Convolution and central limit theorem arising from addition
of field operators in one mode type Interacting Fock Spaces
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1 One—-mode type interacting Fock spaces

Let Hk be a real Hilbert space ard its complexification. We will use the scalar product symbo) in
both cases. One can think of them as of real and comipféR ). Letw, i = 0,1,... be a sequence of
positive numbers such thatdf; = 0 thencw, = 0 for allk > j. The corresponding one—mode type interacting
Fock space is a Hilbert space

F(H) =CQoPH".
n=1
with scalar product

(Q,Q),=1

n
(X1 @ DX, Y1® - @Ym) g = Gum |'le—1<><17¥1>-
J:

On it we define the creation operat( f ) to be the same as the free creation:

c(f)Q="f
c(fHfie--@fi=fefie---af.

The annihilation operatar(f) is the adjoint of the creatioci( f) and has the form

c(f)Q=0
c(Hfi@--@fh=wn1(f, f1) 20 f
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In [ACL] the authors use the operatokg defined by the following relations:
Nf1® - Qfh=0nf10---Q T

wherea = {aj }‘J?":o can be any sequence of real numbers. They need them to adrtbield operators

Qu(f):
Qu(f) =c(f) +Ag+c(f) 1)

which are the building blocks of their central limit theorefhe symbolf in the above definition denotes a
vector from the real Hilbert spacég, this can be for instance the indicatofigy1) whend(g = L2(R,),
as itis in [ACL]. Since the operato®,(f) are always used with the argumesuch that|f|| = 1, we
would like to use other field operatorg £ that would coincide wittQq (f) for ||f|| = 1 and would be
linear also inf. The part that requires attention is the number operatopomient. Let{e;}, j =1,2,... be
an orthonormal basis of the spab&. We define the preservation operator Hg — L (F(H)) by linear
extension of

N(g)Q=ao(e)Q
A(ej)f1®"'®fn:an(ej)f1®"'®fn,
wherean (g)), n=0,1,2,... is a sequence of real numbers for every 1,2, .. ..

Remark 1 The operator\: Hg — L (F (H)) is in general unbounded and thus for some-§ 7, yj €
the operatorA (f):

/\(f)f1®“'®fn: (Z yjan(ej)> f1®“'®fn7
j=1

may not be defined. Howevév(e) is well defined. Also £ z’j\‘:l yi €, N < = is well defined, moreover,
it is bounded whenever, (ej), n=0,1,... are bounded for each< 1,2,...,N. For such f we denote

N
an (f) = Zlyjan(ej)~
J:

The operator Ff)
F(f) =c*(f)+A(f)+c(f) (2)
is now linear inf:
F(af+bg)=ac'(f)+bc(g)+aA(f)+bA(g)+ac(f)+bc(g) =aF(f)+bF(g),

fora,be R, f,g € Hg, moreover, fol| f|| = 1 we have Ff) = Qq(f).

In [AB] the authors prove that the operatofff, wheref € H with || f|| = 1, has spectral distribution
given by a measurg. The moments of the measyueare equal to the vacuum state of powers 6f F; that
ismy (k) = ((F(f))*Q, Q), and its Cauchy transform in continued fraction form is:

1




We are concerned with the problem of expressing the corieolubeasureu of two measureg; and
U2 with respective Cauchy transforms

1
GHl (Z) = o ) (3)
Z—010—
W
Z—011—
)
Z—012—
z-a13—
1
GIJ2 (Z) = o s (4)
Z—020—
W
Z—021—
(/]
Z—022—
Z—023—
defined as the spectral measure of the sum of the operatdi$ -FF(f,), where||f1]| = ||f2|| = 1 and

(f1, f2) =0, for a choice ofx, (fj) = aj corresponding t and .

Theorem 1 Let p1, up be probability measures with compact support and Cauchgsfiams given by
(3) and (4). Let fi, f» € Hr be orthonormal vectors such that the spectral measure (df) be y; for

i = 1,2. Then the convolution measuredefined as the spectral measure of the oper&toi; ) + F(f2) is
the universal convolutiop = u1 M, with Cauchy transform in the form

1

G, (2) =
n(@ o+ o

W+ W

z— (a10+ 020) —

z—(0p1+0a21) — 0+

z—(a12+022) —
z—(a13+023)—

Proof: By linearity we have Ffy) 4+ F(f) = F(fy+ f2). Since the nornj| f; + f2|| = v/2, we cannot use
directly the Accardi-Baejko result on Ffy + f;). We writeg = f1\+[2fz. Let us take a look at the explicit
action of Fg) on elementary tensors:

fi+f2  ao(f1)+ao(f2)

F(g)Q = Q
(9) N 73
fy f f f fr f
F@)x®: - ®X = 1\22®X1®~-®xn+Wn@-@xﬁ%1< l\J/%Z,X1>X2®...®Xn
an(f1)+an(f2)

=0OX1® - @%n+ X1® - @Xn+ Wh-1(g, X1) X2 @ -+ @ Xn.

V2

We can apply the Accardi-Emjko result to the above and we get that the meagw@rresponding to the
operator Kg) has the following Cauchy transform:

Gy (2 = 1
5 Go(f)+ao(fy) “o
V2wt W
V2 ()
V2 L alfy)tas(fy)



Getting back to the operator(f + f2) we see that
k
(F(f+ )= (v2) (F(g).

Hence, the spectral measyref the operator Ff; + f,) will be a dilation of the measure by a factory/2.
This translates into Cauchy transforms as follows

Gu(2) =
z—(ap(f1)+ao(f2)) — 2

2

z— (a1 (f1) +au(f2)) -
z— (0g(f1)+02(f2)) — 20

z— (az(f1)+asz(fz))— -

This means that the convolution under study is nothing diae the universal convolution of Accardi—
Bozejko, which consists in addition of the corresponding Bacoefficients. O

Remark 2 The above theorem can be extended to unbounded measured wittments. However, the re-
sulting Jacobi coefficients will correspond to a unique noeasnly if the convolved measures are uniquely
determined by their moments. Otherwise, the result of thealation is not a single measure but a whole
class of measures having the same Jacobi coefficients. ©bégwes along the same lines, the only differ-
ence being that some of the continued fractions may needdorsdered as formal ones [C].

2 Another proof of the Central Limit Theorem of [ACL].

In the paper [ACL] the authors prove a theorem (Theorem SJéttwer with Corollary 5.1), to which we
shall present another proof using the properties of theimglaonvolution.

Theorem 2 Let u be a mean-zero probability measure @ %) with moments of all orders and Jacobi
coefficients{en}, {an}, n=10,1,.... LetF(L?(R4,C),{y;}) be a one-mode type complex interacting
Fock space with parameteys such thatw; = % Let{c;} be a bounded sequence with the property that

1 N

— Y cj— 1L

N2
Let fj = Xjj+1). fj €L2(R;,R) C L2(R,C), and

Qu(fj) =c*(fj) +cjAa +c(fj).

Then for any ke N

: 1 X “
’\Ilanw< (m ;1Qg(fj)> Q, Q> =my(Kk).

Proof: We first note that{ f;, fi) = djk. Moreover, we could require just this condition and drop the
assumption on the specific form of tfigs. We shall also drop the assumption praving mean zero. We
then look at the action of the operami\,:

CiNa Q=cCjapQ
CiNa X1 @ @Xn = CjAnXL @+ D Xn.



From the above we see that we can find an operatdr? (R, R) — £ (F (L?(R4,C),{y;})) such that
A(fj) = cj/Aq. It corresponds to the choia@® (fj) = cj an, since thefj, j = 1,2,... are orthonormal.
The moments of the spectral measure of the operﬁpgﬂﬁzl Qq(fj) will thus be the same as the

moments of the spectral measuysg of the operato% zﬂ-\‘:lF(fj), where K fj) is defined as in equation
(2). We can now use the result on the Cauchy transform of dotiwos to the measurgy:

1

GHN (Z) = o

z— L 5N ao(f))—
\mzjfl of J) wr

Z_i N_ a f —
N 2j=100(f}) s

Z_\%Z’;‘:lao(fj)— _
2 25 o)~

By the definition ofag (fj) = cj an we get

GHN (Z) = o

1 N
Z— 0075 2j=1Cj —
UN 2] o

1 N
Z—01—= Y 1Cj—
VN £] wp

1N .
Z—02 792 =16 — )
R DYET R

We are now interested in letting — c. The limit we consider is in the sense of converging moments.
Since moments are polynomially expressible in terms of Wiacoefficients of order not higher than the
order of the moment [AB], convergence of Jacobi coefficiemiglies convergence of moments. We write
Mo for the measure with limiting Jacobi coefficients. By theumsption onc; we have

1
GIJoo (Z) = )
Z— 0o — “ o

Z— 01—
Z— 0o —
Z—ag—.'-

hencep, = Y. O
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