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Abstract

We define two families of deformations of probability measures depending on the second free cumulants and the
corresponding new associative convolutions arising from the conditionally free convolution. These deformations do not
commute with dilation of measures, which means that the limit theorems cannot be obtained as a direct application of the
theorems for the conditionally free case. We calculate the general form of the central and Poisson limit theorems. We
also find the explicit form for three important examples.
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1 Introduction

In the paper [BLS] by Bożejko, Leinert and Speicher the notion of conditionally free convolution of pairs of compactly
supported probability measures onR was introduced. For pairs of probability measures(µ1, ν1), (µ2, ν2) their condition-
ally free convolution is a pair of measures

(ξ, η) = (µ1, ν1) c (µ2, ν2), (1)

whereη = ν1 � ν2 is the Voiculescu’s free convolution of the measuresν1 andν2.
Let µ be a compactly supported probability measure. Bymµ(n) we denote itsn–th moment, byrµ(n) – itsn–th free

cumulant and byRµ(z) its VoiculescuR transform wherez is in some neighbourhood of zero.R andr are related by
Rµ(z) =

∑∞
n=1 rµ(n)zn−1. For a pair of measures(µ, ν) by R(µ,ν)(n) andR(µ,ν)(z) we denote itsn–th conditionally

free cumulant and conditionally freeR transform, respectively.
The conditionally free convolution of the pairs of measures(µ, ν) = (µ1, ν1) c (µ2, ν2) is defined by the requirement

that both the free cumulants of the measuresνi and the conditionally free cumulants of the pair(µi, νi) behave additively,
that is

rν(n) = rν1(n) + rν2(n),

R(µ,ν)(n) = R(µ1,ν1)(n) + R(µ2,ν2)(n). (2)

1Partially sponsored with KBN grant no 2P03A00723 and RTN HPRN-CT-2002-00279.
The authors wish to thank Marek Bożejko and Wojciech Młotkowski for useful suggestions.
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Moreover, the resulting cumulantsrν(n) andR(µ,ν)(n) determine the measures(µ, ν) uniquely. The above equations can
be written in terms of the corresponding transformsRµ(z) andR(µ,ν)(z), which in turn can be found by the equations

1

Gν(z)
= z − Rν(Gν(z)), (3)

1

Gµ(z)
= z − R(µ,ν)(Gν(z)), (4)

whereGν(z) is the Cauchy transform of the measureν.
We are interested in transformationsT of probability measures such that forµ, ν if we write

(ξ, η) = (µ, Tµ) c (ν, T ν),

then

η = Tξ.

For such a transformation we are able to define a new convolution�T :

µ �T ν = (µ, Tµ) c (ν, T ν),

and this convolution is associative. A problem of Bożejko was to find all transformationsT satisfying the above property.
A long known example was thet–deformation [BW1, BW2, W] and its generalization, the(a, b)–deformation [KY].
Recently, Oravecz gave several new examples [O1, O2]. In this paper we study some new examples.

In section 3 we define a new deformation for which the relation(1) holds. The idea is similar to thet–deformation,
see [BW1, BW2, W] and its generalization, see [KY]. We deformthe Cauchy transform of a probability measureµ by
adding to its reciprocal some fixed proportion of the second free cumulant of the measureµ. By the Nevanlinna theorem,
the function obtained in such a way is the reciprocal of the Cauchy transform of some probability measure, which we
denote byVaµ, that is

1

GVaµ(z)
=

1

Gµ(z)
+ a rµ(2).

This deformation does not commute with dilation of measures. This means that the central limit theorem, proven in
section 4, cannot be obtained as a direct application of the theorem for the conditionally free case. However, the central
limit measure turns out to be the standard Wigner law.

In section 5 we calculate a Poisson type limit theorem and give an explicit formula for the moments of its limiting
measure. A particular feature of this measure is that it putssome weight on the negative half line.

In section 6 we define another family of deformations, which also depend on the second free cumulant of the measure
µ. Namely, we take an arbitrary compactly supported�–infinitely divisible measureϕ and define a new associative
convolution by applying the conditionally free convolution to pairs(µ, ϕt rµ(2)) for a fixedt > 0. We prove the central
limit theorem and Poisson type limit theorem for an arbitrary �–infinitely divisible measureϕ. Since the dilation of
measures does not commute with this deformation, namely

Dλ ϕt rµ(2) 6= ϕt rDλµ(2),

we cannot apply the general conditionally free limit theorems of [BLS].
We calculate the Gaussian and Poisson measures explicitly for the two particular cases whenϕ is the free Poisson law

πλ and the Wigner lawω. Surprisingly, the central limit measure for the Poisson case, is not symmetric. We also give the
respective Jacobi–Szegö coefficients of the measures.

2 Preliminaries

The Cauchy transform Let µ be a probability measure. We then denote byGµ(z) the Cauchy transform of the measure
µ, for z ∈ C+, defined as follows

Gµ(z) =

∫ +∞

−∞

dµ(x)

z − x
.

2



Remark 1 The Cauchy transformGµ(z) is analytic in the upper half plane and takes values in the lower half plane,
Gµ(z) : C

+ −→ C
−.

Remark 2 By the Nevanlinna theorem a functionF is the reciprocal of the Cauchy transform of some probability measure
µ if and only if there exist a real numberα and a positive measureρ such that

F (z) = α + z +

∫
1 + x z

x − z
d ρ(x).

By a theorem of Stieltjes the Cauchy transform can be expressed as a continued fraction:

Gµ(z) =
1

z − α1 −
λ1

z − α2 −
λ2

z − α3 −
λ3

. . .

.

We will denote byG−1
µ (z) the right inverse of the Cauchy transformGµ(z) with respect to composition of functions. Let

us recall that for a compactly supported measureµ the functionG−1
µ (z) is well defined in some neighbourhood of zero.

We would like to remind a very useful criterion, see chapterXIII.6 in [RS4] for proof:

Proposition 1 Letν be a finite Borel measure onR and letGν(z) be its Cauchy transform. Let

Aν = {x : lim
ε↓0

Gν(x + i ε) = ∞},

Bν = {x : lim
ε↓0

Gν(x + i ε) = Φ(x), a finite number with=Φ(x) 6= 0}.

Thenν (R \ (Aν ∪ Bν)) = 0, ν � Aν is singular relative to Lebesgue measure, andν � Bν is absolutely continuous.

Moment–cumulant formulae Speicher [S] discovered the moment–cumulant formulae for the free convolution of
Voiculescu

mν(n) =

∫

xn dν(x) =
∑

π∈NC(n)

rν(π) =
∑

π∈NC(n)
π={B1,...,Bk}

k∏

i=1

rν(|Bi|),

whereNC (n) is the set of noncrossing partitions of the set{1, . . . , n}. Solving the above equation forrµ(n) we obtain

rν(n) = mν(n) −
∑

π∈NC(n)
π 6=(1,...,n)

rν(π) = mν(n) −
∑

π∈NC(n)
π 6=(1,...,n)

k∏

i=1

rν(|Bi|). (5)

where(1, ..., n) denotes the partition with one block containing all the points. In the case of the conditionally free
cumulants of a pair(µ, ν) Bożejko, Leinert and Speicher proved in the paper [BLS] thefollowing relation

mµ(n) =
∑

π∈NC(n)






∏

Bi∈π
Bi- inner

Rν(|Bi|)











∏

Bi∈π
Bi- outer

R(µ,ν)(|Bi|)




 . (6)

Hence we obtain

R(µ,ν)(n) = mµ(n) −
∑

π∈NC(n)
π 6=(1,...,n)






∏

Bi∈π
Bi- inner

Rν(|Bi|)











∏

Bi∈π
Bi- outer

R(µ,ν)(|Bi|)




 . (7)
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By [AB] we have for a probability measureµ a relation between its moments and the Jacobi coefficients ofthe
respective orthogonal polynomials

mµ(n) =
∑

π∈NC(n)
π={B1,...,Bk}

k∏

i=1

rµ(|Bi|) =
∑

π∈NC1,2(n)
π={B1,...,Bk}

∏

|Bi|=2

λ(d(Bi))
∏

|Bj|=1

α(d(Bj)),

whereNC1,2 (n) is the subset of noncrossing partitions consisting of partitions with blocks of size at most2. The se-
quencesαn, λn are the Szegö-Jacobi parameters of the recurrence formulafor the orthonormal polynomials with respect
to µ:

pµ
0 (x) = 1, pµ

1 (x) =
x − α1√

λ1

,

(x − αn+1)p
µ
n(x) =

√

λn+1p
µ
n+1(x) +

√

λnpµ
n−1(x),

andd(Bj) denotes the depth of the blockBj in the partitionV , defined as1 plus the number of blocks envelopingBj ,
that is

d(Bj) = 1 + |{Bi : ∃ r, s ∈ Bi, r < Bj < s}|.

From this we get the following

Proposition 2

rµ(1) = α1, rµ(2) = λ1. (8)

Dilation of measures For a probability measureµ and positive numberλ we will denote byDλµ the dilation byλ, i.e.

Dλµ (A) = µ
(
λ−1A

)
.

Let us note, that we have the following relation between moments of a measureµ and of its dilationDλµ

mDλµ(n) = λnmµ(n). (9)

From the above relation we obtain

rDλµ(2) = λ2rµ(2). (10)

3 Va-transformation

Definition 1 For a measureµ with finite second moment anda ∈ R let us define its deformationVaµ by letting

1

GVaµ(z)
=

1

Gµ(z)
+ a rµ(2). (11)

From the Nevanlinna theorem on the reciprocals of Cauchy transforms of measures we get thatVaµ is again a probability
measure.

Remark 3 TheVa–transformation of a compactly supported measure can be illustrated with the use of the continued
fraction representation of the Cauchy transform. Let

Gµ (z) =
1

z − α1 −
λ1

z − α2 −
λ2

z − α3 −
λ3

z − α4 −
. . .

,
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then

GVaµ (z) =
1

z − α1 + a λ1 −
λ1

z − α2 −
λ2

z − α3 −
λ3

z − α4 −
. . .

.

This means that theVa–transformation adds the amounta λ1 to the coefficientα1.

We also have the following

Proposition 3 TheVa–transformation leaves theλ1 coefficient (and thus the second cumulant) unchanged:

rVaµ(2) = rµ(2).

This follows from the definition ofVa and from Proposition 2.

Example 1 For the Dirac measureδb we haveVaδb = δb. Moreover, the Dirac measure is the only invariant measure
of theVa-transformation. This follows from the fact that the secondfree cumulant of an arbitrary measureµ 6= δb is
nonzero.

Example 2 We compute theVa–transformation of a probability measure which is supported in two points. Let

µ = p δx + q δy, x < y, p, q ≥ 0, p + q = 1.

By definition

GVaµ (z) =
1

1
Gµ(z) + a rµ(2)

and because of

Gµ (z) =
p

z − x
+

q

z − y
=

z − p y − q x

z2 − (x + y) z + x y

rµ(2) = p q(x − y)2

we can obtain

GVaµ (z) =
1

z2−(x+y)z+x y
z−p y−q x + a p q(x − y)2

=
R1 (z)

R2 (z)
,

whereR1, R2 are polynomials degrees of which are equal to1, 2 respectively. To be specific

R1 (z)

R2 (z)
=

z − q x − p y

z2 −
(

x + y − a p q (x − y)2
)

z + x y − a p q (x − y)2 (q x + p y)
.

This means, thatVaµ is again a two point measure

Vaµ = P δA + Q δB,

whereA, B are the zeros of the polynomialR2 (z), that is

A =

(

x + y − a p q (x − y)
2
)

−
√
(

x + y − a p q (x − y)
2
)2

− 4
(

x y − a p q (x − y)
2
(q x + p y)

)

2
,

B =

(

x + y − a p q (x − y)2
)

+

√
(

x + y − a p q (x − y)2
)2

− 4
(

x y − a p q (x − y)2 (q x + p y)
)

2
.
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We know that

P

z − A
+

Q

z − B
=

R1 (z)

R2 (z)
,

which gives

P =
1

2
− (q − p)(x − y) + a p q (x − y)2

2

√
(

x + y − a p q (x − y)2
)2

− 4
(

x y − a p q (x − y)2 (q x + p y)
)

,

Q =
1

2
+

(q − p)(x − y) + a p q (x − y)2

2

√
(

x + y − a p q (x − y)2
)2

− 4
(

x y − a p q (x − y)2 (q x + p y)
)

.

Remark 4 Va is an additive group:

Va (Vb (µ)) = Va+b (µ) , V0(µ) = µ.

The inverse of the transformation isV −1
a = V−a.

Proposition 4 We have

1

GVa(Dλµ) (z)
=

1

GDλ(Vaµ) (z)
+ a(λ2 − λ)rµ(2),

which means that dilations of measures different fromδb, b ∈ R do not commute withVa for a 6= 0:

Dλ (Vaµ) 6= Va (Dλµ) .

Proof: By definition of dilation and (9), (10) forλ > 0 we obtain

GDλµ (z) =

∞∫

−∞

1

z − x
d (Dλµ) (x) =

∞∫

−∞

1

z − λx
dµ (x) =

1

λ
Gµ

( z

λ

)

,

hence

1

GVa(Dλµ) (z)
=

1

GDλµ (z)
+ a rDλµ(2) =

λ

Gµ( z
λ)

+ a λ2rµ(2).

On the other hand

1

GDλ(Vaµ) (z)
=

λ

GVaµ

(
z
λ

) =
λ

Gµ( z
λ)

+ a λ rµ(2)

and therefore

1

GVa(Dλµ) (z)
=

1

GDλ(Vaµ) (z)
+ a(λ2 − λ)rµ(2).

�

Proposition 5 For a probability measureµ theVa–transformation is continuous in the∗–weak topology of measures: if
µn → µ thenVaµn → Vaµ. MoreoverVaµ → µ in the∗–weak topology fora → 0. This follows from the convergence
of the respective Cauchy transforms.

We have the following recurrence relation between the moments of the original measureµ and of its deformationVaµ:

Proposition 6 For any positive integern we have

mVaµ(n) = mµ(n) − a rµ(2)

n−1∑

k=0

mµ(k)mVaµ(n − k − 1). (12)
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Proof: From the relation between the Cauchy transform of a measureµ and the generating function of its moments
Mµ(z) =

∑∞
n=0 mµ(n)zn, namely

Gµ (z) =
1

z
Mµ

(
1

z

)

,

we get

MVaµ (z) = Mµ (z) − a z rµ(2)MVaµ (z)Mµ (z) .

Using the Leibniz formula for differentiation and evaluating the result atz = 0 we obtain the desired formula. �

4 Va-transformation of convolution and cumulants

There are two ways of using a deformation of measures to definea deformation of free convolution that we are interested
in. The first was mentioned in the introduction and uses the conditionally free convolution:

(µ �Va ν, Vaµ � Vaν) = (µ, Vaµ) c (ν, Vaν),

whereµ andν are compactly supported. The second one consists in the following

Definition 2 TheVa–deformed free convolutiona is defined by

µ a ν = V−a (Vaµ � Vaν) , (13)

whereµ andν have finite second moments.

Remark 5 The free convolution� in Definition 2 can be replaced by any associative convolution⊕ (for instance by the
classical convolution), producing another associative convolution⊕a. It is going to be the subject of a forthcoming paper.

Theorem 1 Letµ andν be probability measures with compact support. Write(ξ, η) = (µ, Vaµ) c (ν, Vaν). Then

ξ = V−aη = V−a (Vaµ � Vaν) , (14)

that is

(ξ, η) = (ξ, Vaξ).

This means that the convolutions�Va and a are the same for measure with compact support.

Proof: By equations (3) and (4), to a pair(µ, Vaµ) there correspond the two transforms with respect to the conditionally
free convolution

Gµ(z) =
1

z − R(µ,Vaµ)(GVaµ(z))
(15)

GVaµ(z) =
1

z − RVaµ(GVaµ(z))
. (16)

Thus by (11) we get

R(µ,Vaµ)(z) = RVaµ(z) + a rµ(2).

To the pair(ξ, η) there correspond another two series of transforms, being the sums of the respective transforms for
(µ, Vaµ) and(ν, Vaν):

Rη(z) = RVaµ�Vaν(z) = RVaµ(z) + RVaν(z)

R(ξ,η)(z) = R(µ,Vaµ)(z) + R(ν,Vaν)(z) = RVaµ(z) + a rµ(2) + RVaν(z) + a rν(2)

= Rη(z) + a (rµ(2) + rν(2)) = Rη(z) + a (rVaµ(2) + rVaν(2)) = Rη(z) + a rη(2),

where the last transition follows from Proposition 3. Thus by (15) and (16) we have

1

Gξ(z)
=

1

Gη(z)
− a rη(2),

henceξ = V−aη. �
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Remark 6 In the sequel we shall always assume that the measures under consideration have compact support.

Proposition 7 For anya ∈ R and any positive integern define

Ra
µ(n) := RVaµ(n).

Then

Ra
µ a ν(n) = Ra

µ(n) + Ra
ν(n).

To discuss the moment–cumulant formula for theVa-convolution we shall use the symbolouts(π) which is the set of
outer singletons of the non–crossing partitionπ.

Theorem 2 The moment–cumulant formula for thea–convolution is given by

mµ(n) =
∑

π∈NC(n)

(
Ra

µ(1) + a Ra
µ(2)

)#outs(π) ∏

B∈π
B /∈outs(π)

Ra
µ(|B|).

Proof: By definition we have

1

GVaµ(z)
=

1

Gµ(z)
+ a rµ(2).

Hence substitutingG−1
Vaµ(z) into z we obtain

1

z
=

1

Gµ

(

G−1
Vaµ(z)

) + a rµ(2). (17)

Because the relations (15), (16) are equivalent to

1

z
= G−1

Vaµ(z) − Ra
µ(z)

1

Gµ

(

G−1
Vaµ(z)

) = G−1
Vaµ(z) − R(µ,Vaµ)(z)

by (17)

G−1
Vaµ(z) − Ra

µ(z) = G−1
Vaµ(z) − R(µ,Vaµ)(z) + a rµ(2)

and we get

Ra
µ(z) = R(µ,Vaµ)(z) − a rµ(2).

Writing theR transforms on both sides of the above equation as power series we obtain
∑

n≥1

Ra
µ(n)zn−1 =

∑

n≥1

R(µ,Vaµ)(n)zn−1 − a rµ(2),

since

rµ(1) = R(µ,Vaµ)(1),

which implies

Ra
µ(1) = rµ(1) − a rµ(2),

Ra
µ(n) = R(µ,Vaµ)(n), n ≥ 2.

Thus, we obtain from (6) and Proposition 3

mµ(n) =
∑

π∈NC(n)

(
Ra

µ(1) + a Ra
µ(2)

)#outs(π) ∏

B∈π
B /∈outs(π)

Ra
µ(|B|).

�

We would like now to establish a central limit theorem for thea convolution. First we will prove some technical
lemmas.
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Lemma 1 Letµ be a compactly supported probability measure on the real line. Then

mVaDλµ(n) = λnmµ(n) + o(λn). (18)

Proof: Using the relation between moments of measure and of its dilation (9) and Proposition 6 we obtain

mVaDλµ(n) = mDλµ(n) − a rDλµ(2)
n−1∑

k=0

mDλµ(k)mVaDλµ(n − k − 1)

= λnmµ(n) − a λ2rµ(2)
n−1∑

k=0

λkmµ(k)mVaDλµ(n − k − 1).

In particular forλ → 0 and forn = 1 we have

mVaDλµ(1) = λmµ(1) − a λ2rµ(2).

Hence by induction

mVaDλµ(n + 1) = λn+1mµ(n + 1) − a λ2rµ(2)

n∑

k=0

λkmµ(k)mVaDλµ(n − k)

= λn+1mµ(n + 1) − a λ2rµ(2)
n∑

k=0

λkmµ(k)
(
λn−kmµ(n − k) + o(λn−k+1)

)

= λn+1mµ(n + 1) − o(λn+2) a rµ(2)

n∑

k=0

mµ(k) (mµ(n − k) + o(λ))

= λn+1mµ(n + 1) − o(λn+2) a rµ(2)
n∑

k=0

mµ(k)mµ(n − k) − o(λn+3) a rµ(2)
n∑

k=0

mµ(k)

= λn+1mµ(n + 1) + o(λn+3).

The last inequality follows from the fact that for compactlysupported measureµ there exists a constantc such that

|mµ(k)| ≤ ck,

hence

n∑

k=0

mµ(k) ≤ c
1 − cn+1

1 − c
,

n∑

k=0

mµ(k)mµ(n − k) ≤ (n + 1)cj .

Thus we obtain

mVaDλµ(n + 1) = λn+1mµ(n + 1) + o(λn+1).

�

Lemma 2 Letµ be a compactly supported probability measure on the real line with mean zero and variance equal to 1.
Then

Ra
Dλµ(1) = rVaDλµ(1) = −a λ2,

Ra
Dλµ(2) = rVaDλµ(2) = λ2,

Ra
Dλµ(k) = rVaDλµ(k) = o(λ2) for k ≥ 3. (19)

Proof: Let us observe that for a measureµ with mean zero and variance equal to1 the measureDλµ has the first moment
mDλµ(1) = 0 and the second cumulantrDλµ(2) = λ2. The measureVaDλµ has the first momentmVaDλµ(1) = −a λ2

and the second cumulantrVaDλµ(2) = λ2.
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Because of the moment–cumulant formulae for the free convolution (5) for theVa–deformation of dilation of measures
we have

rVaDλµ(1) = −a λ2,

rVaDλµ(2) = λ2.

Moreover, fork = 3 by the moment–cumulant formula (5)

rVaDλµ(3) = mVaDλµ(3) − 3rVaDλµ(2)rVaDλµ(1) − rVaDλµ(1)3,

by Lemma 1 we have

rVaDλµ(3) = λ3mµ(3) + o(λ3) + 3a λ4 + a3λ6,

and by induction: if inπ there existsB such that|B| ≥ 3, thenrVaDλµ(π) = o(λ2). If not, there must be at least two
blocks,|B1| + |B2| ≥ 2, hence

∏

Bi∈π

rVaDλµ(Bi) = o(λ3).

�

Theorem 3 (Central limit theorem) Letµ be a compactly supported probability measure on the real line with mean zero
and variance equal to 1. Then the sequence

D1/
√

Nµ a . . . a D1/
√

Nµ

is ∗-weakly convergent to the standard semicircular lawω with density

dω(x) =
1

2π

√

4 − x2dx.

Proof: The sequence ofn-fold Va-convolution of the measureµ is of the form

µN = D1/
√

Nµ a . . . a D1/
√

Nµ = V−a

(

VaD1/
√

Nµ � . . . � VaD1/
√

Nµ
)

.

Takingλ = 1√
N

let us denote

νN = VaD1/
√

Nµ � · · · � VaD1/
√

Nµ
︸ ︷︷ ︸

N times

.

ThenµN = V−aνN and by definition

Ra
ν(z) = RVaν(z)

RνN (z) = RVaµN (z) = Ra
µN

(z)

and writingRν(a)z as a power series we obtain

Ra
ν(z) =

∞∑

n=1

rVaν(n)zn−1.

Hence

RνN (z) = N RVaD1/
√

N µ(z) = N Ra
D1/

√
N µ(z)

and by Lemma 2

rνN (1) = −N · a

N
= −a

rνN (2) = N · 1

N
= 1

rνN (k) = N · o
(

1

N

)

→N→∞ 0
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and therefore

RνN (z) → Rω−a(z) = −a + z,

andω−a is the semicircular law with the first moment−a and variance 1. Moreover

RµN (z) = R−a
νN

(z) → R−a
ω−a

(z) = RV−aω−a(z).

Because of

Gω−a(z) =
1

z + a − 1

z − 1

z − 1

. . .

we have

GV−aω−a(z) =
1

z − 1

z − 1

z − 1

. . .

.

Therefore

RµN (z) → Rω(z) = z

and

D1/
√

Nµ a . . . a D1/
√

Nµ = V−a

(

VaD1/
√

Nµ � . . . � VaD1/
√

Nµ
)

→ ω,

whereω is the standard semicircular law with mean 0 and variance 1. �

5 Poisson type limit theorem

In this section we will study a Poisson limit theorem for thea convolution.

Theorem 4 Letλ > 0. Consider the sequence of measures

µN =

(

1 − λ

N

)

δ0 +
λ

N
δ1, N ≥ 1.

The sequence

lim
N→∞

µN a · · · a µN
︸ ︷︷ ︸

N

,

is convergent in the weak∗–topology to a measurepλ which we call theVa–free Poisson law.
The measurepλ is of the formpλ = p̃λ + p̂λ, wherep̃λ is the continuous part with density

dp̃λ (x) =

√

4λ − (x + a λ − λ − 1)2

2π ((1 − a λ)x + a λ2)
χ[λ+1−a λ−2

√
λ,λ+1−a λ+2

√
λ]dx

andp̂λ is the discrete part

p̂λ(x) = max

(

0, 1 − λ

(a λ − 1)2

)

δ a λ2

a λ−1

.

11



Proof: SetpN = λ
N and consider the measures

µN = (1 − pN ) δ0 + pNδ1, N ≥ 1.

A straightforward calculation shows that

GµN (z) =
z − (1 − pN )

z(z − 1)

GVaµN (z) =
z − 1 + pN

(z − 1)z + a pN(1 − pN )(z − 1 + pN)
.

Thus by the definition of the conditionally freeR–transform we get

R(µN ,VaµN )

(
GVa(µN )(z)

)
= z − 1

GµN (z)
,

R(µN ,VaµN )

(
z − 1 + pN

(z − 1)z + a pN (1 − pN )(z − 1 + pN )

)

= z − z(z − 1)

z − (1 − pN)
=

z pN

z − 1 + pN
,

so

R(µN ,VaµN )(z) =
pNw

w − 1 + pN
,

where

w =
1 + z − a z pN + a z p2

N +

√

(1 + z − a z pN + a z p2
N )

2 − 4z (1 − pN − a z pN(1 − 2pN + p2
N ))

2z
,

and the square root has branch–cut discontinuity on the negative half–axis.
ForN → ∞ the functionN · R(µN ,VaµN )(z) tends uniformly to

R(pλ,Vapλ)(z) =
λ

1 − z
.

By (15) we obtain the following Cauchy transform of the limiting measure

Gpλ
(z) =

1

z − λ

1 − GVa pλ
(z)

, (20)

and because of

rpλ
(2) = R(pλ,Vapλ)(2) = λ,

1

Gpλ
(z)

=
1

GVa pλ(z)
− a rpλ

(2),

we obtain from (20)

1

GVa pλ
(z)

− a λ = z − λ

1 − GVa pλ
(z)

,

(a λ + z)GVa pλ
(z)

2
+ (λ − z − 1 − a λ)GVa pλ

(z) + 1 = 0.

Hence

GVa pλ
(z) =

z + 1 + a λ − λ −
√

(z + 1 + a λ − λ)
2 − 4(z + a λ)

2(z + a λ)
,

where the branch of the square root is chosen so that the Cauchy transform is continuous forz ∈ C+, which means that
for negativex we have

√
x + i ε −→ε→0 = i

√
−x

12



whereas for positivex we have for positiveε the limit
√

x + i ε −→ε→0+ =
√

x

and for negativeε the limit
√

x + i ε −→ε→0− = −
√

x.

Calculation of the explicit form of the measureVapλ can now be done by calculatingGpλ
(z), and using the Stieltjes

inversion formula [Ak]. We can get it faster by using the continued fraction representation of Cauchy transforms and by
a result by Saitoh and Yoshida [SY]. We have

GVa pλ
(z) =

z + a λ + 1 − λ −
√

(z + a λ − 1 − λ)2 − 4λ

2(z + a λ)
.

which can be written as

GVa pλ
(z) =

1

z+a λ+1−λ
2 +

√
(

z+a λ−1−λ
2

)2 − λ
.

Using the well-known formula

√

a2 + b = a +
b

2a +
b

2a +
b

2a +
b

.. .

we get

GVa pλ
(z) =

1

z + a λ − λ − λ

z + a λ − 1 − λ − λ

z + a λ − 1 − λ − λ

.. .

.

Because ofrpλ
(2) = rVapλ

(2) = λ we obtain

Gpλ
(z) =

1

z − λ − λ

z + a λ − 1 − λ − λ

z + a λ − 1 − λ − λ

. . .

.

Using a theorem of Saitoh and Yoshida, see [SY], we obtain theunique probability measurepλ = p̃λ + p̂λ ortogonalizing
the above system of polynomials, wherep̃λ is the absolutely continuous part of the measurepλ andp̂λ denotes the discrete
part of this measure. In our case let us denote

f(x) = (1 − a λ)(x + a λ − λ − 1) + (1 − a λ)2 + λ = (1 − a λ)x + a λ2.

Thus we get

dp̃λ (x) =

√

4λ − (x + a λ − λ − 1)2

2πf(x)
χ[λ+1−a λ−2

√
λ,λ+1−a λ+2

√
λ]dx.

This measure has a discrete part unlessa λ = 1. Sincef(x) has one real rooty = λ + λ
a λ−1 = a λ2

a λ−1 , this discrete part is

p̂λ(x) = max

(

0, 1 − λ

(a λ − 1)2

)

δ a λ2

a λ−1

.

13
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The first few moments of the Poisson distribution of parameter λ are

m(0) = 1,

m(1) = λ

m(2) = λ + λ2,

m(3) = λ + (3 − a)λ2 + λ3,

m(4) = λ + (6 − 2a)λ2 + (6 − 4a + a2)λ3 + λ4,

m(5) = λ + (10 − 3a)λ2 + (20 − 15a + 3a2)λ3 + (10 − 10a + 5a2 − a3)λ4 + λ5.

Moreover, we obtain

Theorem 5 Supposea λ 6= 1. Moments of the measurepλ are given by the following formula

mpλ
(n) =

(−a λ2)n

(1 − a λ)n

+

n−1∑

k=0

bk/2c
∑

j=0

1

j + 1

(
n

k + 1

)(
k

2j

)(
2j

j

)

(−a)n−k−1
(
(1 − a λ)2 + λ

)k−2j
λ2n−2k+j−1(1 − a λ)2j−n.

Proof: Integrating with respect to the continuous part of the measurepλ we obtain

mp̃λ
(n) =

1

2π

∫ λ+1−a λ+2
√

λ

λ+1−a λ−2
√

λ

tn
√

4λ − (t + a λ − λ − 1)2

(1 − a λ)(t + a λ − λ − 1) + (1 − a λ)2 + λ
dt

=
1

2π(1 − a λ)

∫ 2
√

λ(1−a λ)+(1−a λ)2+λ

−2
√

λ(1−a λ)+(1−a λ)2+λ

(
x − a λ2

1 − a λ

)n

√

4λ −
(

x−λ
1−a λ − 1 + a λ

)2

x
dx

=
1

(1 − a λ)n+1

n∑

k=0

(
n

k

)

(−a λ2)n−kck−1,

where

ck−1 =
1

2π

∫ 2
√

λ(1−a λ)+(1−a λ)2+λ

−2
√

λ(1−a λ)+(1−a λ)2+λ

xk−1

√

4λ −
(

x − λ

1 − a λ
− 1 + a λ

)2

dx.

Integrating by substitution once again we get

ck =
1

2π

∫ 2
√

λ(1−a λ)+(1−a λ)2+λ

−2
√

λ(1−a λ)+(1−a λ)2+λ

xk

√

4λ −
(

x − λ

1 − a λ
− 1 + a λ

)2

dx

=
1

2π

∫ 2

−2

(√
λ(1 − a λ)y + (1 − a λ)2 + λ

)k√

4λ − λy2
√

λ(1 − a λ)dy

=
λ(1 − a λ)

2π

∫ 2

−2

(√
λ(1 − a λ)y + (1 − a λ)2 + λ

)k√

4 − y2dy

=
λ(1 − a λ)

2π

k∑

l=0

(
k

l

)
(
(1 − a λ)2 + λ

)k−l
(√

λ(1 − a λ)
)l
∫ 2

−2

yl
√

4 − y2dy.

Because of

1

2π

∫ 2

−2

yl
√

4 − y2dy =

{
1

l
2 +1

(
l
l
2

)
l is even

0 l is odd,
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we obtain

ck = λ(1 − a λ)

k∑

l=0
l even

(
k

l

)
(
(1 − a λ)2 + λ

)k−l
(√

λ(1 − a λ)
)l 1

l
2 + 1

(
l
l
2

)

= λ(1 − a λ)

bk/2c
∑

j=0

(
k

2j

)
(
(1 − a λ)2 + λ

)k−2j
λj(1 − a λ)2j 1

j + 1

(
2j

j

)

.

Fork = 0

c−1 =
1

2π

∫ 2
√

λ(1−a λ)+(1−a λ)2+λ

−2
√

λ(1−a λ)+(1−a λ)2+λ

√

4λ −
(

x−λ
1−a λ − 1 + a λ

)2

x
dx

=
1

2π|1 − a λ|

∫ 2
√

λ(1−a λ)+(1−a λ)2+λ

−2
√

λ(1−a λ)+(1−a λ)2+λ

√

4λ(1 − a λ)2 − (x − λ − (1 − a λ)2)
2

x
dx

=
1

2π|1 − a λ|

√

4λ(1 − a λ)2 − (x − λ − (1 − a λ)2)2

− λ + (1 − a λ)2

2π|1 − a λ| arcsin

(
λ + (1 − a λ)2

)
− x

2|1 − a λ|
√

λ

− |λ − (1 − a λ)2|
2π|1 − a λ| arcsin

(
λ + (1 − a λ)2

)
x −

(
λ − (1 − a λ)2

)2

2|1 − a λ|
√

λx

∣
∣
∣
2
√

λ(1−a λ)+(1−a λ)2+λ

−2
√

λ(1−a λ)+(1−a λ)2+λ

=

(

−λ + (1 − a λ)2

2π|1 − a λ| +
|λ − (1 − a λ)2|

2π|1 − a λ|

)(

arcsin
a λ − 1

|1 − a λ| − arcsin
1 − a λ

|1 − a λ|

)

= −λ + (1 − a λ)2

2(a λ − 1)
+

|λ − (1 − a λ)2|
2(a λ − 1)

=

{

1 − a λ if λ ∈ [ 1+2a−
√

1+4a
2a2 , 1+2a+

√
1+4a

2a2 ]
λ

1−a λ if λ /∈ [ 1+2a−
√

1+4a
2a2 , 1+2a+

√
1+4a

2a2 ].

Hence

mp̃λ
(n) =

(−a λ2)nc−1

(1 − a λ)n+1

+
λ

(1 − a λ)n

n∑

k=1

(
n

k

)

(−a λ2)n−k

b(k−1)/2c
∑

j=0

(
k − 1

2j

)
(
(1 − a λ)2 + λ

)k−1−2j
λj(1 − a λ)2j 1

j + 1

(
2j

j

)

=
(−a λ2)nc−1

(1 − a λ)n+1

+

n∑

k=1

b(k−1)/2c
∑

j=0

1

j + 1

(
n

k

)(
k − 1

2j

)(
2j

j

)

(−a)n−k
(
(1 − a λ)2 + λ

)k−1−2j
λ2n−2k+j+1(1 − a λ)2j−n.

Because of

mpλ
(n) = mp̃λ

(n) +

( −a λ2

1 − a λ

)n

max

(

0, 1 − λ

(a λ − 1)2

)

we obtain

mpλ
(n) =

(−a λ2)nc−1

(1 − a λ)n+1
+

( −a λ2

1 − a λ

)n

max

(

0, 1 − λ

(a λ − 1)2

)

+
n∑

k=1

b(k−1)/2c
∑

j=0

1

j + 1

(
n

k

)(
k − 1

2j

)(
2j

j

)

(−a)n−k
(
(1 − a λ)2 + λ

)k−1−2j
λ2n−2k+j+1(1 − a λ)2j−n

=
(−a λ2)n

(1 − a λ)n

+

n−1∑

k=0

bk/2c
∑

j=0

1

j + 1

(
n

k + 1

)(
k

2j

)(
2j

j

)

(−a)n−k−1
(
(1 − a λ)2 + λ

)k−2j
λ2n−2k+j−1(1 − a λ)2j−n.
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6 Deformation connected with infinitely divisible measures

This deformation is a generalization of ideas of Oravecz [O1, O2] and of Bryc and Wesołowski [BrW]. It uses compactly
supported probability measures infinitely divisible with respect to the free convolution. The main observation, due to
Bercovici and Voiculescu [BV], is the following:

Theorem 6 To any compactly supported probability measureϕ infinitely divisible with respect to the free convolution
there correspond a w*-continuous�-semigroup(ϕt) such thatϕ1 = ϕ. This means that

Rϕt(z) = tRϕ(z)

and

rϕt(n) = t · rϕ(n).

Now we would like to define a new deformation and convolution.

Definition 3 Letϕ be some fixed compactly supported�-infinitely divisible probability measure andµ any measure with
compact support. Let us consider the following mapµ 7→ Φϕ

t µ:

Φϕ
t µ = ϕt rµ(2),

which depends on the second free cumulant of the measureµ and nonnegative parametert.

Proposition 8 We have the following relation for the respective transforms

RΦϕ
t µ(z) = Rϕt rµ(2)

(z) = t rµ(2)Rϕ(z).

Remark 7 Letϕ be�– infinitely divisible with variance equal to 1. ThenΦϕ
t µ is a multiplicative semigroup. Indeed, we

have

Φϕ
t (Φϕ

s µ) = Φϕ
t

(
ϕs rµ(2)

)

and by

rϕs rµ(2)
(2) = s rµ(2) rϕ(2) = s rµ(2),

hence

Φϕ
t (Φϕ

s µ) = ϕs t rµ(2) = Φϕ
t sµ.

Proposition 9 In general the dilation of measures does not commute withΦϕ
t .

Proof: Indeed, we have

Φϕ
t (Dλµ) = ϕt λ2 rµ(2)

and on the other hand

Dλ (Φϕ
t µ) = Dλ ϕt rµ(2).

Moreover, these measures have in general different cumulants:

rΦϕ
t (Dλµ)(n) = t λ2 rµ(2)rϕ(n)

rDλΦϕ
t µ(n) = t λn rµ(2)rϕ(n).

The last equality follows from the fact, thatRDλµ(z) = λRµ(λ z). �
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Proposition 10 For a probability measureµ theΦϕ
t –transformation is continuous in the∗–weak topology of measures: if

µn → µ thenΦϕ
t µn → Φϕ

t µ. MoreoverΦϕ
t µ → δ0 in the∗–weak topology fort → 0. This follows from the convergence

of the respectiveR–transforms.

Definition 4 For probability measuresµ, ν we define theirϕ –convolution by

µ ϕ ν = (µ, Φϕ
t µ) c (ν, Φϕ

t ν).

The following theorem guarantees that the convolutionϕ is associative.

Theorem 7 For (ξ, η) = (µ, Φϕ
t µ) c (ν, Φϕ

t ν) we have

η = Φϕ
t ξ.

Proof: By the semigroup propertyη = ϕt0 for somet0. It remains thus to show thatrη(2) = rΦϕ
t ξ(2). Sinceη is the free

convolution ofΦϕ
t µ andΦϕ

t ν we have the relation

Rη(z) = RΦϕ
t µ(z) + RΦϕ

t ν(z) = t (rµ(2) + rν(2))Rϕ(z),

henceη = ϕt(rµ(2)+rν(2)). On the other hand for the measureξ we have

rξ(2) = R(ξ,η)(2) = R(µ,Φϕ
t µ)(2) + R(ν,Φϕ

t ν)(2) = rµ(2) + rν(2).

Thus we haveΦϕ
t ξ = η. �

Now we are going to prove a general form of the central limit theorem for theϕ –convolution. Later on we shall
present this theorem in an explicit form for some important examples. As mentioned in the introduction, the central limit
theorem is not immediate from the general theorem of [BLS], because the dilation of measures does not commute with
that transformation, moreover, the second measure does nothave mean zero. First, we are going to prove a technical
lemma

Lemma 3 Letµ be a compactly supported probability measure on the real line with mean zero and variance equal to 1.
Letϕ be a compactly supported�-infinitely divisible measure with meanα. Then

R(Dλµ,ϕt λ2 )(1) = 0, (21)

R(Dλµ,ϕt λ2 )(2) = λ2, (22)

R(Dλµ,Φϕ
t Dλµ)(n) = o(λ2) for n ≥ 3. (23)

Proof: By the relation between dilation of a measure and moments (9)the pair

(Dλµ, Φϕ
t Dλµ) = (Dλµ, ϕt λ2)

has mean(0, t α λ2) and variance ofDλµ equalsλ2. Moreover we have

rΦϕ
t Dλµ(k) = t rDλµ(2)rϕ(k) = t λ2rϕ(k),

and by moment–cumulant formula for the conditionally free convolution (7) we obtain

R(µ,ν)(1) = rµ(1) = mµ(1), (24)

R(µ,ν)(2) = rµ(2) = mµ(2) − mµ(1)2, (25)

R(µ,ν)(3) = mµ(3) − 2mµ(2)mµ(1) − mµ(2)mν(1) + mµ(1)
3

+ mµ(1)
2
mν(1). (26)

hence

R(Dλµ,ϕt λ2)(1) = λmµ(1) = 0,

R(Dλµ,ϕt λ2)(2) = λ2(mµ(2) − mµ(1)
2
) = λ2,

R(Dλµ,ϕt λ2)(3) = λ3mµ(3) − t λ2α λ2 = o(λ2).

Moreover, forn ≥ 3 we obtain

R(Dλµ,ϕt λ2 )(n) = o(λ2).
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Indeed, ifn ≥ 4 we have two possibilities: either inπ ∈ NC(n) there exists an inner blockBi, or all blocks are outer. If
in π ∈ NC(n) there is an inner blockBi then also there exists an outer blockBj such that|Bj | ≥ 2. Hence

rϕt λ2 (|Bi|) = t λ2rϕ(|Bi|),
R(Dλµ,ϕt λ2 )(|Bj |) = o(λ).

By the moment-cumulant formula (7)

∑

π∈NC(n)
π 6=(1,...,n)






∏

Bi∈π
Bi-inner

Rϕt λ2 (|Bi|)












∏

Bj∈π
Bj - outer

R(Dλµ,ϕt λ2 )(|Bj |)







=
∑

π∈NC(n)
π 6=(1,...,n)






∏

Bi∈π
Bi-inner

t λ2rϕ(|Bi|)












∏

Bj∈π
Bj - outer

o(λ)







= o(λ3)

If all the blocks are outer, there must be at least two blocks,|B1| + |B2| ≥ 4, hence
∏

Bj∈π

R(Dλµ,ϕt λ2)(|Bj |) = o(λ3),

because if there exist singletons inπ, the above product equals zero and for the ‘worst’ case of twoblocks consisting of
two elements, one has the estimationλ2 · λ2 = o(λ3). Therefore

R(Dλµ,ϕt λ2)(n) = mDλµ(n) −
∑

π∈NC(n)
π 6=(1,...,n)






∏

Bi∈π
Bi-inner

Rϕt λ2 (|Bi|)












∏

Bj∈π
Bj - outer

R(Dλµ,ϕt λ2 )(|Bj |)







= λn mµ(n) −
∑

π∈NC(n)
π 6=(1,...,n)

o(λ3) = o(λ2).

�

Theorem 8 (Central limit theorem) Letµ be a compactly supported probability measure on the real line with mean zero
and variance equal to 1. Letϕ be a compactly supported�-infinitely divisible measure with meanα. Then the sequence

D1/
√

Nµ ϕ . . . ϕ D1/
√

Nµ = (D1/
√

Nµ, Φϕ
t D1/

√
Nµ) c . . . c (D1/

√
Nµ, Φϕ

t D1/
√

Nµ)

is ∗-weakly convergent asN → ∞ to the measureξ, such thatϕt = Φϕ
t ξ and

R(ξ,ϕt)(z) = z.

Proof: Since both measures have compact support it suffices to checkthat the pair of cumulants

(R(D1/
√

N µ,Φϕ
t D1/

√
N µ)(n), rΦϕ

t D1/
√

N µ(n))

converge to the cumulants of the limiting measures, defined by

R(ξ,ϕt)(n) =

{

0, n 6= 2

1, n = 2.

From Lemma 3 we obtain

R(D1/
√

N µ,Φϕ
t D1/

√
N µ)(1) = 0,

R(D1/
√

N µ,Φϕ
t D1/

√
N µ)(2) =

1

N
,

R(D1/
√

N µ,Φϕ
t D1/

√
N µ)(k) = o

(
1

N

)

, k ≥ 3.
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Now we takeλ = 1√
N

and denote

(µN , Φϕ
t µN ) = (D1/

√
Nµ, Φϕ

t D1/
√

Nµ) c . . . c (D1/
√

Nµ, Φϕ
t D1/

√
Nµ).

Hence

R(µN ,Φϕ
t µN )(1) = 0,

R(µN ,Φϕ
t µN )(2) = N · 1

N
= 1,

R(µN ,Φϕ
t µN )(k) = N · o

(
1

N

)

→N→∞ 0, k ≥ 3,

and therefore

R(µN ,Φϕ
t µN )(z) → R(ξ,ϕt)(z) = z,

because of
(

Φϕ
t D1/

√
Nµ
)�N

=
(
ϕt/N

)�N
= ϕt.

By the relations (24), (25), (26), we are able to calculate first and second moments of the measureξ. Indeed,

mξ(1) = R(ξ,ϕt)(1) = 0,

mξ(2) = R(ξ,ϕt)(2) = 1,

mξ(3) = R(ξ,ϕt)(3) + mξ(2)mϕ(1) = α.

�

We shall now prove the Poisson limit theorem for theϕ convolution.

Theorem 9 For λ > 0 define for allN

µN =

(

1 − λ

N

)

δ0 +
λ

N
δ1, N ≥ 1.

Then we have

w∗ − lim
N→∞

(µN , Φϕ
t µN ) c . . . c (µN , Φϕ

t µN ) = (pλ, ϕλ t),

where

R(pλ,ϕλ t)(z) =
λ

1 − z
.

Proof: By definition we have

Φϕ
t µN = ϕt rµN

(2) = ϕ
t
(

λ
N −( λ

N )
2
) ,

hence

rΦϕ
t µN

(n) = t

(

λ

N
−
(

λ

N

)2
)

rϕ(n) =
λ

N
t rϕ(n) + o

(
λ

N

)

and therefore

N · rΦϕ
t µN

(n) = N

(
λ

N
t rϕ(n) + o

(
λ

N

))

= λ t rϕ(n) = rϕλ t
(n)

Since

mµN (n) =
λ

N
,
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we have

R(µN ,Φϕ
t µN )(n) =

λ

N
+ o

(
λ

N

)

.

Hence it follows, that in the limit we have measures(pλ, ϕλ t) and the measurepλ is determined by

R(pλ,ϕλ t)(n) = λ,

hence

R(pλ,ϕλ t)(z) =
λ

1 − z
.

�

In the particular case, whenϕ equals standard Wigner lawω or ϕ = π1–the free Poisson law with intensity 1, we are
able to calculate the central limiting and Poisson measuresexplicitly.

Definition 5 In the particular case whenϕ equals the standard Wigner lawω, i.e. dω(x) = 1
2π

√
4 − x2dx, we define a

new Wigner convolution byξ = µ ω ν where(ξ, η) = (µ, Φω
t µ) c (ν, Φω

t ν).

Definition 6 In the case whenϕ equals the standard free Poisson lawπ, we define a new Poisson convolution byξ = µ π ν
where(ξ, η) = (µ, Φπ

t µ) c (ν, Φπ
t ν).

Remark 8 The Wigner convolutionω for the specific choicet = 1 has been introduced by Oravecz as an example of a
pure convolution, see [O1, O2].

Theorem 10 (Central limit theorem for the ω convolution) Let µ be a probability measure on the real line with the
mean zero and variance equal to 1. Then the sequence

D1/
√

Nµ ω . . . ω D1/
√

Nµ = (D1/
√

Nµ, Φω
t D1/

√
Nµ) c . . . c (D1/

√
Nµ, Φω

t D1/
√

Nµ)

is ∗-weakly convergent to the Kesten measureκt, which has a part absolutely continuous with respect to the Lebesgue
measure, denoted̃κt and fort < 1

2 a discrete part̂κt with two atoms:

dκ̃t(x) =
1

2 π
·

√
4 t − x2

1 − (1 − t)x2
χ[−2

√
t,2

√
t](x) dx

κ̂t =
1 − 2t

2 − 2t

(

δ− 1√
1−t

+ δ 1√
1−t

)

for t <
1

2
.

Proof: By Theorem 8 the limiting measureξ is determined by

R(ξ,ωt)(z) = z

and by

1

Gωt(z)
= z − t Gωt(z),

one can obtain

Gωt(z) =
z −

√
z2 − 4t

2t
,

hence

1

Gξ(z)
= z − z −

√
z2 − 4t

2t

Gξ(z) =
2t

2t z − z +
√

z2 − 4t
=

(1 − 2t)z +
√

z2 − 4t

2(1 − t)z − 2
.

Henceξ equals the Kesten measureκt. By [BW2, W] one can find the measure and the continued fraction representation
of Gξ(z). �
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Theorem 11 (Poisson limit theorem for theω convolution) The Poisson measurepλ for ω convolution is of the form
pλ = p̃λ + p̂λ, wherepc

λ is the continuous part with density

dp̃λ (t) =
1

2π

−λ
√

4 t λ − x2

(x3 − x2 (1 + λ + t λ) + 2 t x λ2 − t λ3)
χ[−2

√
λ t,2

√
λ t]dt

andp̂λ is an atom in the real zerox0 of the polynomial

z3 − z2 (1 + λ + t λ) + 2 t z λ2 − t λ3

with weight equal to the residue of the Cauchy transformGpλ
(z) in x0. The actual dependence of this weight onλ andt

is rather complicated.

Proof: By Theorem 9 the limiting measurepλ is determined by the relation

R(pλ,ωλ t)(z) =
λ

1 − z
,

and because of

Gωλ t
(z) =

z −
√

z2 − 4λ t

2λ t
,

we obtain

1

Gpλ
(z)

= z − 2λ2 t

2λ t − z +
√

z2 − 4λ t
=

z2 − 2z t λ + 2t λ2 − z
√

z2 − 4t λ

z − 2t λ −
√

z2 − 4t λ
.

Hence

Gpλ
(z) =

z − 2t λ −
√

z2 − 4t λ

z2 − 2z t λ + 2t λ2 − z
√

z2 − 4t λ
=

2 z2 − z (2 + λ + 2 t λ) + λ
(
2 t λ +

√
z2 − 4 t λ

)

2 (z3 − z2 (1 + λ + t λ) + 2 t λ2 z − t λ3)
.

Because a denominator of the Cauchy transform of the measurepλ has only one real rootx0, the measurepλ has only one
atomδx0 with respective weight, which is equal to the residueGpλ

in the pointx0. Moreover, by Proposition 1 one can
find thatx0 is the unique singular part of the measurepλ. The densityfpλ

(x), x ∈ R of the absolute continuous part of
the measurepλ can now be calculated by the Stieltjes formula

fpλ
(x) = − 1

π
lim

ε→0+
ImGpλ

(x + iε) =
1

2π

−λ
√

4 t λ − x2

(x3 − x2 (1 + λ + t λ) + 2 t x λ2 − t λ3)

for x ∈ [−2
√

λ t, 2
√

λ t]. By the relation (7) we can calculate, that

mpλ
(1) = λ,

mpλ
(2) = λ + λ2,

mpλ
(3) = λ + 2λ2 + λ3,

mpλ
(4) = λ + (3 + t)λ2 + 3λ3 + λ4,

mpλ
(5) = λ + (4 + 2t)λ2 + (6 + 2t)λ3 + 4λ4 + λ5,

mpλ
(6) = λ + (5 + 3t)λ2 + (10 + 6t + 2t2)λ3 + (10 + 3t)λ4 + 5λ5 + λ6,

mpλ
(7) = λ + (6 + 4t)λ2 + (15 + 12t + 5t2)λ3 + (20 + 12t + 4t2)λ4 + (15 + 4t)λ5 + 6λ6 + λ7.

Moreover, we obtain the following continued fraction form of the Cauchy transform of the measurepλ:

Gpλ
(z) =

1

z − λ − λ

z − 1 − t λ

z − t λ

z −
t λ

z − . . .

.

�
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Remark 9 Polynomials orthogonal with respect to measures of the form
√

1−x2

ρ(x) , whereρ(x) is a polynomial, were first
considered by Bernstein, see [Sz].

Theorem 12 (Central limit theorem for the π –convolution) Let µ be a probability measure on the real line with the
mean zero and variance equal to 1. Then the sequence

D1/
√

Nµ π . . . π D1/
√

Nµ = (D1/
√

Nµ, Φπ
t D1/

√
Nµ) c . . . c (D1/

√
Nµ, Φπ

t D1/
√

Nµ)

is ∗-weakly convergent to the measureξ, such that

ξ(x) =
1

2π

√

4t − (1 − x + t)2

x3 − x2 + (t − 1)x + 1
χ[(1−

√
t)2,(1+

√
t)2]dx + Res(x0)δx0 ,

where

Q = −16 − 9t + 3
√

96t − 39t2 + 12t3,

x0 =
1

3

(

1 +
3
√

2 (4 − 3t)
3
√

Q
+

3
√

Q
3
√

2

)

,

Res(x0) =
3
√

4
(
16 − 35t + 12t2

)
+ 2 3
√

Q2 (2 − t) − 8 3
√

2Q (1 + t) +
(

3
√

4 + 2 3
√

2Q
)√

96t − 39t2 + 12t3

Q 3
√

2Q + 3
√

Q2 (8 − 6t) + 2 3
√

4(4 − 3t)2
.

Proof: Using Theorem 8 we obtain that the limiting measureξ satisfies the relation

R(ξ,πt)(z) = z.

Because of

1

Gπt(z)
= z − t

1 − Gπt(z)
,

which gives

Gπt(z) =
1 + z − t −

√

(1 + z − t)2 − 4z

2z
=

1 + z − t −
√

(1 − z + t)2 − 4t

2z
,

we obtain

1

Gξ(z)
= z − 1 + z − t −

√

(1 − z + t)2 − 4t

2z
=

2z2 − 1 − z + t +
√

(1 − z + t)2 − 4t

2z

Gξ(z) =
2z

2z2 − 1 − z + t +
√

(1 − z + t)2 − 4t
=

2z2 − z − 1 + t −
√

(1 − z + t)2 − 4t

2(z3 − z2 + (t − 1)z + 1)
.

The appropriate choice of the branch of a square root gives inlimit for real z = x

√

(1 − z + t)2 − 4t =







√

(1 − x + t)2 − 4t for x ≥ (1 +
√

t)2,

−
√

(1 − x + t)2 − 4t for x ≤ (1 −
√

t)2,

i
√

4t − (1 − x + t)2 for (1 −
√

t)2 < x < (1 +
√

t)2.

Because one can decompose a denominator of the Cauchy transform

(z3 − z2 + (t − 1)z + 1) = (z − x0)(z
2 + bz + c),

where

Q = −16 − 9t + 3
√

96t − 39t2 + 12t3,

x0 =
1

3

(

1 +
3
√

2 (4 − 3t)
3
√

Q
+

3
√

Q
3
√

2

)

,

b =
2 3
√

2 (4 − 3t) − 4 3
√

Q + 3
√

4Q2

6 3
√

Q
,

c =
− 3
√

4 Q + Q 3
√

2Q + 2 3
√

4 (4 − 3 t)2 − 6 3
√

Q2 (1 − t) − 2 3
√

2Q (4 − 3 t)

18 3
√

Q2
,
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andx0 is the single real zero of the denominator, to work out the residue inx0 it suffices to find2x2
0 − x0 − 1 + t −

√

(1 − x0 + t)2 − 4t and(x2
0 + bx0 + c).

Moreover, sincex0 ≤ 0 ≤
(
1 −

√
t
)2

, then becausex0 is also a zero of2z2 − 1 − z + t +
√

(1 − z + t)2 − 4t, we
have forx0

−
√

(1 − x0 + t)2 − 4t = 2x2
0 − x0 − 1 + t,

and it follows, that the Cauchy transformGξ(z) has a simple pole in a pointx0 with residue

Res(x0) =
3
√

4
(
16 − 35t + 12t2

)
+ 2 3
√

Q2 (2 − t) − 8 3
√

2Q (1 + t) +
(

3
√

4 + 2 3
√

2Q
)√

96t − 39t2 + 12t3

Q 3
√

2Q + 3
√

Q2 (8 − 6t) + 2 3
√

4(4 − 3t)2
.

By Proposition 1 one can find thatx0 is the unique singular part of the measureξ.
The densityfξ(x), x ∈ R of the absolute continuous part of the measureξ can now be calculated by the Stieltjes

formula

fξ(x) = − 1

π
lim

ε→0+
ImGξ(x + iε) =

1

2π

√

4t − (1 − x + t)2

x3 − x2 + (t − 1)x + 1
, where x ∈ [(1 −

√
t)2, (1 +

√
t)2].

By the relation (7) we can calculate, that

mξ(3) = t,

mξ(4) = 1 + t + t2,

mξ(5) = 3 t + 3 t2 + t3,

mξ(6) = 1 + 3 t + 9 t2 + 6 t3 + t4,

mξ(7) = 6 t + 18 t2 + 24 t3 + 10 t4 + t5

and the measureξ is not symmetric. Moreover,

Gξ(z) =
1

z − 1

z − t − t

z − 1 − t − t

z − 1 − t − t

z − 1 − t − . . .

.

�

A diagram of this measure fort = 1 is presented on the following figure, the vertical line indicates the atom.

Figure 1: Density of the central limit measure for the Poisson convolution
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Theorem 13 (Poisson limit theorem for theπ convolution) The Poisson measurepλ for the convolutionπ is equal to
the conditionally free Poisson law, i.e. is of the form

pλ = aδ0 + bδz0 + π̃λ,λ t

with

a =
1 − λ t

1 + λ − λ t
max(1 − λ t, 0),

b =
t z0 − λ

z0(1 − t)
max(λ(1 − t)2 − t, 0),

z0 = λ +
1

1 − t
,

π̃λ,λ t(x) =
1

2π x

√

4λ t − (x − (1 + λ t))2

x(t − 1) + (1 − λ t + λ)
.

Proof: Indeed, by the Theorem 9 we obtain

1

Gpλ
(z)

= z − R(pλ,πλ t)(Gπλ t
(z)),

and because of

Gπλ t
(z) =

z + 1 − λ t −
√

(z + 1 − λ t)2 − 4z

2z
,

we have

1

Gpλ
(z)

= z − 2λ z

z − 1 + λ t +
√

(z − 1 − λ t)2 − 4λ t
=

z(z − 1 − 2λ + λ t) + z
√

(z − 1 − λ t)2 − 4λ t

z − 1 + λ t +
√

(z − 1 − λ t)2 − 4λ t

=
4λ t z2 (z(t − 1) + 1 + λ − λ t)

2λ z

(

1 − λ t + (2t − 1) z +

√

(z − 1 − λ t)
2 − 4λ t

) .

Hence

Gpλ
(z) =

1 − λ t + (2t − 1) z +

√

(z − 1 − λ t)
2 − 4λ t

2z (z(t − 1) + 1 + λ − λ t)
,

andpλ is the conditionally free Poisson measureπλ,λ t. The continued fraction form ofGpλ
(z) can be found in [BLS].�

Remark 10 The coefficients of the continued fraction form of the Cauchytransform for the central and Poisson limit
measures of the convolutionsπ and ω are equal to the respective coefficients of the underlying measureϕ = π, ω
starting from the third level. Our hypothesis is that this property is a universal property of the convolutionϕ .
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[BLS] M.Bożejko, M.Leinert, R.Speicher, Convolution andlimit theorems for conditionally free random variables,Pa-
cific Journal of Mathematics,Vol. 175, No. 2 (1996), 357–388
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