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Abstract

We define two families of deformations of probability measudepending on the second free cumulants and the
corresponding new associative convolutions arising froendonditionally free convolution. These deformations db n
commute with dilation of measures, which means that the tileiorems cannot be obtained as a direct application of the
theorems for the conditionally free case. We calculate #reecpl form of the central and Poisson limit theorems. We
also find the explicit form for three important examples.
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1 Introduction

In the paper [BLS] by Bozejko, Leinert and Speicher the arotf conditionally free convolution of pairs of compactly
supported probability measuresBrwas introduced. For pairs of probability measufes, v1), (u2, v2) their condition-
ally free convolution is a pair of measures

(&, m) = (p1,v1) @ (p2, v2), 1)

wheren = v, H v, is the Voiculescu’s free convolution of the measuresndvs.

Let ;« be a compactly supported probability measurenBy(n) we denote it3:—th moment, by, (n) — itsn—th free
cumulant and byR,,(z) its VoiculescuR transform where: is in some neighbourhood of zerd andr are related by
Ru(z) = >,7 ru(n)z"~1. For a pair of measureg:, v) by R(,, ,y(n) and R, ,(z) we denote its:—th conditionally
free cumulant and conditionally fre@ transform, respectively.

The conditionally free convolution of the pairs of measuyes’) = (1, v1) [ (12, v2) is defined by the requirement
that both the free cumulants of the measu;esnd the conditionally free cumulants of the pair, v;) behave additively,
that is

ru(n) = 1y, (n) + 70, (0),
Ry (n) = Ry 1) (1) + Ry ) (1) 2)
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Moreover, the resulting cumulants(n) andR,, .y (n) determine the measurgs, v) uniquely. The above equations can
be written in terms of the corresponding transforf)gz) and R, .y (z), which in turn can be found by the equations

=2z — Ry (G (2)), (3)

=< - v ’ 4
G~ ° " Bun(G2) )
whereG, (z) is the Cauchy transform of the measure

We are interested in transformatidi®f probability measures such that forv if we write

&n) = (p,Tp)d,Tv),
then
n="TE.
For such a transformation we are able to define a new conuvalii :
pwBrv=(u,Tp)d(v,Tv),

and this convolution is associative. A problem of Bozejlaswo find all transformatiors satisfying the above property.
A long known example was the-deformation [BW1, BW2, W] and its generalization, the b)—deformation [KY].
Recently, Oravecz gave several new examples [O1, O2]. srptigder we study some new examples.

In section 3 we define a new deformation for which the rela{ibrholds. The idea is similar to the-deformation,
see [BW1, BW2, W] and its generalization, see [KY]. We defdha Cauchy transform of a probability measuréy
adding to its reciprocal some fixed proportion of the seceoad €umulant of the measure By the Nevanlinna theorem,
the function obtained in such a way is the reciprocal of thadbg transform of some probability measure, which we
denote by, 1, that is

1 1
GVv,u(2) B Gu(2) Taru@).

This deformation does not commute with dilation of measurésis means that the central limit theorem, proven in
section 4, cannot be obtained as a direct application oftitherem for the conditionally free case. However, the céntra
limit measure turns out to be the standard Wigner law.

In section 5 we calculate a Poisson type limit theorem and giv explicit formula for the moments of its limiting
measure. A particular feature of this measure is that it pase weight on the negative half line.

In section 6 we define another family of deformations, whilslo @epend on the second free cumulant of the measure
1. Namely, we take an arbitrary compactly supporiednfinitely divisible measure> and define a new associative
convolution by applying the conditionally free convolutito pairs(u, ¢; . ,(2)) for a fixedt > 0. We prove the central
limit theorem and Poisson type limit theorem for an arbitrié—infinitely divisible measure. Since the dilation of
measures does not commute with this deformation, namely

DxPtr,(2) # Ptro, u(2)s

we cannot apply the general conditionally free limit theonseof [BLS].

We calculate the Gaussian and Poisson measures explaritliyd two particular cases wheris the free Poisson law
m and the Wigner law. Surprisingly, the central limit measure for the Poissasecés not symmetric. We also give the
respective Jacobi-Szegd coefficients of the measures.

2 Preliminaries

The Cauchy transform  Let ;. be a probability measure. We then denotehy( =) the Cauchy transform of the measure
u, for z € C*, defined as follows
oo du(x
Go(z) = / @)

o 2—X




Remark 1 The Cauchy transforni,(z) is analytic in the upper half plane and takes values in theelohalf plane,
Gu(z):CT — C.

Remark 2 By the Nevanlinnatheorem a functiéhs the reciprocal of the Cauchy transform of some probapitieasure
w1 if and only if there exist a real numberand a positive measugesuch that

l+zz
T—z

F(z):a+z+/ dp(x).

By a theorem of Stieltjes the Cauchy transform can be expdess a continued fraction:

Gulz) = !

A

zZ— Q] — h
2
Z — Qg —
A3
Z— Q03 — —

We will denote by, (z) the right inverse of the Cauchy transfofif (z) with respect to composition of functions. Let

us recall that for a compactly supported meagutiee functionG;l(z) is well defined in some neighbourhood of zero.

We would like to remind a very useful criterion, see chapfeil 1.6 in [RS4] for proof:
Proposition 1 Letv be a finite Borel measure dh and letG, (z) be its Cauchy transform. Let
Ay, ={z:lmG,(z+ie) =00},
el0

B, ={z: 11?01 Gu(x +ie) = ®(z), afinite number with3® () # 0}.
€
Thenv (R\ (4, UB,)) =0, v | A, issingular relative to Lebesgue measure, antlB,, is absolutely continuous.

Moment—cumulant formulae Speicher [S] discovered the moment—cumulant formulae Herftee convolution of
Voiculescu

k
O EXCOEND SEVC IS DI | ()

TENC(n) TeENC(n) =1
m={Bu1,...,Br}

whereNC (n) is the set of noncrossing partitions of the §&t. .., n}. Solving the above equation fof,(n) we obtain

k
rn)=m,n)— Y rm@m=mm) - Y [[rn0B. (5)
TeENC(n) TeNC(n) i=1
7#(1,...,n) 7#£(1,...,n)

where(1,...,n) denotes the partition with one block containing all the p&inin the case of the conditionally free
cumulants of a paifu, v) Bozejko, Leinert and Speicher proved in the paper [BLS[thiewing relation

mu(n) =Y II R.(Bi) II Buwn(Bi |- (6)
TENC(n) B;em B;em
B;-inner B;- outer
Hence we obtain
Riuoy(n) =mpu(n) = Y II R.(Bi) II Rewm(BiD |- (7
TENC(n) Biem B;em
n#£(1,...,n) \Bi-inner B;- outer



By [AB] we have for a probability measure a relation between its moments and the Jacobi coefficientheof
respective orthogonal polynomials

k
ma)= Y JlrBh= Y [T raB)) JT ads;)),

TeENC(n) =1 wENCy 2(n) |Bi|=2 |Bj|=1
m={Bi1,...,Br} m={Bi,...,Br}

whereNC; 2 (n) is the subset of honcrossing partitions consisting of pans with blocks of size at mogt The se-
quencesy,, A\, are the Szegod-Jacobi parameters of the recurrence foforulae orthonormal polynomials with respect
to w:

r — (1

po(x) =1,  pi(z)= Novik
(= Qns )P (@) =V Anaphs (@) + Vpl_ (2),

andd(B;) denotes the depth of the blodk; in the partitionV, defined ad plus the number of blocks envelopitiy,
that is

d(B;) =1+ |{B;:3r,s € Bi,r < B; <s}].
From this we get the following

Proposition 2
ru(l) =01, 7u(2)=A. (8)
Dilation of measures For a probability measure and positive numbex we will denote byD, 1 the dilation by), i.e.
D (A) = p (A_lA) .
Let us note, that we have the following relation between mumsef a measurg and of its dilationD, i
mp,u(n) = A"my(n). 9)
From the above relation we obtain

rpu(2) = )\27“”(2). (20)

3 V,-transformation

Definition 1 For a measurg: with finite second moment aade R let us define its deformatioi, u by letting

1 1
Gv,u(2) N Gu(2) Taru@). 1)

From the Nevanlinna theorem on the reciprocals of Cauclmgtoams of measures we get thatu is again a probability
measure.

Remark 3 TheV,—transformation of a compactly supported measure can hstitited with the use of the continued
fraction representation of the Cauchy transform. Let

GH (Z) = W )

zZ— 01 —

A2

zZ— Qg —
A3
Z— Q3 —

Z—0y4 —



then

GV@N(Z): )\1
zZ— o1 +Fad —

A2

Z— Qg — )\3
Z— Q3 —
Z—oy—
This means that th&,—transformation adds the amoum#; to the coefficiend; .
We also have the following
Proposition 3 TheV,—transformation leaves thi coefficient (and thus the second cumulant) unchanged:
Tvu(2) = ru(2).

This follows from the definition of, and from Proposition 2.

Example 1 For the Dirac measur@, we haveV,d, = d,. Moreover, the Dirac measure is the only invariant measure
of the V,-transformation. This follows from the fact that the secéme@ cumulant of an arbitrary measuye # 9, is
nonzero.

Example 2 We compute th&,—transformation of a probability measure which is suppditetwo points. Let
p=pos+qdy, <y, pg=20, ptg=1

By definition

and because of

we can obtain

GV“'“ (Z) = 22— (x z+4x = ’
2L L apge -y R2(2)

whereR;, R, are polynomials degrees of which are equal t@ respectively. To be specific
Ri(2) _ Z—4qr—py
Ra(z)  z2 (:c +y—apq(z— y)g) ztzy—apq(x—y)° (qu+py)

This means, thalt, i1 is again a two point measure

whereA, B are the zeros of the polynomi&}, (z), that is

(eryfach(:v*y)Q) — \/(:v+yapq(:vy)2)2 —4 (a:yfapq(ﬂfav)2 (qx+py))

A= 5 )
- (x+y—apq(fc—y) )+\/(m+y—apq(f62—y)) —4(xy—apq(x—y) (qx+py)).



We know that

P Q _ Ri(2)
zfA+sz_R2(z)’
which gives
p_t (¢ —p)(@—y) +apq(z—y)*
2 2 ’
2\/(w+yapq(xy)2) *4(wyfapq(:v*y)2(q:v+py))
Q,%+ (g—p)x—y) +apq(z—y)°

2\/(:c+y —apq (- y)2)2 ~4(wy—apa(@ -y’ @z +py))
Remark 4 V, is an additive group:

Vo (Vo (1) = Vas (), Volu) = p.
The inverse of the transformationi§ ! = V_,,.

Proposition 4 We have

1 1

= +a(A% = N)ru(2),
G )~ Gt () I

which means that dilations of measures different figmb € R do not commute withy, for a # 0:

Dy (Vap) # Va (Dap) -

Proof: By definition of dilation and (9), (10) fok > 0 we obtain

Gouu(e) = [ d@u) @)= [ —du) = 16, ().
hence
1 1 A
- +ar 2) = = T aXr, (2
GVa(DA#) (Z) G, (Z) D”L( ) GM(X) M( )

On the other hand

1

= A = +aAr,(2)

and therefore

O

Proposition 5 For a probability measure: the V,—transformation is continuous in the-weak topology of measures: if
tn — pthenVypu, — V,u. MoreoverV, . — u in the x—weak topology fot. — 0. This follows from the convergence
of the respective Cauchy transforms.

We have the following recurrence relation between the mds#rthe original measune and of its deformatiofi,,

Proposition 6 For any positive integen we have

n—1

my,u(n) =my(n) —ar,(2) Z my (k) my,u(n—k —1). (12)
k=0



Proof: From the relation between the Cauchy transform of a meagswaed the generating function of its moments
M, (z) = >°.° ymu(n)z", namely

we get
My, (2) = M, (2) — aZTH(2)MVaH (2) M, (2).

Using the Leibniz formula for differentiation and evalugtithe result at = 0 we obtain the desired formula. O

4 'V, -transformation of convolution and cumulants

There are two ways of using a deformation of measures to dafiteformation of free convolution that we are interested
in. The first was mentioned in the introduction and uses tmelitionally free convolution:

(1 By, v, Vap B Vo) = (1, Vap) A (v, Vav),
wherep, andr are compactly supported. The second one consists in tlosvial)
Definition 2 TheV,—deformed free convolutidd is defined by
pEy = Vg (Vap B Var) (13)
wherep andv have finite second moments.

Remark 5 The free convolutiof in Definition 2 can be replaced by any associative convotuti(for instance by the
classical convolution), producing another associativexadutioné,,. It is going to be the subject of a forthcoming paper.

Theorem 1 Let andv be probability measures with compact support. Welte)) = (4, Vap) @ (v, Vav). Then
§=Voan=V_q (Vop B Var), (14)
thatis
(& n) = (& Val).
This means that the convolutiofls;, andlelare the same for measure with compact support.

Proof: By equations (3) and (4), to a pdit, V, 1) there correspond the two transforms with respect to theitondlly
free convolution

1

Z = R(#-,Vau) (GVaH (Z))
1

2= Ry u(Grou(2))

Gu(z) = (15)

Gv,pu (Z) = (16)

Thus by (11) we get

Ry v, (2) = Ry, u(2) +ar,(2).
To the pair(¢,n) there correspond another two series of transforms, beiagtims of the respective transforms for
(u, Vo) and (v, Vav):
Ry (2) = Ry, ymv,0(2) = Rv,.(2) + Ry, (2)
Rien)(2) = Ruva (2) + Ry v (2) = Ry, u(2) + aru(2) + Ry,u(2) + aru(2)
= Ry(2) +a(ru(2) +7,(2)) = By(2) + a(rv,u(2) + 7v,0(2)) = By(2) + ary(2),
where the last transition follows from Proposition 3. Thyqb5) and (16) we have

1 1
Ges) ~ Gye) “T?)

hence{ = V_,n. O




Remark 6 In the sequel we shall always assume that the measures uongderation have compact support.
Proposition 7 For anya € R and any positive integer define
R} (n) = Ry, .(n).
Then
R, (n) = Rjj(n) + Rj(n).

To discuss the moment—-cumulant formula for #fieconvolution we shall use the symhalts(7) which is the set of
outer singletons of the non—crossing partitian

Theorem 2 The moment—cumulant formula for fhe-convolution is given by

mun)= Y (RA1)+aRe2) [ Ra(BI).

mENG(n) Béasin(n)
Proof: By definition we have
1 1
= +ar,(2).

Gv,u(2) Gu(2) #(2)
Hence substituting}“,alu(z) into z we obtain

1 1

s =~ tan(). (17)

1 = a
; = GValu(Z) - RH(Z)
1 -1

by (17)
G(/lﬂ(z) —Ri(2) = Gfalu(z) — R v, (z) +ar,(2)
and we get
RZ(Z) = Ruv,u(2) —ar,(2).
Writing the R transforms on both sides of the above equation as powesseg®btain
DRI =" Ry ()" —ar,(2),
n>1 n>1

since

ru(1) = Reuv,m (1),
which implies
RZ(l) =ru(1) —ar,(2),
RZ(TL) = R(MVaH) (n), n Z 2.
Thus, we obtain from (6) and Proposition 3
a a #outs(mw a
mun) = > (Re()+aRre2)* 7 T RL(B).
TENC(n) Ben
Bé¢outs(m)

O
We would like now to establish a central limit theorem for fieonvolution. First we will prove some technical
lemmas.



Lemma 1 Letu be a compactly supported probability measure on the real [irhen
my,pyu(n) = X"my(n) + o(A"). (18)

Proof: Using the relation between moments of measure and of itgatilé9) and Proposition 6 we obtain

my,pyu(n) =mp, ,(n) —arp, (2 Z mp, . (k)ymy,p,u(n —k — 1)
n—1

= \"m,(n) —aX*r,(2) Z Noem, (Kymy, by u(n — k — 1).
k=0

In particular forA — 0 and forn = 1 we have
mv,p,u(1) = Amy (1) — a)‘QTu(Q)-

Hence by induction
my,pyu(n +1) = X my,(n 4 1) — a X?r,(2) Z Ny, (Kymy,pyu(n — k)
= \""m(n+1) —a?r,(2) Z Nmy, (k) (A" Fmy,(n — k) + o(A"F 1))

=X""m,(n+1) —o(A" ) ar, Z my (k) (mu(n — k) + o(N))
k=0

= X", (n+ 1) — o(A" ) ar,(2 Zmu myu(n—k) — oA\ ) ar,(2 Zmu
k=0 k=0
= \""m,(n 4 1) + o(A"T3).

The last inequality follows from the fact that for compaatlypported measuyethere exists a constaasuch that
Imy (k)| < ¢,

hence

Zmu(k) S 017—07

k=0

Thus we obtain
my,pyu(n+1) = )\”Hmu(n +1)+ 0()\”“).
O

Lemma 2 Letu be a compactly supported probability measure on the real lisith mean zero and variance equal to 1.
Then

RaD)\;L(]‘) = rVaDA#(]‘) =—a >\2’

R%/\M(Q) = TVQDAH(Q) = )‘Qa

R$, (k) =rv,p,u(k) = 0o(N?) fork > 3. (19)
Proof: Let us observe that for a measur&vith mean zero and variance equalltthe measur®, . has the first moment

mp,,(1) = 0 and the second cumulang, ,(2) = A\%. The measur&, D, has the first momentiy, p, (1) = —a A\?
and the second cumulant, p, ,(2) = A%



Because of the moment—cumulant formulae for the free caitiool (5) for thel,—deformation of dilation of measures
we have

rv,pau(l) = —a 22,
Tv,papu(2) = 2.
Moreover, fork = 3 by the moment—cumulant formula (5)
D (3) = M, D3 u(3) = 3rvpyu(2)rv, pan(1) = v,y (1)’
by Lemma 1 we have
v, pau(3) = X2y (3) + o(A*) + 3aA* + a®)°,

and by induction: if inr there existsB such thatB| > 3, thenry, p, () = o(A?). If not, there must be at least two
blocks,| By | + | B2| > 2, hence

H v, pau(Bi) = 0o(A%).

Biem
O

Theorem 3 (Central limit theorem) Letyu be a compactly supported probability measure on the realiith mean zero
and variance equal to 1. Then the sequence

,Dlﬁﬂvull“'lII%/Jﬁﬂ

is x-weakly convergent to the standard semicircular lawith density
dw(z) = %Mdm
Proof: The sequence of-fold V,-convolution of the measureis of the form
pn =Dy, yyu@...ED,, g =Vq (Vapl/muaa...aavapl/ﬁu) .
Taking\ = \/_IN let us denote

VN’::v;I%/VﬁVNIE~~~EHVEI%/VﬁVﬂ-

N times

Thenuy = V_,vy and by definition

R} (2) = Ry, (2)
Ryy(2) = Ry,uy (2) = B}, (2)

and writing R, (a)z as a power series we obtain

R} (z) = Z rv,,(n)2" L

n=1

Hence
Run(2) = N Rup,, ul2) = NRS(2)
and by Lemma 2
ruy (1) =—=N- % =—a
TVN(Z):N~%:1
ruy(k)=N-o (%) —Nooo 0



and therefore
R, (2) = R,_,(2) = —a+z,
andw_, is the semicircular law with the first moment and variance 1. Moreover

Ruy(2) = R, 0(2) = B, (2) = Rv_,0 . (2).

VN

Because of
1
Gy, =
L) - -
z a 1
.
1
P
we have
1
Gv_ o =
Voew o (2) .
P
1
. —
1
P
Therefore
R,y (2) = Ry(z) =z
and

Dy yywil@. @D, gn = Voo (VaDy )y B .. BVD,  n) = w,

wherew is the standard semicircular law with mean 0 and variance 1.

5 Poisson type limit theorem
In this section we will study a Poisson limit theorem for lieonvolution.

Theorem 4 Let )\ > 0. Consider the sequence of measures

A A
= _ — — > 1.
UN <]. )5()4» 51, N>1

The sequence
A}Eﬂooﬂzv@' [,
N

is convergent in the weak-topology to a measupe, which we call thé/,—free Poisson law.
The measure, is of the formp, = px + pa, Wherep, is the continuous part with density

N VAN = (x+aX— X —1)2
dpa (l‘) = o ((1 — a)\)x + a)\g) X[)\+17a)\72\/x,/\+17a /\+2\/X]

dx

andp, is the discrete part

R A
p/\($> = max (0, 1-— m) 5(:/\121 .

11



Proof: Setpy = % and consider the measures
pn = (1 —pn)do +pnd1, N >1.
A straightforward calculation shows that

G,LLN (Z> - : Z((;_lp)N>
z—1+pnN

(z—=1z+apn(l —pn)(z—14pN)’

Gy (2) =

Thus by the definition of the conditionally frde-transform we get

1
R G =z
on Vi) (G (2)) = 2 = =,
R z—1+pn 2z zpN
eV \ (2 = 1)z + apn (L — pn)(z — 1+ pw) 2= (1—pn) z—1+pn’
SO
pNw
R(HN7VQ;LN)(Z) = w—1 +pN’
where

l+z—azpy+azpk + \/(1+zfasz+azp?V)2 —4z(1—pn —azpn(l —2pN +D%))
w =
2z ’

and the square root has branch—cut discontinuity on thetinedenlf—axis.
For N — oo the functionN - R, v, ..)(2) tends uniformly to

A
1—2

Rp, Vapy) (2) =

By (15) we obtain the following Cauchy transform of the lim@ measure
1
)\ Y
1- Gva y2N (Z>

pr (Z) = (20)

z

and because of

N (2) - R(Z)A,Vap)\)(Q) =,
1 1
= —arp, (2),
Gpy(2) Gy, pa(2) "

we obtain from (20)

T S
Gv, pr(2) 1 -Gy, py(2)

(X4 2)Gy, py (2)° + (A= 2 =1 —a NGy, py (2) +1 = 0.

Hence

z+1+a)\f)\f\/(z+1+a)\f)\)274(z+a)\)
2(z+ad) ’

GVU. Px (Z> =

where the branch of the square root is chosen so that the €&acisform is continuous for ¢ C*, which means that
for negativer we have

Vr+ite —c 0=1vV—2

12



whereas for positive we have for positive the limit
VI tie— g+ =7
and for negative the limit
Vo tie —en0- = =V

Calculation of the explicit form of the measu¥gp, can now be done by calculatitgg,, (z), and using the Stieltjes
inversion formula [AKk]. We can get it faster by using the éouned fraction representation of Cauchy transforms and by
a result by Saitoh and Yoshida [SY]. We have

shar+1-A—y/(z+ar—1-2)7 -4
2(z+ad) '

Gva Px (Z) =

which can be written as
1

GVa.pA(Z): il INEIENY :
z+a S +\/(z a 5 ) _)\

Using the well-known formula

vVaz+b=a-+ b

2a + ’
" 2a + b
a
b
2a + —
we get
1
GVapA(Z>: )\
z+aA—A— 5
z+al—1-X— y
z+al—1—-XA— —
Because of, (2) = rv,, (2) = A we obtain
1
GPA(Z): . \
AT )
z+al—1—X—

A
z+arl—1—XA— —

Using a theorem of Saitoh and Yoshida, see [SY], we obtaimitligue probability measuye, = p, + p, ortogonalizing
the above system of polynomials, wheieis the absolutely continuous part of the meagyrandp, denotes the discrete
part of this measure. In our case let us denote

f@)=QQ—-aN(@+ar—A=1)+(1—aX?+A=(1-alz+a).

Thus we get
N VAN — (x+ad— A —1)2
dpx (z) = 27 f () X[)\+1—a /\—2\/X,/\+1—a)\+2\/X]d‘T'
This measure has a discrete part untesds= 1. Sincef(x) has one real roat = A + ﬁ = ;‘A—{zl this discrete partis
. A
p/\($> — max 0, 1-— m 50?9721 .

13



The first few moments of the Poisson distribution of paramketere

m(0) =1,

m(l) = A

m(2) = A+ A\

m(3):)\+( a)A? + A3,

m(4) = X+ (6 — 2a)A* + (6 — 4a + a®)\3 + 4,

m(5) = XA+ (10 — 3a)A? + (20 — 15a + 3a*)\* + (10 — 10a + 5a* — a®)\* + \°.

Moreover, we obtain
Theorem 5 Suppose A # 1. Moments of the measupg are given by the following formula
B (701 )\2)71
Mpy (n) - (1 . a)\)n

n—1|k/2]

’ Z Z Jj+1 <k: j— 1) (213) <2]> (—a)" (1 —aN)?+ )\)’f—2j AZn=2kHi=1(1 g )2,

k=0 j=0

Proof: Integrating with respect to the continuous part of the mesgsywe obtain

= L “HWﬁtn VAN (t+ar—A—1)2 dt
T o canovs  A—aN(Etar—A—1)+ (1—aNZ+A

dx

1 /2\5\(1—a>\)+(1—a/\)2+x (m_a)\g)n \/4)\ (1 = 1+a)\)

2r(1—a)) 2VA(1—aN)+(1—an)2+x \ L —aA €z
2\n—k
= a2 () e e

where

1 2VA(1—a M) +(1—a X)Z+A -\ 2
Cho1 = — k1 4)\—( —1—|—a)\) dx.
27 ) ovR(1—aN+(1—an)2+r l—al

Integrating by substitution once again we get

1 2V A (1—a N +(1—a X2+ Y 2
CcL = — 2" 4)\< 1+a)\)d
27 ) ov/A(1—a N+ (1—an)?4A I—aAX

1

= 2(\/X(1—a)\)y+(1—a)\ )\/4)\ )\y\/_l—a)\

2

:M/Q (\/_(1—a)\)y+(1—a)\ ) V4 —y2dy

2T 9
(1—aX) NG 2 -
:%g(l)(u—m) + ) l(\/X(l—a)\) /_ y'\/4 — 32dy.

Because of

1) liseven
o [ v = {7

27 lis odd
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we obtain

]
1=0 7 t1
L even
Lk/2] .
k k—2j | s 1 (25
=A1—-a\ L—a))?+ ) M(1—aX)?* .
H=ed 2, (2j)<( AN TN e j+1(j)
Fork =0
1 [2VAA=aX)+(1-ar)?+2 \/4)\ ( 1+a)\)
C—1 = — dx
2m —2VA(1—a N)+(1—a A)24+A €

2VA(1—a A)+(1—a A)2+A \/4)\ (I1—aX?2—(z—A—(1—a))?)?
_27r|17a)\|/

dx
2V A(1—a N)+(1—a A)2+A Z
=—— JAQ—aN?2—(z—A—(1—aN)?)?
27r|17m|\/ Ml —a))? — (z—A—(1—a))?)
A+ (1—al)? . (A (1 —aX)?) -
— arcsin
2111 —a \| 2|11 — a AV
2
A== al)?| arcsin A+ A =aXN?)z— (A= (1—al)?) ‘Qﬁ(lfa)\)ﬂlia)\)%d
2wl = a Al 2[1 — a AV Az ~2VA(1=a A)+(1-a 2)2 4
_ )\—i—(l—a)\ +|)\ (1—al)?| sresin al—1 _ aresin 1—aAX
B 271 — a | 211 — a \| |1 —a) 11— a)
At (1= PN—(—a)? _ [i—a) ifxe By, Lt2atyItda]
2ar—1) 2@A—1) |25 if A¢[H2ay/THa 1+2a;a{m]
Hence
(_a)\Q)nc_l
mg, (n) = (1 —arnHt
L [(k=1)/2] )
A - (n) o (k— 1) k—1-2j | ; 1 (25
+— —a X"k ‘ 1—a))?+ N1 —aX)¥—™
(1711)\)"; k ( ) JZ:% 2j ( ) ) ( ) 1l
B (_a )\Q)nc_l
(1—aX)nt!
n LEDRL N N g2 o
- n—k 2 —1=25 yon—2k+j+1 25—
+Z Z m(k)( 2] )(])(—a)” ((1—@)\) +)\) A" J (1—@)\)J "
k=1 7=0
Because of
—aX\" A
mp)\(n):mm(n)—i-(la)\) max (O,l—m)
we obtain
(n) (—a )" N —aX\" 01 A
= max i Ere——
T = g Ty T\ —an ) T T a2
n WEDRE N 1N (2 A
_\n—k 1— 2 T 2n—2k+j+1 1— 2j—n
2  ()(5) (ear ey (1-aX
k=1 7=0
B (701)\2)71
C(1—aln
n—11k/2]

n k 25 n—k—1 2 k=25 yon—2k+j5—1 2j—
—a)” 1—alX A AT ITH1 —a NPT
+§;a+1<k+1><23)< ) (@ = an? 4 ) (1-aX
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6 Deformation connected with infinitely divisible measures

This deformation is a generalization of ideas of Oravecz [02] and of Bryc and Wesotowski [BrW]. It uses compactly
supported probability measures infinitely divisible wittspect to the free convolution. The main observation, due to
Bercovici and Voiculescu [BV], is the following:

Theorem 6 To any compactly supported probability measurnfinitely divisible with respect to the free convolution
there correspond a w*-continuoli$-semigroup(; ) such thatp; = . This means that

Ry, (2) = tRy(2)
and

Ty (n)=t- T«P(”)-
Now we would like to define a new deformation and convolution.

Definition 3 Lety be some fixed compactly supportdnfinitely divisible probability measure andany measure with
compact support. Let us consider the following map> ®; 1

Q1= Piy,(2)5
which depends on the second free cumulant of the measamel nonnegative parameter
Proposition 8 We have the following relation for the respective transform
Ras,(2) = Ry, ) (2) = t1u(2) Ry (2).

Remark 7 Let bet- infinitely divisible with variance equal to 1. Théyf . is a multiplicative semigroup. Indeed, we
have

Of (PFp) = @f (905 r#(2))

and by
Tosru(2) (2) = s1u(2) 1p(2) = s7u(2),
hence
OF (PLU) = Pstr,(2) = Pfspte
Proposition 9 In general the dilation of measures does not commute @ijth
Proof: Indeed, we have
OF (Dap) = @i a ru(2)

and on the other hand

Dy (7 11) = DrPrr,(2)-
Moreover, these measures have in general different cunsulan

To¢ (Dap) (n) =tA° 7u(2)r4(n)

ooy u(n) = A" L (2)re(n).

The last equality follows from the fact, th&p, ,(2) = AR, (A 2). O
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Proposition 10 For a probability measurg the @ —transformation is continuous in the-weak topology of measures: if
pn — pthen®?p, — ®7 . Moreoverdy 1, — dy in the x—weak topology fot — 0. This follows from the convergence
of the respectivé&—transforms.

Definition 4 For probability measureg, v we define theil?l-convolution by
plBly = (u, @7 p) @ (v, &7 v).
The following theorem guarantees that the convolutis associative.
Theorem 7 For (¢,7n) = (u, ®7 1) @ (v, P v) we have
n=®fE.

Proof: By the semigroup property = ¢y, for somety. It remains thus to show thaf,(2) = r4¢,(2). Sincen is the free
convolution of®; 1, and®{ v we have the relation

Ry (2) = Ropu(2) + Ropy (2) = 1 (ru(2) +74(2)) Ry (2),

hencen = ¢i(r,(2)+r,(2))- Onthe other hand for the measyrere have

1e(2) = Rem)(2) = Riuop ) (2) + R,ap0)(2) = 7u(2) +74(2).

Thus we haveb?¢ = 1. O

Now we are going to prove a general form of the central liméattem for thé#l-convolution. Later on we shall
present this theorem in an explicit form for some importa@raples. As mentioned in the introduction, the centraltlimi
theorem is not immediate from the general theorem of [BL8tduse the dilation of measures does not commute with
that transformation, moreover, the second measure dodsanetmean zero. First, we are going to prove a technical
lemma

Lemma 3 Letu be a compactly supported probability measure on the real lusith mean zero and variance equal to 1.
Letp be a compactly supportéd-infinitely divisible measure with mean Then

R(DMM% )\2)(1) =0, (21)
R(Dﬂt,g@,}g)(Q) = )‘27 (22)
R('DA/.LﬁI)f'DA/J,) (n) = O(>\2> forn Z 3. (23)

Proof: By the relation between dilation of a measure and momenthépair
(D, @FDap) = (Dap, pr x2)
has meart0, t « A?) and variance oD, 1 equals\?. Moreover we have
r‘bew(k) =trpu(2)re(k) =t )\Qr@(k),

and by moment—cumulant formula for the conditionally freevolution (7) we obtain

Rpu)(1) = ru(1) = my(1), (24)
Ruw)(2) = ru(2) = myu(2) - mu(l)Qa (25)
Riu)(3) = miu(3) = 2my(2)my (1) = my(2)my (1) + my, (1) + myu(1)*my (1), (26)

hence

R(Dxu,go,, A2)(1) = )‘mu(l) =0,
R(Dw% x2)(2) = AQ(m#(Q) - mu(1)2> = >\2;
Ry, 12)(3) = Nm,,(3) — t A2a X = o(\?).

Moreover, forn > 3 we obtain

R(wamz)(”) = 0()\2)-
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Indeed, ifn > 4 we have two possibilities: either in€ NC(n) there exists an inner blodR;, or all blocks are outer. If
in T € NC(n) there is an inner blocl; then also there exists an outer blaBk such tha{B,| > 2. Hence

T (1Bil) = t Ny (|Bil),
RD, i, 12) (IBjl) = 0(A).
By the moment-cumulant formula (7)

> [T Beon(BD || T] Bosn, ) (1Bil)

TENC(n) B;em Bjen
w#(1,...,n) \Bi-inner Bj- outer

= > [T tX°re(1B:D) IT o | =03
TENC(n) B;em Bjem
w#(1,...,n) \Bi-inner Bj- outer
If all the blocks are outer, there must be at least two blodgs|, + | Bz| > 4, hence
H R('Dx,u,gpt /\2)(|BJ|) = 0()‘3)5
Bjenm

because if there exist singletonsrinthe above product equals zero and for the ‘worst’ case oftlwoks consisting of
two elements, one has the estimation A2 = o(\3). Therefore

R(Dw,wt Xz)(n) = meu(n) - Z H mez (|Bi]) H R(Dxu,wt Xz)(|Bj|>

TeNC(n) Biem Bjem
w#(1,...,n) \Bi-inner Bj- outer
=A"my(n) — Z o(A*) = o(\?).
TeNC(n)
7 (Lyem)

O

Theorem 8 (Central limit theorem) Lety be a compactly supported probability measure on the realwith mean zero
and variance equal to 1. Let be a compactly supportéd-infinitely divisible measure with mean Then the sequence

Dy, yxrl@. D, mu= (D, yxn ®D, ) @. .. A (D, 51, 7Dy i)
is x-weakly convergent a — oo to the measurg, such thatp; = ®f¢ and
Rigpon(2) = 2.
Proof: Since both measures have compact support it suffices to thatthe pair of cumulants
(R(Dl/mm‘bel/mu) (”)’r‘bel/mu(”»
converge to the cumulants of the limiting measures, defiged b

0, n#2
1, n=2.

Rie,p)(n) = {
From Lemma 3 we obtain
Rp,, sworp,, mm(1) =0,

1
1R ®EDy R (2) = N’

1
R(Dl/m#ﬁbfpl/mu)(k) =0 (N) , k=23

Rp
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Now we take\ = and denote

1
VN
(un, ®Fpn) = (D1/\/ﬁﬂa q)fDU\/N,LL) [d...1d (D1/\/ﬁﬂa q)fpu\/ﬁﬂ)'

Hence

Ruy a7 un) (1) =0,

1

R(;LN,‘PfHN)( ) N - 1

R(mvﬁb‘f;m)( =N- ( ) —Noox 0, k>3,
and therefore

Ry, 0pun) (2) = Rigo)(2) = 2,
because of
BN mN
(‘I)fDU\/Nﬂ) = (pyn) =t

By the relations (24), (25), (26), we are able to calculast ind second moments of the meagurideed,

me(1) = Rig ) (1) =0,
me(2) = Rg ) (2) = 1,

mg(?)) R(g (pt)(3) m€(2)m¢(1) = Q.

We shall now prove the Poisson limit theorem for tHeonvolution.

Theorem 9 For A > 0 define for allvV
UN = (1—%)504—%517 N>1
Then we have
w' = lim (uy, ®Fpn)@. @ (un, @Ean) = (Pr, oxe),

where

R(l)mth)(z) =
Proof: By definition we have

OTUN = Piriy @) =13 (3)7)

Tapuy (n) =t <% - (%)2> ro(n) = %tw(n) +o (%)

hence

and therefore

Since



we have
A A
R(Mqu)f#N)(n) = N +o (N) :

Hence it follows, that in the limit we have measu(gs, ¢, ) and the measune, is determined by

R(pmwt)(n) =\
hence

A
1—z

Ripyorn)(2) =

O
In the particular case, whemequals standard Wigner lawor ¢ = m;—the free Poisson law with intensity 1, we are
able to calculate the central limiting and Poisson measxpHcitly.

Definition 5 In the particular case whep equals the standard Wigner law; i.e. dw(z) = 5=+v/4 — 2dz, we define a
new Wigner convolution by = p[«“]lv where(¢,n) = (u, ®% ) e (v, DY V).

Definition 6 In the case whep equals the standard free Poisson laywwe define a new Poisson convolutiortby izl
where(£,n) = (u, ®f p) @ (v, Fv).

Remark 8 The Wigner convolutiolz] for the specific choice = 1 has been introduced by Oravecz as an example of a
pure convolution, see [O1, O2].

Theorem 10 (Central limit theorem for the [] convolution) Let ;2 be a probability measure on the real line with the
mean zero and variance equal to 1. Then the sequence
Dyt L&D, pu = (D) ymn, ®Dyywi) ... B(D, )yt 7D,y st

is x-weakly convergent to the Kesten meastrewhich has a part absolutely continuous with respect to tekbdsgue
measure, denoted, and fort < % a discrete part:; with two atoms:

~ 1 Vit — z2
diéy(r) = T T- (=02 X[—avi,2vi () do

1-—2t 1
= —— (0__ 0_1 ) fort < —.
Rt 2—2t(_m+ Tt <2

Proof: By Theorem 8 the limiting measutes determined by

Rigw(z) =2
and by
1
=z—t w ’
G~ G, (2)
one can obtain
z— V22— 4t
G, (Z) o )
hence
- L z—z2 —4t
Ge(z) N 2t
2t (1-2t)z+ V22 -4t

CUz—z4 V224t 2(1—t)z —2

Hencef equals the Kesten measutg By [BW2, W] one can find the measure and the continued fracgpresentation
of Gg (Z) U
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Theorem 11 (Poisson limit theorem for thé~] convolution) The Poisson measuge, for [“] convolution is of the form
px = Pa + P, Whereps is the continuous part with density

1 M4t — a2

dpx (t) = o—— : dt
2 o1 (18 — 22 (L+ A+ LN) + 260 A2 — £ A3) X [-2VAe2vAd]

andyp) is an atom in the real zerg, of the polynomial
22— 22 (L ANFtEN) +2t2 202 —t A3

with weight equal to the residue of the Cauchy transfé¥m (z) in zo. The actual dependence of this weight'oandt
is rather complicated.

Proof: By Theorem 9 the limiting measugs, is determined by the relation

A
R(pth)(z): 1— 2
and because of
z—Vz22 — 4\t
Guy,(2) = ——F77—,
201
we obtain
1 L 202 ¢ 72272zt)\+2t)\272\/2274t)\
Gp,(2) INt — 2+ /22 — ANt 2— 2N — 22 — 4\ '
Hence
G, (2) = 2 =2t A — /22 — 4t ) 7222—2(2+)\+2t)\)+)\(2tA+\/z2—4t)\)
P At 2N — eV —dEn | 2 (B (LA AFEN) +2EA22—EA3)

Because a denominator of the Cauchy transform of the meagnas only one real roaty, the measurg, has only one
atomJd,,, with respective weight, which is equal to the residug in the pointz,. Moreover, by Proposition 1 one can
find thatzy is the unique singular part of the measpge The densityf,, (z), = € R of the absolute continuous part of
the measurg, can now be calculated by the Stieltjes formula

1 1 “AWATA =22
= —= lim ImG j€) = —
Toal) = =2 M TGy, (v +46) = o T T AT IN) T 20 2 — 1)

for z € [-2V/\t,2v/ A t]. By the relation (7) we can calculate, that

mpy (2) = A+ A2,

Mpy (3) = A+ 227 + 23

My, (4) = A+ (3 + A2 + 303 + 2\

Mpy (5) = A+ (4 4+ 26)A% + (6 + 26) A% +4X\* + N,
(6)
(

21



Remark 9 Polynomials orthogonal with respect to measures of the feﬁ;z@ wherep(x) is a polynomial, were first
considered by Bernstein, see [Sz].

Theorem 12 (Central limit theorem for the [*l-convolution) Let 1. be a probability measure on the real line with the
mean zero and variance equal to 1. Then the sequence

is x-weakly convergent to the measyresuch that

1 Ji—(1—z+1t)?

@)=y (= Do 1+ 1 X002 Ve 3T+ Res(20)0u,
where
Q = —16 — 9t + 31/96t — 39¢2 + 123,
3 3
To = % <1+7\/§(j\/@_3t) + \3/\/§> ,
Res(o) = VA (16 — 35t +126%) +23/Q2 (2 — t) — 8¢/2Q (1 + ) + (V4 + 2/2Q) V961 — 3912 + e

QV2Q + /Q? (8 — 6t) + 2V/4(4 — 3t)°

Proof: Using Theorem 8 we obtain that the limiting meas§isatisfies the relation

R(gm)(z) = Z.
Because of
1 t
22—77
Gﬂ't(z) 17G7‘—t(2)
which gives
l+z—t—y/(I+z—-0)2-42 1+z—t—/(1—z+t)2—4t
Gm(z): = )
2z 2z
we obtain
1 I+z—t—+/(1—z+t)2—4t 222 —-1—z2z+t++/(1—2+1)2—4t
_— =z — =
Ge(z) 2z 2z
2z 222 —2—1+t—/(1—z+1t)2—4t
Gg(Z) .

T2 l-atittJ(A-ctiP-4al 2 =22+ (t-1)z+1)

The appropriate choice of the branch of a square root giviesinfor real z = =

(I—x+t)2—4t forz>(1+1)?
l—z4+t)2—dt=¢ /A —a+t)2—4t forz <(1-+1)?2
iat— (1 —xz+1)2  for(1—vt)? <z < (1+ V1)
Because one can decompose a denominator of the Cauchyotransf
(22 =22+ (t—1z+1)= (2 —20) (22 + bz +¢),

where

Q = —16 — 9t + 31/96t — 39t + 12¢3,
1 S2(4—3t) ¢
(HM+ @>7

ro = =

3 QT
po 2V2(4-31) - 49Q + Y4Q?
67Q ’
o ~VIQ+ QY20 +2VA( -3 — 6 Y/Q7 (1-1) —242Q (4-31)
18 3/Q2 ’
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andz, is the single real zero of the denominator, to work out thédtesin x it suffices to find223 — 29 — 1+t —
V(1 — 2o +t)2 — 4t and(z? + bxo + ¢).

Moreover, sincery < 0 < (1 — \/5)2, then because, is also a zero 0222 — 1 — z +t + /(1 — z + t)2 — 4, we
have forzg

(1 =g+ )2 —4t =222 — 29 — 1+,
and it follows, that the Cauchy transfoi@ (z) has a simple pole in a point with residue
V4 (16 — 35t + 12t2) +23/Q2 (2 —t) — 8¥2Q (1 + 1) + (V4 + 2¥2Q) V96t — 392 + 12¢3
Q2Q + {/Q% (8 — 6t) + 2/4(4 — 3t)° '

By Proposition 1 one can find thag is the unique singular part of the measgre
The densityf:(z), z € R of the absolute continuous part of the meastigan now be calculated by the Stieltjes
formula

Res(zo) =

1 1 Ji—(1—xz+1)?
=—— lim I j€) = ——— ,
Je(x) T emot mGe(w +ic) 2rad — 2?24+ (t—1a+1

where z € [(1 — v1)%, (1 + V).

By the relation (7) we can calculate, that

TTL§3

(3)=t,
me(4) = 1+t +¢%,
me(5) = 3t + 3t + 3,
(6) =1+3t+9t>+ 61> + ¢4,
(7)=6

41812 + 2443 + 104 +4°

TTL§6

m§7

and the measurgis not symmetric. Moreover,

z—1—
z—1—t—

4
z—1—-t—

z—1—t—"".

A diagram of this measure for= 1 is presented on the following figure, the vertical line ired&s the atom.

Figure 1: Density of the central limit measure for the Paissonvolution
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Theorem 13 (Poisson limit theorem for thé=] convolution) The Poisson measuge, for the convolutiof]is equal to
the conditionally free Poisson law, i.e. is of the form

Pa = adg + b0, + Tx x¢

with

1— At

= ° 1— At

a 1_i_)\_)\tmax( ,0),
l‘,Zo—)\ 2

b= ——"—max(\(1 —¢t)° —t,0),
20 max(A(1 =0~ 1,0)

1
N
20 +1_t7

1 ANt — (- (14 At))?
S 2mx x(t—1) 4+ (1= At+ N

Taat(x)

Proof: Indeed, by the Theorem 9 we obtain

=z—-R Gr 5
pr(z) z (pxﬂfm)( )\t(z))

and because of

z4+1-At—/(z+1-Xt)2 -4z

Gﬂ')\t(z) =

2z ’
we have
1 2\ z 2(z =1 =2 +At) +2y/(z — 1 = Xt)2 — 4)¢
=z — —
Gp (2) 2= 14+ M++/(z—1—Xt)2 —4xt 2—14+ M4 +/(z—1—At)2—4xt
- NE22 (2(t— 1)+ 1+ X = Ab)
2\ z <1>\t+(2t1)z+ \/(zlAt)24>\t)

Hence

1—)\ﬁ+(21§—1)z+\/(z—l—)\t)Q—él)\ﬁ
2z(2(t—1)+ 1+ X = At) ’

GPAZ =

andp, is the conditionally free Poisson meastutg, ;. The continued fraction form &, (z) can be found in [BLS]O

Remark 10 The coefficients of the continued fraction form of the Cauciysform for the central and Poisson limit
measures of the convolutiols and[~] are equal to the respective coefficients of the underlyingsmep = w,w
starting from the third level. Our hypothesis is that thisperty is a universal property of the convolutieh.
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