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Introduction

Topological Data Analysis (TDA) is a rapidly growing field in mathematics, providing a
powerful set of tools for analysing the structure of complex data sets. In the era of big data,
it has become increasingly important to be able to extract meaningful information from
large and often noisy datasets, and TDA provides a unique approach to this challenge.

TDA is uses mathematical concepts from the fields of topology and geometry to study
the shape and structure of data. By focusing on the relationships between data points,
rather than just the individual points themselves, TDA is able to capture the underlying
patterns in a dataset. This makes it ideal for analysing complex and high-dimensional
data sets, where traditional methods may fail.

In this course, our aim is to introduce the main and most well-established method in
TDA, namely persistent homology. This method works by computing topological features
of data at different scales, and then representing the results in a unified way.

For instance, suppose we have a circle (Figures and . In order to use data
analysis, such a circle can be represented in multiple ways. We will concentrate on two
such representations: taking a uniform sample of points to form a point cloud (Figure
or representing the data by a picture (Figure . In real life, however, such an “ideal”
representation is unlikely and we will usually have to deal with some amount of noise in

our data (Figures[Ld and [2d).
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(a) A circle. (b) Also a circle. (c) Also a circle?

Figure 1: Topological analysis of point clouds.

Our first challenge comes from the fact that we may wish to analyse data coming from
different types of sources: point clouds, images, text, etc. We will therefore first need to
transform our data into a mathematical object allowing uniform study of its shape. The
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(a) A circle. (b) Also a circle. (c) Also a circle?

Figure 2: Topological analysis of pictures.

answer to this is given by the concept of a simplicial complex, which can be viewed both
geometrically (a shape glued together from Euclidean polyhedra) and combinatorially
(which will aid computations). It turns out that a single simplicial complex will not be
enough to encode geometric and topological information of the data, and we will need a
filtration—an increasing sequence of simplicial complexes.

Question 1. How do we describe our data in a unified way using a mathematical object?
Answer. We use simplicial complexes and their filtrations: see Chapter [I}

Once we have this mathematical framework, we will delve into studying the shape of
simplicial complexes. This can be done algebraically, using the concept of homology—a
collection of invariants associated to simplicial complex, one for each integer (dimension)
n > 0. Roughly speaking, homology counts connected components (dimension 0), “holes”
(dimension 1), “voids” (dimension 2), etc.

Question 2. How do we count geometric and topological features, such as connected
components, “holes” or “voids”, in our data?

Answer. We use homology: see Chapter 2]

Finally, we string all these homology invariants together into a single algebraic object—
persistence module—associated to a filtration of simplicial complexes. This will allow us
to see which structural features we see are “persistent” (and therefore likely represent
significant properties of our data), and which are not (hence likely are a result of noise).
In order to do that, we will use the fact that persistence modules have been classified,
allowing us to represent any such object graphically, using a “persistence diagram” or a
“barcode”

Question 3. How do we decide whether a feature appearing in our data is statistically
significant or just a consequence of noise?

Answer. We use persistence: see Chapter [3]



Filtrations of simplicial complexes

1.1 Simplicial complexes

Definition (simplex). Let m > n > 0, and let V. C R™ be a finite subset with |V| = n+1,
so that V' = {wo,...,v,}. Suppose that V is affinely independent: that is, the n vectors
{vi —wvo | 1 <i < n} are linearly independent.

e The convezr hull of V is the set o(V) := {d> 1 jav; | a; € [0,1], Y"1 ja; = 1}. We
call o(V') a simplez (or, more precisely, an n-simplezx).

e Given a non-empty subset W C V', we say that the simplex o(W) is a face of o (V)
(or, more precisely, a k-face of o(V'), where k = |W| — 1).

c

Figure 3: Some simplices in R?: (a) a O-simplex, or vertez; (b) a l-simplex, or edge,
which has a 1-face and two 0-faces; (c¢) a 2-simplex, or triangle, which has a 2-face, three
1-faces and three 0-faces. Note that a triple {u, v, w} is affinely independent (and so forms
vertices of a triangle) if and only if u, v and w do not lie on the same line.

Definition (geometric simplicial complex). Let m > 0, and let S be a finite collection of
simplices in R™. We say that S is a geometric simplicial complex if

e for any o € S, any face of ¢ also belongs to .S; and

e for any two simplices 0,7 € S, their intersection of o N 7 is either empty or a face
of both ¢ and 7.
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The dimension of S is the largest n > 0 such that S contains an n-simplex. The vertex
set V(S) of S is the set of v € R™ such that {v} is a 0-simplex in S.

Definition (abstract simplicial complex). Let V' be a finite set. A collection K of non-
empty subsets of V' is called an abstract simplicial complez if

e {v} € K for all v € V; and
e whenever W € K and @ # W’ C W we also have W’ € K.

Elements of K are called abstract simplices; more precisely, if W € K and |W| =n+ 1,
then we call W an abstract n-simplex. The dimension of K is the largest n € N such that
K contains an abstract n-simplex, and we call V' = V(K) the vertex set of K. For brevity,
we will also write vyv; - - - v, for an abstract simplex {vg,vy,...,v,} € K (in particular,
we will not distinguish between a vertex v € V(K) and an abstract 0-simplex {v} € K).

z U2

V2 V4 Ve

V1 Us V7 ‘ el x o U3

(a) a two-dimensional simpli-  (b) the standard geometricre-  (c) not a simplicial complex:
cial complex with 2 triangles, alisation of the complex K =  o¢({vs}) N7 is not a face of T,
9 edges and 7 vertices; {1}, {2}, {3}, {1,3},{2,3}};  where 7 = o({v1,v2,v3}).

Figure 4: Some geometric simplicial complexes (and something that is not one).

Given a geometric simplicial complex .S, we construct an abstract simplicial complex S°
as follows: we let V(5°) = V(5), and we set S° = {W C V(S) | o(W) € S}. Conversely,
given an abstract simplicial complex K, its geometric realisation is a geometric simplicial
complex {o({t(vo),...,t(vn)}) | vo-- v, € K}, where ¢: V(K) — R™ is an injective
function sending abstract simplices to affinely independent subsets. More explicitly, the
standard geometric realisation | K| of K can be constructed as follows: given that V(K) =
{vi,..., o0}, we set |K| = {oc({eiy,...,€i,}) | Vi~ i, € K}, where (eq,...,€y) is the
standard basis of R™ (so that e; has i-th coordinate equal to 1 and other coordinates
equal to 0).

The operations S — S° and K — | K| are in a sense inverse to each other. In particular,
if K is an abstract simplicial complex then there is a bijection V(K) — V(| K|°) sending
abstract simplices of K to abstract simplices of |K|°; and conversely, given a geometric
simplicial complex S there exists a bijection V(S) — V(]|S°|) inducing a correspondence
between simplices of S and simplices of |S°|.

We will therefore identify abstract and geometric simplicial complexes from now on,
and will refer to them as simply simpicial complexes. As a general rule, we will use
geometric simplicial complexes when drawing pictures and abstract simplicial complexes
in definitions and computations.
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Example. If X is the geometric simplicial complex displayed in Figure [4a] then
[¢]
X = {v1,v2,...,07, 0102, V13, V1 Vs, VU3, Ugly, U3Vs, VgV, UsU7, VU7, V1 VU3, UsUgU7 } .

Finally, we will sometimes need to consider simplicial complexes as metric spaces,
motivating the following definition.

Definition (underlying space). Let S be a geometric simplicial complex. The underlying
space of S is a metric space (X, d), where X = |J,.q0 C R™, and given z,y € X we
set d(z,y) to be the length of the shortest path P C X from z to y. Given an abstract
simplicial complex K, the underlying space of K is the underlying space of |K|.

1.2 Filtrations

Definition (simplicial embedding). Let K and K’ be (abstract) simplicial complexes.
We say an injective function f: V(K) — V(K') is a simplicial embedding if we have
{f(vo),..., f(v,)} € K' for all vy---v, € K. If this is the case, then f induces an
injective function f: K — K’ given by f(vg---v,) = f(vo)--- f(v,); with a slight abuse
of terminology, we will call f a simplicial embedding as well, and will not distinguish
between f and f.

Definition (filtration). A filtration of simplicial complexes is a collection {K; | i € N}
of simplicial complexes together with a collection {f;: K; — K;y1 | i € N} of simplicial
embeddings. We write ({K;},{f;}) for such a filtration.

In many cases, the simplicial complexes K; appearing in a filtration ({£}, {fi}) will
be subcomplexes of another simplicial complex K: that is, we have K; C K for all 7 € N,
with each map f; being simply the inclusion of K; into K;,. If this is the case, we simply
write ({K;}, K) for such a filtration.

U1 Uy

N
N
N
N

(%) U3
K, K, K.

K K = K,

[\

Figure 5: A filtration ({K;}, K) of simplicial complexes.

1.3 Cech and Rips filtrations

Definition (nerve). Let X be a set and U = {U,,...,U,} a finite collection of non-
empty subsets of X. The nerve of U is the simplicial complex K defined as follows: we
let V(K) = {vi,...,v,}, and given any non-empty subset o = {v;,,...,v;, } € V(K), we
have o € K if and only if U;, N---NU;, # 9.
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A common construction of nerves involves balls in a metric space. Recall that given
a metric space (X, d), a point x € X and a constant r > 0, we define the (closed) ball of
radius r around x as the subset B,.(x) := {y € X | d(z,y) <r} of X.

Definition (Cech filtration). Let (X,d) be a metric space, let Y C X be a subset with
0 < |Y| < oo, and let € > 0. The Cech filtration of Y with step ¢ is the filtration of
simplicial complexes ({K;}, K) defined as follows: we set K to consist of all non-empty
subsets of Y (so that K is a (|Y| — 1)-simplex together with all of its faces), and for all
i € N we set K; to be the nerve of {Bi./2(y) | y € Y} (in particular, V(K;) = V(K) =Y).

v Us
02 1).4 ° ° ./0
- - - -
U1 U3
° ° ° °
Ky K, Ky K3

Figure 6: Cech filtration of a subset {v1,v9,v3,v4,v5} C R% Here the (abstract) simplicial
complexes K; are visualised in blue, and the balls B;./o(v;) are drawn in green. In this
example, K3 consists of the 3-simplices vyvovsvy and vevzv vy together with their faces,
and K; for i > 4 consists of the 4-simplex v1v9v304v5 together with its faces. [Warning: an
abstract simplicial complex of dimension > 3 does not have a geometric realisation in R,
so e.g. K5 drawn above is not a geometric simplicial complex, only a “visualisation” of an
abstract simplicial complex. In general, Cech filtrations usually involve high-dimensional
simplicial complexes that cannot be visualised “correctly”.]

The theoretical basis for introducing the Cech filtration comes from the following
result, using the concept of homotopy equivalence: roughly speaking, two metric spaces
are said to be homotopy equivalent if one can be continuously transformed into another
(without punching holes, making cuts, etc). As a particular interest for us, if two metric
spaces are homotopy equivalent then they have the same homology groups (to be defined
later in the case of simplicial complexes).

Theorem (Nerve Theorem). Let U = {Uy,..., Uy} be a collection of non-empty subsets
in a metric space (X,d). Suppose that each intersection U;, O ---NU;, is either empty or
homotopy equivalent to a point. Then the underlying space of the nerve of U is homotopy
equivalent to the union |J;-, U;.

In order to apply this result to Cech filtrations, consider Cech filtrations in the case
when (X, d) is the m-dimensional Euclidean space, i.e. R™ with the “usual” metric. In
that case any closed ball B in X is convez, i.e. if x,y € B then the line segment connecting
x and y also lies in B. As a consequence, any intersection of balls in R™ is convex, and
any non-empty convex subset of R” can be shown to be homotopy equivalent to a point.
Therefore, by the Nerve Theorem, each complex K; appearing in the Cech filtration has
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its underlying space homotopy equivalent to the union Uer Bic/2(y), and so the Cech
filtration recovers the “topology” of these unions.

LT/
U, Q
Ui Uy
Ul US U1 U3
(a) A collection of convex (b) The nerve of the collec- ¢) Another collection of sub-
subsets U; C R2. tion {Uy, Uz, Us, Uy, Us}. sets with the same nerve.

Figure 7: An illustration of the Nerve Theorem. The subsets U; are convex, implying
that |, U; is homotopy equivalent to the geometric realisation of the nerve of {U;}; this is
witnessed by the fact that each of those two spaces has a single connected component with
a single “hole” in the middle. On the other hand, | J, U/ has two connected components,
and one of them has three “holes”.

Unfortunately though, computing Cech filtrations in practice is difficult when (X,d)
is a Euclidean space, since given a collection of balls { By, ..., B,} in X, deciding whether
N, B; # @ is very computationally expensive. Replacing this criterion with (slightly
weaker) “B;NB; # @ for all ¢, ;7 makes the computations much easier: indeed, if y,y’ € X
then we have Bi.o(y) N Bij2(y') # @ if and only if d(y,y’) < ie. This motivates the
following definition.

Definition (Rips filtration). Let (Y, d) be a metric space with 0 < |Y| < oo, and let
e > 0. The Rips filtration of (Y,d) with step ¢ is the filtration of simplicial complexes
({ K.}, K) defined as follows: we set K to consist of all non-empty subsets of Y (so that
K is a (]Y'| —1)-simplex together with all of its faces), and given any 0 C Y and i € N, we
have o € K; if and only if d(v, w) < ic for all v, w € o (in particular, V(K;) = V(K) =Y).

1.4 Morse filtration

Definition (combinatorial Morse function). Let K be a simplicial complex. We say
a function F': K — [0,00) is a combinatorial Morse function if whenever o € K and
@ # 1 C o (that is, 7 is a face of ¢) we have F(7) < F(0).

Given a simplicial complex K, any function F: V(K) — [0,00) can be used to con-
struct a combinatorial Morse function F': K — [0,00). Indeed, we may set F(o) :=
max{F(v;) | 0 < i < n} for any n-simplex 0 = vy---v, € K. In this case, we say
that F' is the combinatorial Morse function induced by F. Note, however, that not all
combinatorial Morse functions arise this way (as it is possible, for a simplex o € K, that
F(7) < F(0) for all proper faces 7 C o).
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Definition (Morse filtration). Let F': K — [0,00) be a combinatorial Morse function,
and let ¢ > 0. The Morse filtration of F' with step ¢ is the filtration of simplicial complexes
({K.}, K), where for all i € N we set K; = {0 € K | F(0) <ic} (so that V(K;) consists
of all v € V(K) satisfying F(v) < ig).

A common application for Morse filtrations is the topological analysis of pictures. In
particular, a greyscale picture of width w and height & can be represented by a function
F:{1,...,wyx{1,...,h} — [0,1], where F(i, j) represents the colour of the (i, j)-th pixel,
with 0 being black and 1 being white. By replacing any pair (z,7) € {1,...,w}x{1,..., h}
with a square [i —1,4] X [j — 1, j] C R? and subdividing each such square into two triangles,
one gets a 2-dimensional simplicial complex K with 2wh triangles, and the function F
induces a function F®: V) (K) — [0, 1], where V@ (K) is the set of triangles in K. We
can then extend F'® to a combinatorial Morse function F': K — [0, 00) defined by setting
F(7) to be the minimal value of F® (), where o ranges over all triangles in K such that
T Co.

dvdvd
AN

(a) A greyscale picture.

z;@z%

]\()

(c) The Morse filtration of F' with step € = 0.2, where F': K — [0,00) is the combinatorial
Morse function corresponding to the displayed greyscale picture.

Figure 8: A Morse filtration of the combinatorial Morse function associated to a greyscale
picture.



Homology

2.1 Chain complexes

Definition (chain complex). Let F be a field. A chain complex over F is a collection
{C, | n € NtU{C_; = 0} of F-vector spaces together with a collection {9,: C, — C,,_1 |
n € N} of F-linear maps such that 9,, 0 9,41: Cpy1 — C,_1 is the zero map for all n € N.
We denote such a chain complex by (Cs, 0,), and call elements of the C,, chains.

Given a simplicial complex K with V(K) = {v1,...,v,} (so that K has m vertices)
and a field F, we construct a chain complex (Co(K;F),d,) over F as follows. For any
n € N, let C,(K;F) be the F-vector space with basis {e, | ¢ € K is an n-simplex}. In
order to define the maps 0,: C,,(K;F) — C,_1(K;F), it is then enough to choose 9, (e,)
for any n € N and any n-simplex o € K. First, we set dy(e,,) := 0 for 1 <i < m. Given

any n > 1 and any n-simplex 0 = v;, ---v;, € K with 19 <i; < --- <,, we set
On(es) = Z(_]-)jea(j) = €o(0) — €o(1) + €oi2y — -+ (—1)"eony,
§=0

where o(j) := o \ {vi,} = vip - vi,_ Vi, -+ - vy, s an (n — 1)-face of 0.

Example. Let K be the simplicial complex displayed in Figure [da] and let F be any field.
The resulting chain complex (Co(K;F),d,) then satisfies Co(K;F) 2 F7, Cy(K;F) = F?,
Co(K;F) 2 F? and C,(K;F) = 0 for n > 3. Furthermore, the maps 9, can be represented
by the following matrices (with respect to the “obvious” bases):

0, =0:0—=0forn>4, 0;=0:0—F?

1 0
-1 0 ~1 -1 -1 0 0 0 0 0 0
0 0 1 0 0 -1 -1 0 0 0 0
1 0 o 1 0 1 0 -1 0 0 0
@)=]0 0|, @=]l0 0o 0o o 1 1 -1 -1 0],
0 0 0O 0 1 0 0 0 0 0 0
0 1 0O 0 0 0 0 0 1 0 -1
0 -1 o 0 0 0 0 0 0 1 1
0 1

and 9y =0:F" —0.

We now show that, in general, this construction actually defines a chain complex.

13
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Proposition. (Co(K;F),0.) is a chain complez.

Proof. We need to show that 9, o0 0,11 is the zero map for all n € N. In order to do that,
it is enough to show that (9, o 9,41)(e,) = 0 for any (n + 1)-simplex ¢ € K and any
n € N. Since dy is the zero map, we may assume that n > 1; given an (n + 1)-simplex
o =V, -V, € K, we then have

n+1 n+1 n+l n
(On © Ont1)(es) = O (Z(—l)jeam) =Y (=1 0uleaty) = Y (=1 > (=DFeotiym
=0 j=0 §=0 k=0
n+l n

= ) (=1 eqpy -

=0 k=0

Now the terms on the right hand side are all of the form e,, where 7 is an (n — 1)-face
of o. Moreover, given such a face 7 = 0\{v,~j, , Vi, }, where j' < k', the simplex e, appears
in the sum in two places: once as a term in J,(es(;1), and once as a term in Oy (e @y)-
Since we have j' < K/, the vertex vy appears as the (k' — 1)-st vertex of o(j’) in the
chosen ordering, whereas v; is still the j’-th vertex of o(k’). Therefore, we have 7 =
o("V (k" — 1) = o(k')(j'), implying that the term (—1)7*+* Ve iy 1y = —(=1)7"* e,
cancels out with the term (—1)¥*7¢e, i = (—1)"T*e,, and so the total contribution
of e, to the sum is zero, as required. O]

Example. Given a 2-simplex vv;v, € K with ¢ < j < k, we have

82(evivjvk) = ev]-vk — oy + evivj and a1 (61)1-113-) = €y,

;= Cye

We may compute that

(81 © 82)(6'011)3'%) = al (611]"%) - 81 (evivk) + al(evi’vj)

= (evk - ev]‘) - (e’vk - e’Uz’) + (e’Uj - e’Uz’) =0.

Finally, note that the definition of (Ce(K;F),ds) depends on the order we chose for
listing the vertices in V(K). However, this choice is inessential in the end: as the next
result shows, a different ordering will give the same chain complex up to isomorphism.

Lemma. Let V(K) = {vy,..., v} = {v],..., v}, and let (Co(K;TF),0,), (Co(K;F),0,)
be the corresponding chain complexes. Then for each n € N there exists an isomorphism
tn: Co(K;TF) — Co(K;F) such that 8!, = 1,100,017 .

Proof. We first claim that one can obtain the sequence (vy,...,v,,) from the sequence
(v}, ...,v.,) by succesively swapping pairs of consecutive vertices. Indeed, we first “put
the vertex vy, in place”: if j € {1,...,m} is such that v; = v,,, then we can swap

the j-th vertex with the (j + 1)-st (v} <> vi,,), then the (j + 1)-st with the (j + 2)-nd
(v} > v},,), and continue this way until we swap the (m — 1)-st vertex with the m-th
(v; < v!). Repeating this procedure for v,,_1, then v,,_o, and so on down to vy, we
obtain the sequence (v1, ..., v,,), as required.
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Therefore, it is enough to show that the isomorphisms ¢,, exist when (vy,...,v,,) can
be obtained from (v],... v} ) in a single step of this swapping process. That is, we may
assume without loss of generality that v} = vj;1, v}, = v; (for some j € {1,...,m —1})
and v, = v; for all i ¢ {j,7 + 1}. In this case, define ¢, by setting t,(e,) = —e, if

{j,j+1} Co and ,(e,) = e, otherwise (where o € K is an n-simplex).
It is now enough to show that (9, o ,)(ey,) = (tn—100,)(e,) for any n-simplex o € K.
If {j,j + 1} € o then we have

n n

(Ln—l o an)(ea) = Z(_lygbn—l(ea(k)) = Z(_l)ketf(k‘) = 8;(60) = (81/1 © Ln)(ea)u

k=0 k=0

as required. On the other hand, if 0 = v;, - - - v;, where iy < ... < i, and we have i, = j
and iy = j + 1 for some k € {0,...,n — 1}, it then follows that ¢,—1(eo)) = €y if
K e {k,k+1} and tp—1(€sy) = —€opy otherwise, and therefore

(0, © tn)(€5) = T (—€5) = =0, (€5)

k
<Z 60- k” ( ].)keo'<k;+1> + ( k+1 o (k) + Z ea(k’ )

=k+2
k—1 n
=) (=D¥(=eop)) + (=D eqprny + (= DFeoy + > (=D¥ (—eopn)
k'=0 k'=k+2
= (=¥ tns(eomy) = (tn-100n)(es),
k'=0
as required. O

2.2 Homology groups

Now suppose we are given a chain complex (C,, d,). The condition 9, o 9,11 = 0 means
precisely that the image of 0,41, i.e. the subspace im(9,,11) = {Ons1(x) | x € Chir} < Cy,
is a subspace of the kernel of 0,, i.e. the subspace ker(9,) = {y € C,, | O.(y) =0} < C,,.
This motivates the following definition.

Definition (homology groups). Let F be a field.

e For a chain complex (C,, d,) over F and n € N, the n-th homology group of (Cl, O,)
is the quotient F-vector space H,(C,,0s) := ker(0,,)/im(0,41).

e Given a simplicial complex K, the n-th homology group of K over F is the F-vector
space H,(K;F) = H,(Ce(K;F),0,), where (Co(K;F),0,) is the chain complex

constructed above.

Informally, we can think of a homology group H, (K;F) as counting the n-dimensional
“holes” in (the underlying space of) K. Specifically, dimg Ho(K;F) is the number of



16 CHAPTER 2. HOMOLOGY

connected components in K, dimp H;(K;F) is the number of (1-dimensional) “holes”
(such as the empty area inside a circle), and dimg Hy(K; F) is the number of 2-dimensional
“voids” (such as the empty space inside a sphere).

Example. Let K be the simplicial complex displayed in Figure [da] and let F be any field.
From the computation of the complex (Co(K;F),d,) above, it follows that we have

ker(9,) =0 and im(d,) =0 for n > 3;
ker(0y) =0 and im(9s) = span{0s(€y,vy0s), P2 (Cosugur )t = F?;
ker(0;) = span{02(€y,vyvs)s 02 (€vi0507 )

Copvs — Copvs T Cogos} = F?  and im(9)) = {22:1 Q€ | 23:1 a; =0} = S,
ker(0p) = Co(K;F) = F7 and im(9) = 0.

This implies that Ho(K;F) = H (K;F) = F and H,(K;F) =0 for n > 2.

In the example above, the dimension dimp H, (K;F) is independent of the choice of
the field F. However, this is not true in general. Examples demonstrating this involve
high-dimensional vector spaces and are therefore hard to compute by hand; nevertheless,
a similar behaviour is seen in some lower-dimensional examples of homology of chain
complexes, as the following example shows.

Example. Let F be a field, and define a chain complex (Cs,d,) as follows. Let Cy =
Cy =F*and C, =0 for n > 2, let 9,,: C,, — C,_; be the zero map for n # 1, and let
01 : F? — F? be represented by the matrix

] = (—11 D '

We can then compute that H,(C,,d,) = 0 for n > 2, regardless of the choice of
the field IF. Now if I is a field of characteristic 2, such as the field Fy of two elements,
then the map 0; has both its kernel and image equal to {(z,x) | € F}, implying that
Ho(Cs,0s) = Hy(C,,0,) = F. However, if F is any other field, e.g. F = Q,R or C, then
the map 0y is an isomorphism and we have Hy(C,, ds) = H1(C4,ds) = 0.

An important feature of homology is that it is “homotopy-invariant”: that is, if two
(underlying spaces of) simplicial complexes K and K’ are homotopy equivalent, then
the homology groups H,(K;F) and H,(K';F) are isomorphic, that is, have the same
dimension (for fixed F and n).

2.3 Euler characteristic

Definition. Let K be a simplicial complex, and for each n € N denote by ¢,(K) the
number of n-simplices of K. Then the Euler characteristic of K, denoted x(K), is the

integer x(K) := > (—1)"cn(K).
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The following result shows that the Euler characteristic can be computed only from
the homology groups of a simplicial complex K. In particular, if the simplicial complexes
K and K’ are homotopy equivalent, then y(K) = x(K').

Lemma. Let K be a simplicial complex, let F be a field, and, for each n € N, define
Bn(K;F) := dimp H,(K;F) (called the n-th Betti number of K over F). Then we have

X(K) =320 (=1)"Ba (I F).

Proof. Let (Co(K;TF),0,) be the corresponding chain complex, and write k,, and d,, for
dimp ker(9,,) and dimy im(9,,), respectively. For each n € N, we have ,,(K;F) = k, —d, 11
by the definition of homology groups, whereas k, + d,, = dimp C,,(K;F) = ¢, (K) by the
Rank-Nullity Theorem. Let N € N be the dimension of K, and note that 9y, = 0,
Onyi1 =0, and ¢,(K) = B,(K;F) =0 for n > N. We then have

DD BGE) =Y (1) [k = dnsi] = D (=) + Y (=1)"dy

= (=) sy — do + Z(—m [k + dy]

n=0

= (V0 - 0+ 3 (1) (K) = x(K),

as required. O

Example. Let K be the simplicial complex displayed in Figure [4al, and let ' be any
field. We have ¢o(K) =7, c1(K) = 9, co(K) = 2 and ¢,(K) = 0 for n > 3, implying
that x(K) =7 — 9+ 2 = 0. Alternatively, it follows from the computation of homology
above that fo(K;F) = 51(K;F) = 1 and ,(K;F) = 0 for n > 2, implying again that
X(K)=1-1=0.

2.4 Functoriality

The idea of persistent homology (to be discussed later) is to start with a filtration of
simplicial complexes ({K;},{fi;}), and combine the homology groups {H,(K;) | i € N}
into a single object. In order to do that, we need to know that simplicial embeddings
fi: K; = K41 induce maps between the corresponding homology groups.

Proposition. Let f: K — K’ be a simplicial embedding between simplicial complexes K
and K', and let F be a field. Then there is a “canonical” induced map f.: H,(K;F) —
H,(K';F) for every n € N.

In the notation of the Proposition, we say that f induces f, in homology.

Proof. Let (Cy(K;F),05) and (C,(K";F),0X") be the chain complexes defined using la-
bellings V(K) = {v1,...,v,} and V(K') = {v},...,v,,}. Since the chain complex
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(Co(K;TF),0K) does not depend on the ordering chosen in an essential way, we may
assume that the vertices of K are ordered so that if f(v;) = v; and f(vj) = vy, then
j < j if and only if k < k’. Then for each n € N, the map f induces an F-linear map
fn: Co(KGF) — Cp(K';F) given by setting f,(e,) := ef() for any n-simplex o € K. We
also set f_1: 0 — 0 to be the zero map.

We first claim that f,_; o aff = 85/ o f, for all n € N. For n = 0 both of these
maps are the zero map, so we can assume that n > 1. It is then enough to show that
(frne1 005 (ey) = (0K o f,)(es) for any n-simplex o € K. Note that, since the order on
V(K) is chosen to be consistent with the order on V(K’), we have f(o(j)) = f(o)(j) for
all j. It follows that

(fa1005)(es) = fua (Z(—l)jeam) = (=1Yeseom)

7=0 J=0

=Y (=Wesamy = 05 (es0) = (05 0 fu)(es),
§=0

as claimed.

Now in order to show that f, induces a map f.: H,(K;F) — H,(K';F), it is enough
to show that f,(im(9%,)) C im(9%/}) (so that f, induces a well-defined quotient map
£l Cu(KGF)/im(95, ) — Cu(K';F)/im(9K]})), and that f,(ker(9X)) C ker(9X") (so
that the restriction f, of f) to H,(K;F) has image in H,(K’,F). For the former, note
that if ¢ € im(9%,,) then ¢ = 9%, (¢) for some ¢’ € Cp11(K;F) and therefore

Fa(e) = (fu 0 05)(€) = 035 (funa () € Im(95)-
For the latter, note that if ¢ € ker(9X) then
0 (fa(©)) = (famr 0 05)(€) = fur(0) = 0

and therefore f,(c) € ker(9X"). This proves that the map f.: H,(K;F) — H,(K';F) is
well-defined, as required. O



Persistent homology

3.1 Persistence modules

We first introduce the notion of modules; roughly speaking, an R-module is a generalisa-
tion of an R-vector space for commutative rings R that are not necessarily fields.

Definition (module). Let R be a commutative ring with 1.

An R-module M is an abelian group (M, +) together with an operation Rx M — M
sending (r,m) +— r-msuch that - (x +y)=r-x+r-y, (r+s)-c=r-x+s-x,
(rs)-x=r-(s-z)and -z =z forall r,s € Rand z,y € M.

A subset {z1,...,x,} C M is called a (finite) generating set if every element y € M
can be expressed as y = > " | r;-x; for some rq,...,r, € R, and we say M is finitely
generated if it has a finite generating set.

Example. Let R be a commutative ring with 1.

The ring R itself is an R-module. More generally, any ideal I < R and any R" (for
an integer n > 1) are R-modules (we call R" a free R-module).

If Ris afield, then an R-module is just an R-vector space, and it is finitely generated
as a module if and only if it is finite-dimensional as a vector space.

A Z-module is just an abelian group. It can be finitely generated (e.g. Z", finite
abelian groups) or not (e.g. Q).

If R =7Z/nZ for some n > 2, then an R-module is an abelian group in which the
order of each element is divisible by n.

If R = Z[i] where i = y/—1, then an R-module is an abelian group M together with
an isomorphism f: M — M such that f(f(y)) = —y for all y € M (in particular, f
is defined by setting f(y) =i - y).

We will be particularly interested in R-modules when R = F[X], the polynomial ring
over a field F in one variable X. In this case, we can also define graded modules, as
follows:

Definition (graded module). Let F be a field. An F[X]-module M is said to be graded

it M

= @2, M; as an F-vector space (for some subspaces My, My,...) and X -y € M,

whenever y € M;.

19
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Now for any field F, given a collection {M; | i € N} of F-vector spaces and a collection
{fi: M; - M4, | i € N} of F-linear maps, one can form a graded F[X]-module M
by setting M = @, M, (as F-vector spaces) and X -y := fi(y) whenever y € M;:
this uniquely extends to a map F[X] x M — M, (P,y) — P -y satisfying the axioms
for an F[X]-module. Conversely, any graded F[X]-module gives rise to such collections
(M, |i €N} and {fi: M; — M, | i € N}.

Definition. Let [F be a field, let ({ K}, {f:}) be a filtration of simplicial complexes, and let
n € N. The n-th persistence module of ({K;},{f;}) over F, denoted by H,({K;},{f:}; F),
is a graded F[X]-module equal to @;°, H, (K;;F) as an F-vector space (with the obvious
grading), made into a module by setting X -y = (fi)«(y) for y € H,(K;;F), where
(fi)s«: Ho(K;F) — Hy (K11, F) is the map induced in homology by f;: K; — K.

Example. Let ({K;}, K) be the filtration of simplicial complexes displayed in Figure [5|
We may then compute that

Hy(K;F) =F(e}), Hi(EyF) =F(ey,e5), Hi(KsF)=F(e))

and H,(K;F) =0 fori ¢ {1,2,3}, where the images of the chains shown in brackets form
bases of the corresponding F-vector spaces and we write

€] 1= Coruy T Cosuy T Cuguy — Copug, €) 1= Cuyuy T Cusus — Cuyug
and €5 = €)= Cyrus T+ Cogvs — Coyuy-
The inclusion maps f;: K; — K;;; then induce the maps (f;). in homology, where (with
. 1
respect to the obvious bases) we have [(f1).] = 1) [(f2)s] = (0 1) and (fi). = 0 for

i ¢ {1,2}. The corresponding persistence module H;({K;}, K;F) is then isomorphic to
F* as an F-vector space, with the map y — X - y represented by the matrix

O~ = O
o O O O
_ o O O
o O O O

with respect to the basis (€], €}, €5, €}).

Proposition. Let ({K;}, K) be a filtration of simplicial complexes, let n € N, and let F
be a field. Then the persistence module H,({K;}, K;F) is finitely generated.

Proof. Since K consists of finitely many simplices, the sequence Ky C K; C --- of
inclusions eventually stabilises: that is, there exists I € N such that K; = K; for all
¢ > I. Furthermore, since each K; contains finitely many n-simplices, the F-vector space
Cn(Kj;F) is finite-dimensional, hence so is H,(K;;F); let (e],,...,¢€;,,.) be a basis for

H,(K;;F) over F. Then E' = {e’i,j |0<i<I,1<j<m}isa finite generating set for
@fzo H,(K;;F) as an F-vector space.
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We claim that E’ is also a generating set for H,({ K}, K;F) as an F[X]-module. In-
deed, since K; = K, for ¢ > I, the inclusion f;: K; — K;;; induces an isomorphism in
homology, implying that the map H,(K;F) — H,(K;;F) sending y — X1 .y is an iso-
morphism between F-vector spaces as well. It follows that any element of H,({K;}, K;T)

: -1 m;
can be expressed in the form » ;70 > 7" ;- ef s + Y0, Pi(X) - e ; for some ;; € F

and P;(X) € F[X], proving our claim and the Proposition. O

Example. For each ¢ € N, let K; = {vg,v1,...,0i41,0001,...,v;_1v;}: that is, K; is a

“path of length i together with a point”, e.g. Ky = i e AR and let f;: K; — K; 14
0 U1 U2 U3

be the inclusion. Let F be a field. One may then compute that Hy(K;;F) = F? (in
particular, Hy(K;;F) is finite-dimensional), and for a basis one can choose the images
of e,, and e, ,. With respect to this choice of basis, each of the maps (f;). induced

in homology can be represented by the matrix A = implying that the image

11

0 o)’
of vty in Ho(Ky;F) is not of the form Y77 Pj(X) - y; for any P;(X) € F[X] and any
y; € @._, Ho(Ky;F). This implies that the F[X]-module Ho({ K}, {f};F) is not finitely
generated.

3.2 Structure theorem for graded modules

Definition (cyclic graded module). Let I be a field, let b € N, and let d € NU{oo} with
d > b. A cyclic graded F[X]-module with birth b and death d, denoted Cg(b,d), is the
graded F[X]-module ;2 M; such that

e given ¢ € N, we have M; =F if b < i < d and M; = 0 otherwise; and

e given i,j € N with ¢ < j, the map M; — M,,y — X7~" .y is an isomorphism if
b <1i < j < d and the zero map otherwise.

Alternatively, one can think of Cg(b,d) as the quotient module ))gzgm (if d < 00) or

X F[X] (if d = 00), where X is used to “shift the grading”, and the quotient by the
submodule X?F[X] signifies “killing all grades above the d-th one”.

Definition (graded isomorphism). Let F be a field, and let M = @;°, M; and N =
D,=, N: be two graded F[X]-modules. An F-linear map f: M — N is a homomorphism
(of F[X]-modules) if f;11(X -y) = X - fi(y) whenever y € M;, an isomorphism if it is
in addition bijective, and a graded isomorphism if in addition f(M;) = N, for all i € N.
We say that M and N are isomorphic (resp. graded isomorphic), written M ~ N (resp.
M = N), if there exists an isomorphism (resp. a graded isomorphism) f: M — N.

Theorem (Structure Theorem). Let F be a field, and let M be a finitely generated graded
F[X]-module. Then there exist unique (up to permutations of indices) by, ...,bs € N and
di,...,ds € NU{oo}, with b; < d; for each i, such that M = @;_, Cr(b;,d;).
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Sketch proof. The proof relies mostly on the fact that R = F[X] is a principal ideal
domain (PID): this follows from the existence of a greatest common divisor for any two
polynomials with coefficients in F.

Since M is finitely generated, it has a finite generating set {xi,...,z,}, implying
that there exists a surjective R-module homomorphism F': R™ — M sending the basis
elements to the z;. In this case the kernel K = ker(F') is an R-module in its own right
(we say K is a submodule of R™), i.e. the map R x R™ — R™, (r,m) — 1 - m restricts to
amap R x K — K. As R is a PID, it can be shown that any submodule of a (finitely
generated) free R-module is (finitely generated and) free, and therefore K ~ R" for some
r € N. The module M is then a quotient R-module, M = R™/K.

Let A be an m X r matrix with entries in R representing the inclusion R" ~ K C R™.
It can be shown that A has a Smith normal form: that is, there exist invertible matrices P
and @ and a diagonal m x r matrix D, all with entries in R, such that A = PD@. (This is
done by Gaussian elimination; we need to be slightly careful here, as R is only a PID and
not a field, but in principle everything works the same way.) Since the matrices P and @
only correspond to changing the bases of R™ and R", respectively, they do not change the
quotient R-module R™/R" up to isomorphism, implying that M ~ @;_, R/(d;), where
di,...,ds are the diagonal entries of D that are not units in R = F[X] (i.e. the d; are all
diagonal entries of D apart from constant non-zero polynomials).

It now follows that M = ;_, C;, where R/(d;) ~ C; < M, and so it is enough
to show that any graded F[X]-module C' that is isomorphic to F[X]/(P(X)) for some
non-constant polynomial P(X) € F[X] is also graded isomorphic to a cyclic graded F[X]-
module. Writing C' = @;°, C; for the grading, we must have C; # 0 for some i (as P(X)
is non-constant), as well as dimg(C;) < 1 for all ¢ and C; = 0 whenever C; # 0 and Cy, =0
for some j < k < i (both properties follow since C' is generated by a single element as
an F[X]-module). Writing b := min{i € N | C; # 0} and d := min{i > b | C; = 0} (or
d:= oo if C; # 0 for all i > b), it then follows that C' = Cg(b, d), as required.

Finally, to show uniqueness of the decomposition M = @;_, Cr(b;,d;), we use in-
duction on s. In particular, if we write M = @.°, M; for the grading, and we set
b:=min{i € N| M; # 0} and d := min{i > b | X%.y = 0forally € M} (or
d := oo if the map M, — M;,y — X~°.y is non-zero for all i > b), it can be shown that
(b,d) = (bj,d;) for some j and that M/Cr(b,d) = D, ;c ;z; Cr(bi, d;). O

Example. Let ({K;}, K) be the filtration displayed in Figure 5] and let F be a field. As
computed above, we have

H\(Ki;F) =F(e}), Hi(EoF) =F(ey,e5), Hi(K3F) =F(e)),

and Hy(K;;F) =0 for ¢ ¢ {1,2,3}, and the F[X]-module structure for H,({K;}, K;F) is
defined by setting X - e} = e, +e5, X e, =0, X - e} =€) and X - €, = 0. If we replace
the F-basis (e}, es) for Hi(Ky; F) with (e}, e + €5), it is then easy to see that we have
H,({K;}, K;F) = Cp(1,4) ® Cr(2, 3), with the two cyclic graded F[X]-modules generated
by €| and €}, respectively.

It can also be shown that Hyo(K;;F) = F and that the map (f;).: Ho(K;F) —
Hy(K;4+1;F) is an isomorphism for all ¢ € N, implying that Hy({ K}, K;F) = Cg(0, 00).
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3.3 The structure theorem in practice

As can be seen from the previous example, a decomposition of a graded module over
F[X] into cyclic submodules can be thought of as a choice of particularly nice basis. In
particular, the following is a consequence of the structure theorem.

Corollary. Let F be a field, and let M = @;°, M, be a finitely generated graded F[X]-
module. Then, for each i > 0, there exists a basis B; of M; (as an F-vector space) such
that the following hold:

e for any m € B;, we have X -m € B4, U{0};
o ifm,m' € B; satisfy X -m =X -m' #£0, then m =m/.

_ To see how a decomposition into cyclic submodules can be obtained from this, let
BO =| |2, B;, with B; as above. Let b = b; > 0 be the smallest such that B N B, # &,
and let m; € B® N B,. Then the F-vector space V; generated by C; := {X7-my|j>0}
is actually a cyclic F[X]-module, and it follows from the Corollary that V; can be taken
to be a direct summand of M. We may then set B := B© \ C; and repeat the procedure
to obtain a cyclic submodule V5, and so on; since M is finitely generated (as an F[X]-
module), we will eventually obtain BM = @ , at which point we have a decomposition
M = @:zl Vi

In order to describe each V; (generated, as an F-vector space, by C; := {X7-m; | j > 0})
as a cyclic module, note that we have V; = Cr(b;, d;), where b; > 0 is such that m; € B,,,
and d; is the smallest integer d > b; such that X% .m; = 0 (or d; = oo if no such integer
d exists). In particular, we have d; — b; = dimp(V}).

The choice of the bases B; as above may not always be unique. However, the pairs
(b;, d;) obtained this way are determined uniquely by M: they do not depend on the
choice of the B;.

Example. In the example above, set v; = €}, v = €}, + €}, v, = €}, and v3 = €. The
bases By = {v1}, By = {vq,v5}, By = {v3} and B; = @ for i ¢ {1,2,3} satisfy the
conclusion of the Corollary: indeed, we have X - vy = vy, X - vy = v3, X - v}, = 0 and
X -v3 = 0. Applying the above algorithm then results in Hy({K;}, K;F) = V; & V3, where
Vi = spang{vy, v9,v3} = Cr(1,4) and V, = spang{vs} = Cr(2, 3).

3.4 Persistence diagrams and barcodes

A multiset in a set X is a generalisation of a subset of X in which points are allowed to
appear “with multiplicity”, and a persistence diagram is a multiset of points (b, d) with
0 <b<d< o0, defined as follows. Here we write [0, 00| for the set [0, 00) U {o0}.

Definition (persistence diagram).

e Let X be aset. A (finite) multiset in X is a collection of points {{z1,...,zs}} in X,
where two multisets {{x1,...,zs}} and {{y1, ...,y }} are considered to be the same
if and only if s =t and (x1,...,z) is a permutation of (yi,...,y;).
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e Given x € X and a multiset ¢ in X, the multiplicity of x in o is the number of
times x appears in o.

o A persistence diagram is a finite multiset in A := {(b,d) € [0,00]? | b < d}.

Now suppose that F is a field and M is a finitely generated graded F[X]-module. Then
M uniquely decomposes as M = @_, Cr(b;, d;) by the Structure Theorem. The persis-
tence diagram of M, denoted D(M), is the persistence diagram {{(b1,d1),. .., (bs,ds)}}.
More generally, given ¢ > 0, the step-e persistence diagram of M, denoted D*(M), is the
persistence diagram {{(¢by,edy), ..., (¢bs,eds)}}, so that D'(M) = D(M).

We will be particularly interested in the situation when M = H, ({K;}, K;F) for some
filtration ({K;}, K) of simplicial complexes and some n € N. In that case, we will write
D,.({K;}, K;F) and D5 ({K;}, K;F) for D(M) and D*(M), respectively.

Example. Let ({K;}, K) be the filtration displayed

in Figure b and let F be a field. As computed 00 e~
above, we have Hy({K;}, K;F) = Cp(0,00) and .
Hi({K;}, K;F) = Cx(1,4) & Cx(2,3), giving rise to  death
persistence diagrams {{(0, c0)}} and {{(1,4), (2, 3)}}, 4t e
respectively. Such diagrams are drawn on the right, 3
in red and blue, respectively; it is common to draw
several persistence diagrams D,,({K;}, K; F) (for dif-
ferent values of n) on the same graph using different
colours, as is done here. The shading indicates the
region A where points of any given persistence dia- I 2
gram might lie.

birth

We may want to use step-¢ persistence diagrams (for values of € > 0 other than ¢ = 1)
for Morse, Cech or Rips filtrations with step €. In fact, it is not hard to see how each
of Morse, Cech and Rips filtration constructions could be modified to yield a collection
{K, | x € [0,00)} of subcomplexes of a simplicial complex K satisfying K, C K, for
x < y, so that the corresponding filtration with step ¢ is precisely K. := ({K;. | i € N}, K).
It can then be shown that the persistence diagrams D: (K.; F) converge (in a certain sense)
to another persistence diagram as € — 0. This “limit” persistence diagram is what we
usually consider when we are talking about persistent homology of Morse, Rips or Cech
filtrations.

An alternative representation of a persistence diagram is a barcode, where we replace
each point (b, d) in a persistence diagram with the half-open interval [b,d) C R, and plot
these intervals on top of each other.

3.5 Bottleneck distance

One of the most useful features of persistent diagrams is their universality: regardless
of what data we have and what method we use for constructing a filtration of simplicial
complexes, the end result is the same—a multiset of points in [0, 00]?. We can therefore use
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o0 —+ de f'e a O
b e—0
@f C @m0
death ‘e d >
ce € € @m0
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®d a Joo—
ce o
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e | ———
2 /
@ @O
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birth 0 R
(a) Persistence diagrams Dy (red) and D; (blue). (b) The corresponding barcode.

Figure 9: The construction of a barcode from a pair of persistence diagrams. Points
denoted by @ and ® indicate the points of Dy and D; (respectively) of multiplicity 2; in
general, points of higher multiplicity are also possible in a persistence diagram.

persistence diagrams to compare datasets that would be difficult to compare otherwise,
such as pictures of different resolutions (using Morse filtrations) or subspaces of different
metric spaces (using Cech or Rips filtrations). In order to do that, we need to introduce
a measure of dissimilarity, or distance, between two persistence diagrams. We first need
a slight modification of the definition of persistence diagrams.

Definition (persistence diagram, version 2). Let A_ = {(b,d) € [0,00]* | b < d}.
e We say a point (b,d) € A_ is diagonal if b = d, and off-diagonal if b < d.

e We say two multisets ¢ and 7 in A_ are equivalent, written o ~ 7, if we can write
oo’ = 7U7, where ¢/ and 7 are finite multisets consisting of diagonal points.
This can be seen to be an equivalence relation; we write [o] for the equivalence class
of o.

e A persistence diagram is an equivalence class [o] of some multiset o in A_.

This definition is different from the previous one in that it allows diagonal points, but
assumes some different multisets represent the same persistence diagram. However, the
definitions are easily seen to be equivalent: if [o] is a persistence diagram in the “new”
sense then it represents a unique persistence diagram o’ in the “old” sense, where o’
consists precisely of the off-diagonal points in o.

Definition (bottleneck distance). Let o and 7 be finite multisets in A_.

e Given a constant € > 0, an e-matching between o and 7 is a bijection ¢: 0 — T
such that |b — V| < e and |d — d'| < ¢ for all (b,d) € o, where we write (b',d') for
¢(b,d). (By convention, we assume that |oo — oco| = 0 here.)
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e The bottleneck distance between the persistence diagrams [o] and [7], which we
denote by dw([o], [7]), is the infimum of all € > 0 such that there exist multisets
o' ~ o and 7' ~ 7 together with an e-matching between ¢’ and 7’.

m — .- ----------------------- .
O]
death o o
:.
e
@
é
o e o off-diagonal points, multiplicity 1
be ® @ off-diagonal points, multiplicity 2
. o o diagonal points, multiplicity 1
birth

Figure 10: An illustration of bottleneck distance between two diagrams ¢ and 7 (repre-
sented by red and blue points, respectively). The green dotted lines define an e-matching
between diagrams ¢’ ~ ¢ and 7" ~ 7, for any constant e satisfying ¢ > |b — /| and
e > |d — d'| for any pair (b,d), (b',d’) of points matched.

Note that multisets o’ ~ o and 7" ~ 7 that have the same number of elements always
exist: we could simply add a suitable number of copies of (0,0) to o or to 7, say. Therefore,
we have d([o], [T]) = oo if and only if o and 7 contain a different number of points (z, co)
for elements = € [0, 00). Moreover, if do([0], [T]) < oo then “infimum” can be replaced by
“minimum” in the definition above—that is, given two persistence diagrams [o] and [7],
it can be shown that there exists an e-matching between ¢’ and 7/, where o/ ~ o, 7/ ~ 7

and € = d([o], [7]).

Proposition. The function ds, defines an extended metric on the set of all persistence
diagrams. (Here, extended means that we allow d to take the value 0o.)

Proof. 1t is clear that dy is reflexive (dw([o],[0]) = 0) and symmetric (dw([o],[7]) =
ds([7],[0])). We therefore only need to show that d., satisfies the triangle inequality
(doo([0], [7]) + doo([7], [p]) < doo([0], []))-

Let o, 7 and p be multisets in A_, and suppose that do([o], [7]) < @ and d([7], [p]) <
S for some a, € (0,00). It is then enough to show that d.([o], [p]) < a+ 8. Now there
exist 0’ ~ o, 7 ~ 7 and an a-matching ¢: o’ — 7/, as well as 77 ~ 7, p” ~ p and a
f-matching : 7 — p”. By the definition of the equivalence relation ~, we can write
cUoc=0cUd,rur=7U7, 7UTg=7"U7"and pUp=p"Up", where 7, ', 7, 7/,
7o, 7", p and p” are finite multisets consisting of diagonal points. Note that we have

/ ~/ A ~ A " Al A
TUT Up=7UTUTR=7"UT UT;
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we can therefore consider the composite bijection 1o ¢, where ¢: o/ U7 Ly — 7/ LI U4
and ¢: 7" UT"UT — p” LU7" UT are bijections defined by

o febd) it (bd) €0, o [wbd) i (bd) € T
olb.d) = {(b, d)  otherwise, and - p(b,d) = {(b, d)  otherwise.

It is easy to see that ¢ o ¢ is an (o + B)-matching between o’ U 7' U7y and p” U 7" U T,
and that we have o ~ o' U7 U7y and p ~ p” LU 7" LU T, as required. O

The following result motivates our definition of bottleneck distance—in particular, it
motivates allowing matching points to the diagonal {(z,z) | z € [0,00]}. Points close to
the diagonal are usually a consequence of noise and may, to a certain extent, be ignored
(even though there might be lots of such points in a persistence diagram coming from
real-world data.

Theorem (Stability of persistence). Let K be a simplicial complex, and let f,g: K —
[0,00) be combinatorial Morse functions. Pickn >0, and let IF be a field. Let Dy be the
persistence diagram in dimension n over F associated to f, i.e. the limit (as e — 0) of
diagrams D5 ({ K, | i € N}, K F), where K, = {0 € K | f(0) < x}; define D, similarly.
Then

do(Dy, Dy) < |If = glloc := max|f(o) — g(o)|-

3.6 Wasserstein distances

It turns out that bottleneck distance is just a special case of a whole two-parameter family
of metrics, called Wasserstein distances and defined as follows.

Definition ((p, ¢)-Wasserstein distance). Let p,q € [1, 00].

e Given two points (b,d), (V',d) € A_, the g-distance between (b,d) and (V',d’) is
defined as )
1
dg((b,d), (V. d')) = (|b= V| + |d = d'|")"*
if ¢ < 0o, and
d((b,d), (t),d)) := max{|b—V|,|d — d'|}

for ¢ = 00

e Given two multisets o/, 7" in A_, we define the (p, q)- Wasserstein distance between
the persistence diagrams [o] and [7] as

1/p
dpq(lo],[T]) == N 1011£T (Z di(z, ¢(x ) (%)

if p < o0, and
deog(lo],[7]) == inf maxd] (1, 0()) (%)

¢: o' =1 xET!

for p = co. Here, the infimum is taken over all bijections ¢: ¢/ — 7/ with ¢’ ~ o
and 7' ~ T.
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Given this definition, the bottleneck distance is then nothing else than the (0o, 00)-
Wasserstein distance. This explains the notation d., for the bottleneck distance (although
we would write du oo in this case).

Now we turn our discussion towards computing Wasserstein (and, in particular, bot-
tleneck) distances in practice. In theory, this seems to be a hard problem, as one may a
priori need to consider infinitely many bijections ¢: ¢/ — 7' (one may consider forming
o' by adding (z,z) to o for any = € [0, 00|, for instance). However, it turns out that
considering that many possibilities is not necessary, as we only need to check the (finitely
many) bijections given by the following definition.

Definition (potentially optimal bijection). Let o and 7 be persistence diagrams. A
bijection ¢: 0/ — 7' between two persistence diagrams is said to be potentially optimal
for (o, 7) if the following conditions hold:

e o ~c and 7 ~ 7';
o for any x = (b,d) € ¢’ with ¢(z) = (V/,d') € 7/, either b < d or b’ < d' (or both);

e if we have ¢(x) = (¢,') € 7' for some ¢ € [0,00], where x = (b,d) € o', then
¢ =4 and
2
e if we have z = (¢, ¢) € o’ for some ¢ € [0,00], and ¢(z) = (V',d’) € 7/, then ¢ = 5L

In words, the definition says that a bijection is potentially optimal if it does not
match diagonal points to other diagonal points, and if whenever a point z is matched to a
diagonal point, it is matched to the diagonal point that is closest to x. It is straightforward
that only potentially optimal bijections need to be considered in the computations of
Wasserstein distances: indeed, a non-(potentially optimal) bijection ¢: ¢’ — 7/, can be
replaced by a “better” bijection ¢': o” — 7", by either removing pairs of matched diagonal
points, or replacing a diagonal point  matched to a non-diagonal point y with another
diagonal point 2’ satisfying d; (7', y) < d,(z,y). In particular, in equations and (),
the infimum only needs to be taken over potentially optimal bijections for (o, 7), and since
there are only finitely many of those, we may furthermore replace ) ir}i _ with . m,iil> ;
Example. Consider the following persistence diagrams: o = {{(0,6),(0,6)}} and 7 =
{{(0,2),(5,9)}}. Then a potentially optimal bijection can either match both (off-diagonal)
points of ¢ to the diagonal point (3, 3), or one point of o to (3, 3) and the other one to an
(off-diagonal) point of 7, or both points of ¢ to points of 7. This results in the following
list of potentially optimal bijections for (o, 7); see Figure |11}

é1: (0,6) = (3.3), 2z (0,6) > (0,2), bs: (0,6) = (5,9), éa: (0,6) — (0,2).
(0,6) — (3.3) (0,6) — (3.3) (0,6) — (3.3) (0,6) — (5,9)
(1.1) = (0,2) (7.7) = (5,9) (1.1) = (0,2)

(7.7) = (5,9)

Now given a potentially optimal bijection ¢: ¢/ — 7" and constants p, ¢ € [1, 0], one may

define ¢,4(¢) = (X ,c di(x, qb(x))p)l/p if p < 00 and ¢y 4(¢) = maxye, d,(z, ¢(7)). We
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then have d, ,([o], [7]) = min{c,,(¢;) | 1 < ¢ < 4}. In particular, we may compute some

Wasserstein distances d, ,([o], [T]), as follows.

(00, 00) 3 4 5 5 3
(00,1) 6 6 8 8 6
(1,oo) 9 9 9 9 9
(1,1) 18 14 16 12 12
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Figure 11: Potentially optimal bijections for the pair (o, 7), where o = {{(0,6), (0,6)}}

and 7 = {{(0,2),(5,9)}}.
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