm of the (2872 + 1) x (2872 + 1)
sub-matrix of H corresponding to row and column indices ¢, j satisfying

3-283 < <5288 (i, € Np).

Note that all the entries h; ; of the non-main (or anti-) diagonal of this sub-
matrix are equal to

1
o2 =@ +2) = —0=—  (k23)
Hence,
2241 1
PHPI||, > —— > — k>
|PHP > == > (k>3)

and therefore

k=3

which contradicts the fact that H is of trace class. Therefore ¢ ¢ MyA(T").
]

5 Applications to PGLy(Q,)

Let ¢ be some prime number and let | - |, : Q — R{ be the p-adic norm
(corresponding to ¢) given by

S —-n
0,=0 and |¢"2,=q"  (nEZ),

when s,t € Z are not divisible by ¢. The following relations are well known:
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(i) \xy|q = |x‘q‘y‘q (z,y € Q).

(i) |2+ yly < max{|zfg, [yle} (.9 € Q).

Property (ii) is referred to as the ultrametric inequality since it implies the
triangle inequality. The p-adic metric d, : Q x Q — R{ (corresponding to
q) is defined by

dy(z,9) =z -yl  (z,y €Q).

The completion of Q in this metric is written QQ, and referred to as the p-adic
numbers (corresponding to ¢). The p-adic norm and the p-adic metric have
natural extensions to QQ, and the properties (i) and (ii) hold for all z,y € Q.
We now list some standard properties of the p-adic numbers and subsets
thereof (we refer to [F'TNII, Appendix §1 and §2] for the proofs). Let Q
denote the group of invertible elements in @Q,, that is, the non-zero p-adic
numbers. Each a € Q) can be written uniquely as the (formal) sum

o0

azzaiqi (kezaai6{0717"'7q_1}7ak7é0)7

1=k

where we note that |a|, = ¢~*.

By Z, we denote the subring of Q, consisting of p-adic integers (corre-
sponding to ¢), that is, elements a € Q, with |a|, < 1. Let Z; denote the
invertible elements in Zq, i.e., a € Z; if an only if a € Z, \ {0} and a™" € Z,.
Hence, Z; is the set of p-adic numbers a € Q, for which |a|, = 1. These
elements are referred to as p-adic units (corresponding to ¢), and they obvi-
ously form a subgroup of Q,. We note that if a is a p-adic unit and n € Z
then |¢"al, = ¢~". Therefore, Q; is the disjoint union

[e.e]

(5.1) Q= || ¢z

n=—oo

Denote by GLy(Q,) the set of 2 X 2 matrices with entries from Q, and
non-zero determinant, and denote by GLy(Z,) the set of 2 x 2 matrices with
entries from Z, and unit determinant. Given A € GLy(Q,) it is a fact,
which will be used frequently without further mentioning, that AZ? = 72
if and only if A € GLy(Z,), where Z? is shorthand notation for Z, @ Z,.
Let PGLy(Q,) denote the quotient of GLy(Q,) by its center Q;I, where I
denotes the (2 x 2) identity matrix. Similarly, we let PG Ly(Z,) denote the
quotient of G'Ly(Z,) by its center Z;I. Let 7 : GLy(Qq) — PGLa(Q,) be the
quotient map given by

m(A) = QA (A€ GLy(Qy)).

q
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We claim that the map
(V) — Z;V

is a well defined bijection from w(GLs(Z,)) to PGLy(Z,), thereby show-
ing that these two sets are isomorphic. Henceforth, we consider PG Ly (Z,)
as a subset of PGLy(Q,) and we note that it is both compact and open
(cf. [Mau58]). The only non-trivial part is to show that the map is well de-
fined. To this end, assume that V,W € GLy(Z,) with 7(V') = n(W), which
implies the existence of some a € Q; such that W = aV" and therefore that
det(W) = a*det(V). But V and W both have unit determinant, so we con-
clude that a? is a p-adic unit from which it follows that a is also a p-adic
unit. This finishes the argument.
A lattice (of Q2) is a set of the form

Lgey + Lges,

where ey, ey € Q7 form a basis for Q2. This set can also be written (e; e3)ZZ,
where (e e;) denotes the matrix with column vectors e; and es. Two lattices
L, L" are called equivalent (written L ~ L) if there exists a € Q} such that
L' = aL. Since obviously al. = L for any lattice L when a € Z;, one
concludes from (B.10) that two lattices L, L’ are equivalent if and only if there
exists n € Z such that L' = ¢"L. Denote the set of lattices by £, and denote
the set of equivalence classes of lattices by £/ ~.

5.1@Lemma. There are natural bijective maps between the following three
set

(Z) PGL2(@q)/PGL2(Zq)
(ii) GL2(@Q)/ |_|z°:_oo qnGL2(Zq)
(iii) L] ~.

More specifically, the following two maps give rise to bijections from (ii) to
(i) and (ii) to (iii), respectively:

A [QA] and A [AZi] (A e GLy(Qy)),

where the brackets denote the corresponding equivalence classes in the quo-
tient PGLy(Q,)/PGLy(Z,) and L] ~, respectively.

4The sets in (i) and (i) are the sets of left cossets.
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Proof. This is elementary, and the details of the proof will be left to the
reader. For the bijection between (i) and (ii), one just have to check that
the kernel of the composition of the two quotient maps:

GL3(Qq) — PGLy(Qq) — PGLy(Qq)/ PG Lo (Zy)

is equal to | |°2 _ ¢"GLy(Z,). And for the bijection between (ii) and (i),
one shows first that the map A +— [Q;A] gives rise to a bijection of the
quotient GLy(Q,)/GLs(Z,) onto L. O

Let X denote the set from Lemma [5.1] and notice that X is discrete since
PGLy(Z,) is open. The characterization (7) is useful since spherical functions
on the Gelfand pair (PGL2(Q,), PGLy(Z,)) have been studied elsewhere
(cf. [Maub8]). The characterization (i) is used for introducing the tree
structure to X (cf. [FTN91, Appendix §4 and §5] and [Ser77, Chapter II §1]).
Finally, the characterization (ii) is useful for doing actual calculations. We
denote the elements of X by A. Unless we explicitly specify an element of X,
by writing up its equivalence class, we let our choice of representative reveal
which of the three pictures we are working in. For instance, we let Ay be
the element in X which has (canonical) representatives Q71 € PGLy(Q,),
I € GLy(Qq) and IZ? € L.

In the following we use the notation G = PG Ly(Q,) and K = PG Ly (Z,)
(Ap is K in the characterization (7)). Obviously, G' induces a left action on
X which is compatible with the different characterizations from Lemma [B.1]
in fact, if A € X is represented by A € GL2(Q,) and g € G is represented
by B € GLy(Q,), then BA € GLy(Q,) represents gA. It is well known
(cf. [Sex77, Chapter II §1]) that X can be interpreted as a homogeneous
tree of degree ¢ + 1 by introducing a certain metric d on X, which will be
described below.

Let A, A’ € X with representatives L, L’ € L. According to [F'TN91]
Appendix Theorem 4.3 and §5] there exists linearly independent vectors
e, e € (@2 and 1, j € Z such that

(5.2) Z.er+Zges =L and ¢'Zge + ¢ Zoes =L

Moreover, the number |i — j| only depend on A and A’. The metric d on X,
which turns X into a homogeneous tree of degree q + 1, is given by

(5.3) d(AN) =i — .

In particular, A, A’ € X are connected by an edge if an only if d(A, A’) = 1.
Note that in (5.2]) one can always assume that ¢ > j (by replacing (e, e2)
with (es, e1) if ¢ < j). In this case, (5.2) can be rewritten as

(5.4) Z,e1+Zjes =L and ¢"Ze; +Z,es =q"L,
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where n =i — j = d(A,A’) and m = —j. From this we get:

5.2 Lemma. Let A, A" € X with representatives A, A" € GLy(Q,). Then
there exists linearly independent vectors ey, es € Qg and m € Z such that

(5.5) Zyey + Zyes = AZ? and q"Z.e1 + Zyes = qu’Zg,
where n = d(A, \').
Proof. Let ey, es,1,7 be as in (5.2) with ¢ > j, and put n =i — j = d(A, )

and m = —j. Since AZZ, A'Z, are representatives of A, A’ in £, (E.3)) follows
immediately from (5.4]). O

The action of G on X is an isometry, so we have that
d(A, Ag) = d(kA, Ag) (Ae X, ke K)
because kAy = Ag for all k € K. We also have the converse.
5.3 Lemma. If A, N € X satisfy
d(A, Ag) = d(A, Ao),
then there exists k € K satisfying kA = A'.

Proof. Put n = d(A, Ag) = d(A', Ay), let A, A" € GLy(Q,) be representatives
for A, A" and use I € GLy(Q,) as a representative for Ag. Applying (5.0]) to
Ag, A and Ay, A, respectively, we find vectors ey, e, fi, fy € (@3 such that

Zeer + Loey = 12. =72 and "Zges + Zyes = ¢" AL

Lof 1+ Zofy =172 =77 and q"Zof1+ Zofy = qm’A'Zg,

for some m,m’ € Z. Let V denote the matrix representing the change of
basis sending e; to f, for ¢« = 1,2. From the above expressions we conclude
that VZ? = 72 and therefore V' € G Ly(Z,). Observe that

m—m' 2 2
q VAZ, = A'Z,
and conclude that kA = A’ when

k=Q,V e K.
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A function f on G is called K-bi-invariant if
f(kgk')=f(g9) (9 €G, kK €K).

Using the above lemma and that K is an open subgroup of G, we conclude
that there is a bijective correspondence between continuous K-bi-invariant
functions ¢g on G and radial functions px on X given by

(5.6) valg) = ex(gho) (g €G).

5.4 Lemma. If og and ¢x are related as in (50), then

vc(97'9") = @x(g' Mo, gAo) (9.9 € G).
Proof. For g,¢" € G we find that
ec(9'd) = ex(g7'g' M)
= ¢x(d(g7"g'Ao, Ao))

(
= @X(d(glea QAO))
= ¢x(g'Ao, gMo).

O

5.5 Proposition. Let pg be a continuous K-bi-invariant function on G,
then wq is a completely bounded Fourier multiplier of G if and only if px is
a Schur multiplier. Moreover,

lecllmnae) = lloxlls.

Proof. Assume that @y is a Schur multiplier and use Proposition [0.1] to find
a Hilbert space .7 and bounded maps Px,Qx : X — ¢ such that

@X(x/a 33) = <PX(37/)’ QX(:E)) (33, ' € X)

and
1Px ([0 1@x [0 = l@x]]s-
Define bounded maps Pg, Qg : G — ¢ by

(5.7) Pa(g') = Px(g'Ao) and Qa(g) = Qx(9ho)  (9,9' € G)

and use Lemma [5.4] to show that
(5.8)
va(g™g) = @x(9'Mo, gho) = (Px(g'Ao), Qx(gho)) = (Paly’), Qa(g))
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for all g,¢" € G. Using Proposition [0.4 we conclude that ¢¢ is a completely
bounded Fourier multiplier of GG, with

lecllanae < 1FPelleollQcllce = [[Pxllooll@xlloe = lloxlls-

Now assume that ¢ is a completely bounded Fourier multiplier of G and
use Proposition [0.4] to find a Hilbert space ¢ and bounded maps Pg, Q¢ :
G — S such that

ec(g'9) = (Pe(9),Qcly)) (9.9 €G)

and
1 Pellool|Qclle = Il rpaca)-

Let v : X — G be a cross section of the map g — gAy of G onto X, i.e., ¥
satisfies
(z)Ao =z (x € X).

Define bounded maps Px,Qx : X — ¢ by
Px(a') = Pe(¢(2’)) and Qx(z) = Qc(¥(z)) (22" € X)

and use Lemma [5.4] to show that

px (@', 2) = Gx(U(z") Ao, ¥(2)No) = pa(v(z)¥(2') = (Px(a'), Qx(2))

for all x,2" € X. Using Proposition [I.I] we conclude that @x is a Schur
multiplier, with

1exlls < 1Pxllocl|@x oo < [1FPelloc|@cllo0 = llpallasac)-

Using Proposition [5.5 we obtain the following from Theorem [L3]

5.6 Theorem. Let g be a prime number and consider the groups G =
PGLy(Q,) and K = PGLy(Z,) and their quotient X = G/K. Let ¢¢ :
G — C be a continuous K-bi-invariant function and let px : X — C be
the corresponding function as in ([B.6) and ¢x : Ng — C the corresponding
function as in Proposition [I1. Finally, let H = (h; ;)i jen, be the Hankel
matriz given by h; ; = ¢(i+7) —p(i+j+2) fori,j € No. Then the following
are equivalent:

(i) wq is a completely bounded Fourier multiplier of G.

(i) H is of trace class.
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If these two equivalent conditions are satisfied, then there exists unique con-
stants c+ € C and a unique ¢ : Ng — C such that

ox(n)=cp+c (=) +d(n)  (neNy)

and .
lim ¥ (n) = 0.

n—oo
Moreover,

leclisoay = lexl + le-| + (1= 1 (T = 2) ' H]|s,

where T is the shift operator defined by (I.TI).

We now turn to the task of finding out which spherical functions on the
Gelfand pair (G, K) are completely bounded Fourier multipliers of G, and
find the explicit norms. According to [GV8§] a continuous K-bi-invariant
function ¢ on G (which is not identically zero) is a spherical function on
the Gelfand pair (G, K) if and only if

hHLh@%@w@

is multiplicative on the convolution algebra of compactly supported con-
tinuous K-bi-invariant functions on G, where p is the Haar measure on G
normalized such that u(K) = 1.

5.7 Proposition. If og and ¢x are related as in (5.6)), then pq is a spherical
function on the Gelfand pair (G, K) if and only if vx is a spherical function
on (X, Ag).

Proof. According to [Maub8| the spherical functions on (G, K) can be de-
scribed in the following way:
Let 7 € Q, be an element of order 1, i.e., |7|, = %. Define y € G by

o ((32)

where 7 : GLy(Q,) — PGLy(Q,) is the quotient map. Then
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and every spherical function ® on (G, K) is of the form ®, for a z € C, where

D (=) =D (2 — g7 )

n 1 1
(g+ g2t (72 —q277)

for ky,ky € K and n € Ny, cf. [Maub8, (1.1), (2.2), (2.5) and (8.2)]. Note
that if 7,7 € Q, satisfy |m|, = % and ||, = % then 7 = wur for some
u € Z;. Therefore the definition of ®, does not depend on the choice of 7.
Since |q|, = % we can in the following put 7 = q.

Let (¢.).ec be the spherical functions on the tree X = G/K (of degree
q + 1) given by (Z4) and ([Z3). We claim that ¢, and ¢, are related as

in (5.9), i.e.,

(5.9  O.(ky"ky) =

P, =p,0p (2 €C)

where p: G — G/K is the quotient map. Since ®, is K-bi-invariant and ¢,
is radial, it is sufficient to check that

O.(y") = ¢:(py"))  (n€No)

for z € C. Recall from Lemma [5.0] that we can identify X = G/K with
L/ ~, where the distance on £/ ~ is given by (53). Put A, = p(y") for
n € Ny considered as elements in £/ ~. Then Ag = p(e) is the distinguished
element in £/ ~ and A,, = L,/ ~, where

L, = q”qul + Zq€2 (TL € No)

(1) ()

are the standard basis elements in (@2 In particular, Ly = Z,e; + Zges, so

by (£2) and ([B3), d(A,, Ag) = n. Thus by (24) and (2.5

and where

(5.10) 0:(p(y™) = f(2)g ™ + f(1—2)g"* Y (n€Ny),
where - .
f(z) = (g + 1)% (z€C).

A simple computation shows that the right hand side of (5.9) and (5.I0)
coincide. Therefore,

O, =p,0p (2€C),
which proves Proposition [5.7] O
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Using Proposition 5.5 and 5.7land Theorem 2.3l we conclude the following.

5.8 Theorem. Let q be a prime number and consider the groups G =
PGLy(Q,) and K = PGLy(Z,) and their quotient X = G/K. Let ¢ be
a spherical function on the Gelfand pair (G, K), then ¢ is a completely boun-
ded Fourier multiplier of G if and only if the eigenvalue s of the corresponding
spherical function on X, is in the set

{s€C : Re(s)® + (£4)"Im(s)* < 1} _J{=1}.

q—1

The corresponding norm s given by

1 — g2
lelac = - (Re(s)? + (£2)Im(s)? < 1)
1 — Re(s)? — (gf—}) Tm(s)?
and

lellapae =1 (s ==+1).

5.9 Remark. 1t follows from (2.6]), and the proof of Proposition 5.7, that if ¢ =
&, (according to Mautner’s parametrization (5.9)), then s in Theorem B.§ is
given by s, = (1+2)"'(¢ > +¢* ).

5.10 Corollary. Let q be a prime number and consider the groups G =
PGLy(Q,) and K = PGLy(Z,). There is no uniform bound on the MyA(G)-
norm of the spherical functions on the Gelfand pair (G, K) which are com-
pletely bounded Fourier multipliers.
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