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A Necessary and Sufficient Condition for Nonnegative
Product Linearization of Orthogonal Polynomials

Ryszard Szwarc

Abstract. A necessary and sufficient condition for nonnegative product linearization
of an orthogonal polynomial system is derived. The method goes through a discrete hy-
perbolic boundary value problem associated with the three-term recurrence relation. The
paper provides a unified approach to nonnegative linearization problems that comprises
results obtained earlier and gives new ones.

1. Introduction

One of the central problems in the theory of orthogonal polynomials is to decide whether
the expansion of the product of two orthogonal polynomials, in terms of these polyno-
mials, has nonnegative coefficients. In other words, we look which orthogonal systems
{pn} have the property

pn(x)pm(x) =
∑

c(n,m, k)pk(x)

with nonnegative coefficients c(n,m, k) for every choice of n,m, and k.
This property is a direct generalization of the product formula for trigonometric poly-

nomials

cos nθ cos mθ = 1
2 cos(n − m)θ + 1

2 cos(n + m)θ.

Certain classical orthogonal polynomials admit explicit computation of the coefficients
c(n,m, k). For example, they are known explicitly for the ultraspherical polynomials
along with their q-analogs [8]. However, they are not available in a simple form for the
nonsymmetric Jacobi polynomials (see [7]).

The first general criterion for nonnegativity of linearization coefficients is due to
Askey [1]. Although it is pretty strong it is not strong enough to cover all classes of the
ultraspherical polynomials. It is well-known that the problem of product linearization is
equivalent to a certain discrete hyperbolic boundary value problem. This approach has
been used in [6], [9] to derive new criteria for nonnegative linearization. The new criteria
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are strong enough to cover not only all the ultraspherical polynomials, but also most of
the Jacobi polynomials, as well as their q-analogues, the associated polynomials, and
also many of the Askey–Wilson polynomials.

In this paper we prove that the nonnegative product linearization is equivalent to the
existence of a family of special matrices with triangular support. As far as we know, it is
the first necessary and sufficient condition for nonnegative linearization. Moreover, this
equivalent condition can be easily implemented. Our earlier results [9, Theorem 1] and
[6, Theorems 1 and 2] fit into this new approach.

2. Nonnegative Linearization

Assume we are dealing with a system of orthogonal polynomials {pn}N−1
n=0 with respect

to a probability measure µ on the real line. In case the support of µ is infinite we have
N = +∞, otherwise N is the number of points in the support of µ. We assume that
the leading coefficient of each pn is strictly positive. Then the polynomials satisfy a
three-term recurrence relation of the form

xpn = γn pn+1 + βn pn + αn pn−1,(1)

where γn, αn+1 > 0 and βn ∈ R for 0 ≤ n < N .We use the convention that α0 = γ−1 =
0. Moreover, if N is finite we set γN−1 = αN = 0. This form of recurrence relation
will be useful for applications. For the proofs of the following results we will need the
renormalized polynomials Pn defined as

P0(x) = p0(x),(2)

Pn(x) = γ0γ1 . . . γn−1

α1α2 . . . αn
pn(x), 0 < n < N .(3)

The new polynomials satisfy

xPn = αn+1 Pn+1 + βn Pn + γn−1 Pn−1, 0 ≤ n < N .(4)

It is clear that the nonnegativity of the product linearization for the systems {pn} and
{Pn} are equivalent.

Let u(n,m) be a matrix of complex numbers indexed by 0 ≤ n,m < N . Define two
operators L1 and L2 acting on such matrices by the rule

(L1u)(n,m) = αn+1u(n + 1,m)+ βnu(n,m)+ γn−1u(n − 1,m),

(L2u)(n,m) = αm+1u(n,m + 1)+ βmu(n,m)+ γm−1u(n,m − 1).

Observe that by the recurrence relation (4), if we take u(n,m) = Pn(x)Pm(x) for some
x, then

L1u = xu, L2u = xu.

Thus for such matrices u we have

Hu := (L1 − L2)u = 0.
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The last equality also holds for the special matrix

u(n,m) = g(n,m, k) =
(∫

R
P2

k dµ

)−1 ∫
R

Pn(x)Pm(x)Pk(x) dµ(x),(5)

where k is fixed. Additionally, we have

u(n, 0) = g(n, 0, k) =
{

1, k = n,
0, k 	= n.

Hence the matrix u satisfies Hu = 0 and has nonnegative boundary values.

Proposition 1. The polynomials pn admit nonnegative product linearization if and
only if every matrix u = {u(n,m)} such that

{
Hu = 0,
u(n, 0)≥ 0,

(6)

satisfies u(n,m) ≥ 0 for 0 ≤ m ≤ n < N .

Proof. The “if” direction is clear, because we can always assume n ≥ m and, as
we have seen above, the matrix u(n,m) = g(n,m, k) satisfies (6). Assume Pn admit
nonnegative product linearization, i.e., g(n,m, k) ≥ 0 (see (5)). Let u = u(n,m) be any
solution to (6). Set

ũ(n,m) =
N−1∑
k=0

u(k, 0)g(n,m, k).

The series in fact reduces to a finite sum because g(n,m, k) 	= 0 only for |n−m| ≤ k ≤
min(n + m, N − 1). By (5) we have Hũ = 0. Moreover,

ũ(n, 0) = u(n, 0).

The boundary values determine the solution uniquely, because the equality Hu = 0 allows
us to compute the numbers u(n,m) inductively with respect to m. Hence u(n,m) =
ũ(n,m), which implies u(n,m) ≥ 0.

For each point (n,m) with 1 ≤ m ≤ n < N , let 
n,m denote the set of lattice points
in the plane defined by


n,m = {(i, j) | 0 ≤ j ≤ i < N , |n − i | < m − j}.
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The set
n,m is depicted below for n+m < N (the points in
n,m are marked with open
circles).
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In case N is finite and n + m ≥ N , the corresponding picture is
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Let H∗ denote the adjoint operator to H with respect to the inner product of matrices

〈u, v〉 =
N−1∑

n,m=0

u(n,m)v(n,m).

This operator acts according to

(H∗v)(n,m) = γnv(n + 1,m)+ βnv(n,m)+ αnv(n − 1,m)

− γmv(n,m + 1)− βmv(n,m)− αmv(n,m − 1).

The main result of this note is the following:

Theorem 1. The orthogonal polynomials {pn}N−1
n=0 , where N may be finite or infinite,

admit nonnegative linearization if and only if for every (n,m), with 1 ≤ m ≤ n < N ,
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there exists a matrix vn,m(i, j) such that:

(i) supp vn,m ⊂ 
n,m .

(ii) (H∗vn,m)(n,m) < 0.
(iii) (H∗vn,m)(i, j) ≥ 0 for (i, j) 	= (n,m).

Remark. By specifying the entries of the matrices vn,m for each (n,m)we try to fulfill
conditions (i), (ii), and (iii). It is surprising that the obvious choice, i.e., when we set
vn,m(i, j) = 1 for each point (i, j) of the triangle 
n,m, is a failure. Indeed, one may
compute that in this case we have

(H∗vn,m)(n,m − 1) = −γm−1 + βn − βm−1.

In particular, for βi ≡ 0, the value (H∗vn,m)(n,m−1) is always negative, i.e., condition
(iii) cannot be satisfied.

We need another choice of vn,m . By setting vn,m(i, j) = 1 for every other point in the
triangle 
n,m and vn,m(i, j) = 0 for all other points, we obtain Theorem 1 of [9] (see
Example 1 of the present paper). On the other hand, if we take vn,m with support on the
vertical line in the triangle
n,m we obtain Theorem 1 of [6, p. 423]. Of course, there are
plenty of other choices for vn,m (see [6, Theorem 2]). All sufficient conditions known
so far required that the sequence βn was nondecreasing. In Example 2 we will exhibit
a class of polynomials where βn is nonincreasing for n ≥ 1, nonetheless nonnegative
linearization holds. This depends on a delicate choice of the matrices vn,m .

Proof of Theorem 1. (⇐) In view of Proposition 1 it suffices to show that the boundary
value problem (6) has nonnegative solutions. Assume u(n,m) satisfies (6). We will prove
that u(n,m) ≥ 0 by induction on m. Assume u(i, j) ≥ 0 for j < m. Observe that
supp H∗vn,m ⊂ 
n,m+1 and that all the points (i, j) in 
n,m+1 which are different from
(n,m), satisfy j < m. Thus

0 = 〈Hu, vn,m〉 = 〈u, H∗vn,m〉
= (H∗vn,m)(n,m)u(n,m)+

∑
j<m

(H∗vn,m)(i, j)u(i, j).

Hence

−(H∗vn,m)(n,m)u(n,m) =
∑
j<m

(H∗vn,m)(i, j)u(i, j) ≥ 0,

so u(n,m) ≥ 0.
(⇒) This part immediately follows from the next lemma.

Lemma. There exists a matrix vn,m(i, j) such that:

(i) supp vn,m ⊂ 
n,m .

(ii) H∗vn,m =
∑min(n+m,N−1)

k=|n−m| g(n,m, k)δk,0 − δn,m, where δi, j denotes the matrix
with entry 1 at (i, j) and zero otherwise.



570 R. Szwarc

Proof of the Lemma. We have

H∗δn,m−1 = γn+1δn+1,m−1 + βnδn,m−1 + αn−1δn−1,m−1

− γmδn,m − βm−1δn,m−1 − αm−2δn,m−2.

Therefore

δn,m = − 1

γm−1
H∗δn,m−1 + w,

where w is a linear combination of δn−1,m−1, δn,m−1, δn+1,m−1, and δn,m−2. By iterating
this formula we obtain that

δn,m = −H∗vn,m +
min(n+m,N−1)∑

k=|n−m|
ckδk,0,(7)

where supp vn,m ⊆ 
n,m . Let u(n,m) = Pn(x)Pm(x). Then (7) and the fact that Hu = 0
imply

Pn(x)Pm(x) = 〈u, δn,m〉 = −〈u, H∗vn,m〉 +
min(n+m,N−1)∑

k=|n−m|
ck〈u, δk,0〉

=
min(n+m,N−1)∑

k=|n−m|
ck Pk(x).

This implies ck = g(n,m, k).

3. Examples

Example 1. Let

vn,m(i, j) =
{

1, (i, j) ∈ 
n,m, (n + m)− (i + j) odd,

0, otherwise.
(8)

The points in the support of vn,m are marked by open circles.
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This figure is correct in the case N = +∞ or n+m ≤ N−1.For N finite and n+m ≥ N ,
the corresponding figure is

✲

✻
m

n
❞ ❞ ❞

❞❞❞

❞ ❞

❞

� � �

��

�

�
�
�
� �

�



(n,m)

N − 1

In both cases supp H∗vn,m consists of ◦, •, �, �, and 
.A straightforward computation
gives

(H∗vn,m)(i, j) =




−αm, (i, j) = (n,m),

βi − βj , (i, j)− ◦,
αi + γi − αj − γj , (i, j)− •,
αi − αj , (i, j)− �,
γi − αj , (i, j)− �.

This implies Theorem 1 of [9].

Example 2. Theorem 1 of [9] and Theorem 1 of [6] require that the sequence βn is
nondecreasing. Here we will construct examples in which βn is decreasing for n ≥ 1 and
the corresponding infinite system of orthogonal polynomials has nonnegative product
linearization. These examples are new, and cannot be covered by any of the previously
known results. The construction is possible by an appropriate choice of the matrices
vn,m . The first term of βn must satisfy β0 ≤ βn because

p1 pn = γn

γ0
pn+1 + βn − β0

γ0
pn + αn

γ0
pn−1.

Let εn be an increasing and concave sequence of negative numbers, i.e.,

εn < 0,

εn > εn−1,

εn+1 ≥ 1
2εn + 1

2εn+2.
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Let α0 = 0, γ0 = 1, and αn = γn = 1 for n ≥ 1. Assume that β0 ≤ 0, βn > 0, and βn

is decreasing for n ≥ 1. Assume also that

(β0 − β1)ε0 ≤ 1,(9)

β0 ≤ 2ε0 − ε1,(10)

βn ≤ −εn,(11)

βn ≤ 2εn − εn−1 − εn+1,(12)

for n ≥ 1. Define vn,m according to

vn,m(i, j) =




1 for (i, j) ∈ 
n,m and (n + m − i − j) odd,

εj for (i, j) ∈ 
n,m and (n + m − i − j) even,

0 for (i, j) /∈ 
n,m .

It can be checked easily that the matrices vn,m satisfy conditions (i), (ii), and (iii) of
Theorem 1. Therefore the polynomials pn defined by the recurrence relation

xpn = pn+1 + βn pn + pn−1,

where βn satisfies (9)–(12), admit nonnegative linearization. Applying this to the se-
quences εn = −2−n−1 and εn = −(n+ 2)−1 gives that the following two systems admit
nonnegative linearization:

xp0 = p1 − 3
4 p0,

xpn = pn+1 + 1

2n+2
pn + pn−1,

xq0 = q1 − 2
3 q0,

xqn = qn+1 + 1

(n + 2)3
qn + qn−1.
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