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Abstract

Spectral properties of unbounded symmetric Jacobi matrices are studied.
Under mild assumptions on the coefficients absolute continuity of spectral
measure is proved. Only operator theoretic proofs are provided. Some open
problems of Ifantis are solved.

1 Introduction

Let J be a Jacobi matrix of the form

Go A1 O 0
Ao B A 0
J=| 0 A B Az o | (1)

0 0 X3 pfs

where A\, > 0, for n > 1, and 3, € R, for n > 0. The matrix J gives rise
to a symmetric operator on the Hilbert space ¢?(N) of square summable complex
sequences a = {a, 5, with the domain D(.J) consisting of sequences with finitely
many nonzero terms. This operator acts by the rule

(Ja)n = An410n+1 + Bnln + AnGn-1,

for n > 0, with the convention that a_; = A\g = 0. It is well known that this
operator admits selfadjoint extensions (see [1]). In case the extension is unique the
operator is called essentially selfadjoint. Then there exists a unique probability
measure g on R, with finite moments, such that

(J"d0,00)e2 () =/ a"dp(x),
R
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where §p = (1,0,0,...). This measure is called the spectral measure of the operator
J, because it can be shown that the operator J is unitarily equivalent to the
operator M, acting on L?(R, ) by the rule

M f(x) =z f ().

This unitary equivalence is defined as follows. Let p,, (z) be a system of polynomials
orthonormal with respect to the inner product in L?(R,p). Then the operator
U, = p, extends to an isometry from ¢?(N) onto L?(R, 11), where §,, denotes the
sequence whose nth term is equal to 1, and all other terms are equal to 0. Since

Jén = A1’L—i—15n—i-1 + Bnén + )\n—lén—la

we have
ITPn = /\n+1pn+1 + BnPn + An—1Pn—1-

In this paper we will be dealing with special unbounded Jacobi matrices such
that A,, — +oco and
A,
— a.
ﬁnﬁnfl

It is known that if J is essentially selfadjoint and o < i the measure p is discrete
(see [2]). In [5] Ifantis stated a problem of studying the spectra of operators for
which o > i. In this note we are going to show that the spectra of such operators
cover the whole real line and, under some mild conditions on the coefficients,
the spectral measure is absolutely continuous. We will also provide an operator
theoretic proof for the case o < i, which was also one of the problems stated by
Ifantis.

2 Main results

Our considerations will rely heavily on the following generalization of a result of
Maté and Nevai. We will state it in a form which will be useful for our considera-
tions. We will also provide a proof different from the one in [8], and based on ideas
from [4].

Theorem 2.1 (Maté, Nevai) Let A,(x) be a positive valued sequence whose
terms depend continuously on x € [a,b]. Let an(x) be a real valued sequence of
continuous functions satisfying

Apt1(®)ans1(z) + Bap(z) + Ap(z)an—1(x) =0,

forn > N. Assume the sequence Ay(z) has bounded variation and A, (x) — 5 for
x € [a,b]. Let |B| < 1. Then there is a positive function f(x) continuous on [a,b]
such that

ap(x) = an—1(2)ans1(2) = f(2)
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uniformly for x € [a,b]. Moreover there is a constant ¢ such that
|an(z)] < c

forn >0 and x € [a,b].

Proof. Let
An(®) = 62(2) = an-1(2)ansa (@),

for n > N. By using the recurrence relation one can show that

A A 1 1
Appr—A,=(1- -2 2 1- —= 2+ B — —— | anany1-
i ( Anl) an+1 i ( An+1> i * (An+1 Anl) (nfn1

Hence

|Any1 — Anl < c(|Ap—1 — Ap| + [An — An+1|)(ai + arQLJrl)' (2)
On the other hand

L + B anQ
+1 A Ynlbn41
Anfl " Anfl

B . B 2+ Ay B2\ ,
I T W Aoy 4AZ_ ) i

A (o BN (B
An—l s 2An 4An—1An "

uniformly for = € [a,b], and |B| < 1 we have

A, = aiJr

. n 1
Since A, — 3,

1
a}+ a2y SN, where ()7'=Z -
for n sufficiently large. Combining this with (2) gives
|Ani1 — Anl < 2ec (A1 — Ap| + [Ap — Ay ) A

Let
en =2¢ (|Ap_1 — An| + |An — Apia])-

Then
(1 - En)An S An+1 S (1 + En)Anv

for n sufficiently large. Thus the sequence A, is convergent uniformly to a positive
function f(x) for z € [a,b]. Moreover by (3) we obtain the second part of the
statement. [ ]
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The main result of this note is following.

Theorem 2.2 Assume the sequences A, and (B, satisfy A, — +00, |Bn] 5 +o0,
Bn/Bn-1 =1 and

A2, 1 1
- — >
/anlﬂn 432 4
Let the sequences
)\721 /6'77,71 + ﬁn i
6n—lﬁn ’ A% ’ ATZL

have bounded variation. Then the corresponding Jacobi matriz J is essentially
selfadjoint if and only if Y.\, = oco. In that case the spectrum of J coincides
with the whole real line and the spectral measure is absolutely continuous.

Proof. We may assume that 3, — +o0o. Assume that J is essentially selfadjoint.
Let 1 denote the spectral measure of J. Fix a real number z. Consider the difference
equation

TYn = )\n+1yn+l + Bnyn + )\n—lyn—la (4)

for n > 1. By [7] the measure p is absolutely continuous on the set of those x for
which the ratio

n

D il

B (5)

n

D loef”

k=1

remains bounded above for any n, for any fixed solutions u,, and v,, of (4). We are
going to show that this ratio is always bounded. Let a,, satisfy (4). Let N be large
enough so that 3, > x for n > N. Set

an(z) = yn\/Bn —x, forn > N. (6)

The equation (4) can be transformed into the following.
Apti1(z)ant1(z) + Ban(z) + Apayn—1(x) =0, (7)

for n > N, where
An

(ﬁn—l - x)(ﬁn - x) '

and |B| < 1. Moreover A,(z) has bounded
bounded variation. But

(®)

An(z) =B

By assumptions we have A, >
variation if and only if A, %(z) ha
_ 6n71ﬂn anl =+ ﬁn

_ 1
A% (z) = SR 32 x+>\—2x2.

9 ol=
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Theorem 2.1 implies

a2(z) — an_1(x)ans1(z) = C >0

and an(z) is a bounded sequence. Using (6), the boundedness of a,(z) and the
assumptions on (3, we obtain that

ﬁn(yi - yn—lyn+1) e
and (,y2 is bounded. Therefore there exist positive constants ¢ and M such that
5712/721 < ¢
671(3/721 —Yn-1Ynt1) = ct

for n > M. If J is essentially selfadjoint there exists a solution y,, of (4) which is
not square summable. Thus > 3, ! = +oc0. Hence Y\, ! = +cc.
We have

c< Bn(yi — Yn—1Yn+1) < Bn(yi—l + yi + y'72L+1) <c.
for n > M. Now if u,, and v,, are arbitrary nonzero solutions of (4) we have

2 2 2 /
Up—1 T Uy + Un+1 < <

2 2 2 — .
Un—l +Un +vn+l c

This implies the ratio in (5) is bounded. |

Remark 2.3 Let p, be the polynomials satisfying

TPn = >\n+1pn+1 + ﬁnpn + >\npn—1~

By the proof of Theorem 2.2 we get that

ﬁn[pi(‘m) - pnfl(x)anrl(m)] = f(l‘) > 07

uniformly on any bounded interval. and

ﬁnpi(z) <c

on any bounded interval. In the case of bounded )\, and (3, Maté and Nevai
showed that the limit f(x) = lim,[p2 (x) — pn_1(2)pni1(x)] is closely related with
the density of the spectral measure of J, which coincides with the orthogonality
measure for the polynomials p,,. Namely they showed that if \,, - 1/2 and 3,, — 0
then the orthogonality measure p is absolutely continuous in the interval (—1,1)
and its density is given by

2v/1 — a2

T(ﬂ?)’ -l<z<l.
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Remark 2.4 Similar result has been obtained recently by Janas and Moszyski [6]
under stronger assumptions that the sequences

>\n—1 i ﬂn—l
A A An

have all bounded variation. It can be verified easily that these assumptions imply

the assumptions of Theorem 2.2. Moreover there are examples showing that our

assumptions are actually weaker. Indeed, let

ﬁn :n+1_~_(_1)n’ )\n =V 6n—1ﬁn-

One can verify that 3, /A, does not have bounded variation while the assumptions
of Theorem 2.2 are satisfied.

Example 2.5 Let A, = n" and 8, = On”, where |5] < 1 and 0 < k < 1 (see
[5])). By the Carleman criterion the corresponding Jacobi matrix is essentially
selfadjoint. Moreover all the assumptions of Theorem 2.2 are satisfied. Hence the
spectrum of J cover the whole real line and the spectral measure is absolutely
continuous. Also we have that the corresponding orthonormal polynomials satisfy

n" [ (@) = pp—1(2)pnt1(z)] — f(z) >0,
n"|pn(z)| <,
uniformly with respect to z from any bounded interval [a, b].

The next theorem is known (see [3]). We give an operator theoretic proof.
Finding such a proof was one of the open problems stated in [5].

Theorem 2.6 (Chihara) Let J be a Jacobi matriz given by (1) and satisfying
A2 1 1
- — < -
Bn-1Bn  4B? 4

Let \,, — 400 and B, — oco. Assume J is essentially selfadjoint. Then the spec-
trum of J is discrete and consists of a sequence of points convergent to +oo.

Proof. It suffices to show that for every real number M there are only finitely
many points in the spectrum o (J) which are less than M. Fix M. By assumptions
there is N such that G,y ny—1 > M and
)\2
X < 9)
(BraN—1—M)(Bnyn — M) ~ 4

for n > 0. Let Jy be the Jacobi matrix defined as

Bn-1 AN 0 0
AN BN ANt 0
JN = 0 )\N+1 5N+1 )\N+2

0 0 AN+2 B2
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We will show that o (Jx) C [M, +00) by estimating the quadratic form (Jyx, )2
from below by M (z, x)s(n). Let o be a real valued sequence. Set ), = 8,4 y—1—M
and A, = A,y n. Then by (9) we have

(Inz,x)pp Ny — M(2,2)p2(n) = Z Bl 42 Z A T g1
n=0 n=0
> Z B =2 Z Al |24
n=0 n=0
> Zﬁ;xi - Z VB Bl |[Tn1]
n=0 n=0
>

[eS) 1 [e%S) 1 )
Zﬁ;ﬂ?i 3 Zﬁ;xi 3 Zﬂéxi
n=0 n=0 n=1

1

Hence
(Inz, T) 2Ny > M (2, 2) 2,

and consequently o(Jy) C [M,+00). Let Oy denote the N x N matrix with all
entries equal to zero. Observe that the Jacobi matrix J can be written in the form

J=Jy+ (ON@JN),
where Jj is a finite dimensional Jacobi matrix. We have
O’(ON D JN) = {O} UO’(JN).

By the Weyl perturbation theorem the spectra of J and Oyx ¢ Jy may differ by
at most N points. Hence o(J) can have at most N + 1 points to the left of M.
|
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