Weak type translation invariant operators on
groups and amenability

Let G be a discrete group. Consider a sym-
metric probability measure u on G, i.e.

p= > p(x)ds, p(x) >0,
relG
> u(z) =1, p(z™t) = p(=).

relG



The left convolution operator A(u) with u is
bounded on ¢2(G) and

I (DNl = lle* fll2 < |Ifll2, f € £2(G).

> (@) [6z * f]

zeG

[ fll2 =

2

< > u(@))Ioz * fll2 = I fll2.

relG
Thus [[A(p)|l2—2 < 1.



Kesten (1959) showed that a discrete group
G is amenable iff for any symmetric proba-
bility measure p on G we have || A(w)|lz—2 =
1. He showed that G is amenable if condi-
tion is satisfied for one measure u such that
supp . generates G algebraically. In partic-
ular let G be generated by g1,92,...,9, and

k
= zl_k > (bg; + 59_1). Then G is amenable iff
i=1 ‘
[A(u)[[2—2 = 1.



The group GG is called amenable if there exists
a linear functional m on /&(G) such that

(1) inf f(x) <m(f) <sup f(x),
xed xeG

(2) m(zf) =m(f), where of(y) = f(z~1y).

m IS called a left invariant mean. Then the

functional M(f) = m(m(fz)) satisfies (1), (2)
and is also right invariant, where f;(y) = f(yx).
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Fglner condition™
For any number € > 0 and any finiteset K C G
there exists a finite set N C G such that
lxN A N| < g|N|, r e K.
Hence N is almost K invariant.
Example. Let G =7Z, K = [—k,k] and N =
[—n,n]. Then I

(z+ N) A N| <2k < ZIN].
n

For e > 0 take n > &,

*I learnt character g from Christina Kuttler



G is amenable iff the Fglner condition holds.

One direction is easy. Assume G satisfies the
Fglner condition and the group G is countable.
oo

Then G = |J Kn, Kn C K,41. For e = * let
n=1
N, denote the corresponding almost K, invari-

ant set. Define

Then any accumulation point of the function-
als m, leads to left invariant mean.

INn



Assume that G is amenable. Let u be a prob-
ability measure with finite support K. For ¢ =
n? > 0 choose N with respect to e and K. Then

> w(@) XN — xn]
reK 2

< D p@lxan —xnll2 = D w@)|Ixananll2
reK reK

= 3 u(@)|aN & NIH2 < N2 = gllxyll2.
reK

e * xN — xNll2 =




T herefore

I xnll2 > (T —n)|lxnll2

which implies that |[[A(un)|[2—2> > 1 — n, hence
IA(1)]|2—2 = 1. Observe that we showed that
if the group is amenable then

e * X ]|2
1 = ||IA(p)[l2—2 = sup
NcG  xnll2

i.e. the operator norm is attained at charac-
teristic functions of finite sets.

Y



If the group G is amenable the same holds
(with the same proof) for any 1 < p < +o0,
i.e.

e * x|
1= ||]A(1)[lp—p = suP :
NCd ||XN||p

which means the operator norm is also attained
at characteristic functions.

Y



Consider a general o-finite measure space (2, w)
and 1 < p < 4oo. For f € LP(Q2,w) and t > 0
we have

Pole:[f@) >t < [ |f@)Fdw(o).

Functions for which the left hand side is bounded
form a linear space

LPR(Q w) = {f : ?ugtpw{x f(x)] >t} < —I—oo}.
>

called the weak LP space. This space contains
LP(Q,w).
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For p» = p/(p — 1) the predual of LpI’OO(Q,w)
with respect to the standard inner product is
denoted by LP1(Q,w). We have

LPI(Q,w) C LP(Q,w) C LP™®(Q, w).

For p > 1 these spaces are normed. The spaces
L1, w) and L1*°(Q,w) can also be defined
but they are not normed.
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The bounded linear operator T : LP(Q,w) —
LP:*°(Q,w) is called of weak type (p.p). Any op-
erator mapping LP into itself is called of strong
type (p,p). We will use the following fact.
The linear operator T is bounded from LP-1
into LP if and only if

1TxEllp

1T (p.1)—p = SUP < 400
PD=P ™ 22S Ixelp
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LP49 spaces have been introduced by Lorentz
(see J. Bergh, J. Lofstrom, Interpolation Spaces).
By duality and by symmetry of u we have

A lp—p = (A = pr;
Iy poy = A (1) —p
for any group G.
It is convenient to switch to the dual space
because we have easy expressions for the op-
erator norms.
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In case the group G is discrete and amenable
we showed that

IAC) [ —pr = M) (1) —pr = 1

Hence for these groups convolution operators
with nonnegative functions of weak type (p, p)
and of strong type (p,p) coincide. The same
is true for general amenable groups.
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Example. Consider the Hilbert transform

(D@ =pv > [ =0,

]_ _
§—0+ m |y|>6 Y

for f € C.(R). It can be shown that Hf(¢) =
—isgn (¢) f(¢). Hence H is a an isometry on
L2(R). The operator H is not bounded on LI,
because 1/x is not absolutely integrable.
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But H is of weak type (1,1), i.e. it maps L1
into L1°°. By Marcinkiewicz interpolation the-
orem H is bounded on LP for 1 < p < 2. By
duality H is also bounded on LP for p > 2. Of
course this operator commutes with transla-
tions.

The operator I +1H restricts Fourier transform
to positive half axis and is bounded on LP(R)
for 1 < p < oo. Hence the operator restricting
Fourier transform to the interval [—1,1] is also
bounded.
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Similar result for R", n > 2, is not true due
to the famous result of Ch. Fefferman (1971)
that restriction of the Fourier transform to the
unit ball is bounded only on L2(R"™). In order
to make it bounded the multiplier has to be
smoothed suitably

Myf(€) = (1 — €25 F ).
The range of p for which Mg is bounded de-
pends on 4.
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M. Zafran (1975) showed that for G =R, T, Z
and 1 < p < 2 there are translation invari-
ant operators of weak type (p,p) which are
not bounded on LP(G), i.e. are not of strong
type (p,p). By amenability these operators can-
not be convolutions with nonnegative distribu-
tion. M. Cowling and J. Fournier (1976) ex-
tended this result on all infinite groups. Cowl-
ing (1979) showed that if the group G is amenable
then the weak type (2,2) coincides with strong
type (2,2) for translation invariant operators.
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Three problems remained: determine if weak
and strong type (p,p) coincide for translation
invariant operators in

1. the case p > 2 for any infinite group, even
for G =R, T, Z,

2. the case p = 2 for nonamenable groups,

3. the case 1 < p < 2 for nonamenable groups
and convolution with nonnegative distribu-
tions (by Cowling and Fournier the notions
are different if we do not impose nonneg-
ativity).
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Let FF;, be a free group on k£ > 2 generators.
(Sz1983) There are convolution operators of
weak type (2,2) which are not of strong type
(2,2).

(Sz1983) There are convolution operators of
weak type (p,p) which are not of strong type
(p,p) for p > 2.

Conjecture. The group G is amenable iff the
weak and strong type (2,2) coincide for trans-

lation invariant operators.
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Let Fr, = 9gp{91,92,.--,9:}- The group consists
of reduced words in generators and their in-
verses. T his representation is unique. The
number of letters in reduced form defines length
function on F.. Let xn denote the characteris-
tic function of words of length n. There are
2k(2k — 1)1 such words. as we have 2k
choices for the first letter and 2k — 1 choices
for every consecutive one. J. Cohen (1982)
showed that

INxn) l2—2 & n(2k — 1)™2 = n|xn|l2.
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(Sz1983)

I 2 (2.00) & VR(2k — 1)™2 = v/nlxall2.
Hence the norms are not equivalent, i.e. the
corresponding spaces must be different.

Let's turn to the case p > 2. By duality we are
interested in comparing the norms ||[A(p)||p—p
and [[A(pll(p1y)—p fOr 1 <p<2.
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For 1 <p< 2, T. Pytlik (1982) showed that

IXGe) lp—p 2 lIxnlp-
BUt [[xn * 8ellp = lxnllplldellp, hence

T herefore

IAOllp—p = A0 (1)
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Pytlik showed also that for f, > 0 we have

E: fanA(xn)
n=0

@) ©. @)
~ Z fnllxnllp =~ Z Jnxn
p—p n=0 n=0 p,1
Basing on this and using interpolation machin-

ery one can show that (5z1983) we have

E: fnA(xn)

n=0

00 1/p
R (Z IntPIIXnII£> :
(p,1)—p

n=0
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By comparing these two results one can see
that the spaces of convolution operators from
LP into itself and from LP:l into LP do not co-
incide for 1 < p < 2. By duality, for any p > 2,
there exist convolution operators, with non-
negative function, of weak type (p,p) which
are not of strong type (p,p).
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(Sz2004.11.27) For 1 < p < 2 we have

> fad(xn) ~ (Z IntPIIXnH%) :
p—(p,00)

n=0 n=0

By Pytlik result and duality we have for f,, > 0

> far(xn) = ) fnllxnllp
n=0

n=0

p—p
Hence strong and weak type (p,p) do not co-
incide for convolution operators with nonneg-
ative functions.

26



Proofs. Let 1 < p < pg < 2. Functions of the
©.@)
form f = )  faxn Wwill be called radial. Let

n=0

E C F, be finite. Consider right hand side
convolution operators

olxg) : Li(F,) — LY(Fy),
o(xp) : LPON(F,) — LPO(F},)
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For radial function f we have

If*xelll <lxelilfl

oo
1f *xEllpo < D [falllxn * xElpo

n=0

o
< lIxellpe D IfallIxnllpe < ClixElpoll fllpg,1-

n=0
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By Calderon interpolation theorem we get
o(xg) : Ly(Fy) — LP(Fy)

0 1-6
1f *xElp < COIIXxENLIXElND 11

where

1 0 1—20
=4 ., 0<0<1.
p 1 PO

Hence

1f * xEllp < COIflplxelp
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This implies that for radial function f we have

A p.1y—p < C@Ifllp-
On the other hand

A (p,1)—p = 1f * ellp = [Iflp-

Therefore for radial functions the operator norm
from LP1 to LP coincides with LP norm.
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Case p = 2. Instead of estimating [[A(xn)|l2—(2.00)
we will estimate [|A(xn)l(2.1)—2-

Ixn*XEl3 = (Xn*XE Xn*XE) = (Xn*Xn*XE> XE)
Let g =2k — 1. Then

—1 —1
Xn¥xn = X2on+axon—2+...+¢" " “xo+(¢+1)¢" “xo0.

Lemma.
: 2
(x2; * xEy XE) < & |IxE|5
Hence
HXn * XEH%

22 <ng"+ (¢+1)¢" " < Cnllxal3.
||XE||2
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Proof of Lemma. Define an operator P by the
rule

s gy |02 #8n 8T Lal 2 1y
if x| < |yl

Then
<X2j * O0g, Oy) < (Pdz, oy) + (0, Pdy).

(x2i*xE>XE) < 2(PxE,XE) = 2(xE, P"xE) < 2|E|||P*;
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<5$7P*XE> — <P5acaXE> < ||P5w||1-

Next
jw|=2;
[we|<|z]
Let w = wijwp where |wi| = |wy| = j. The

conditions |w| = 25 and |wz| < |x| imply that
wo IS determined by the first 5 letters of .
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Hence we have as many terms as choices for
w1, i.e. at most ¢7. Thus

|Pszlly < o’

Therefore ||P*xgllco < ¢ and

(x2j * X, xB) < 2¢’|E| = 2¢’ || xg||3-
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