Convolution associated with the free cosh—law
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Abstract

In this paper we consider the deformation of conditionatlefconvolution, connected with the free
cosh—law. Because that measure is freely infinitely dilésitve can define a new, associative convolution
using the theory from [KW]. We calculate the central and Baismeasure for that convolution and show
that the coefficients of the continued fraction form of thei€lay transform for the central and Poisson limit
measures of that convolution are equal to the respectiiid@eats of the underlying measure starting from
the third level.

1 Definitions

In this paper we continue the investigations on the coniarstarising from the conditionally free convo-
lution of Bozejko, Leinert and Speicher [BLS] through defations of the second measure. Those investi-
gations started with thie-deformation studied in the papers of Bozejko and WysiosizdBW1, BW2] and
Wojakowski [Wo]. This was generalized by Krystek and YoshikY]. Further examples were provided by
Oravecz [O1, 02] and Krystek and Wojakowski [KW]. In the ¢aitpaper, the authors introduced a family of
deformations depending on a selected compactly suppaeetyfinfinitely divisible measure, and proved
limit theorems in terms of properties of tRetransforms of the limiting measures. In this work we cadtel
the central and Poisson measures for the convolution dhiyethe free cosh—law, that is by the measure
with density

() = Y8 =X° dx

= 2n(xZ 4 1) XA T

The measur€, is infinitely divisible with respect to the free convoluti@md is a particular case of the
central measures for conditionally free convolution [BL¥hose measures were also considered by [BB]
and called free Meixner laws. It can be calculated that emeu’sRE—transform and Cauchy transform of
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the measuré are equal to

By 2z B z
RE) = e = e )
G (2) = d¢(x) 3z—vz2—38

¢ ZJ*JR z—x  2z2+1)

wherew is the Wigner law.
Let us start with the definition of the infinitely divisible fdemation and of the respective convolution
connected with the freeosh—law, see [KW] for details, definitions and theorems in mogaeyal cases:

Definition 1. Let ¢ be the freecosh—law andu any measure with compact support. Let us consider the
following mapy — DSy

DSH = Ct~REf(2)>

which depends on the second free cumulant of the megsand on the nonnegative parameteiFor s > 0
we understand by, the s—fold free convolution power @fhaving the followin(R®—transform:

RE (z) =s - RE(2).
Definition 2. For compactly supported probability measuresy we define theil-convolution by
pldv = (u, DEw) @ (v, DEv).

By a result of [KW] we have that the convoluti6is associative.

2 Central limit theorem

Theorem 1. Let u be a compactly supported probability measure on the rea iwith mean zero and
variance equal to 1. Let be the freecosh-law. Then the sequence

D, , rld.. . [dD; , gu
= (D, ynth DfID)Vmu). @D, ks DSDVNH)

is x - weakly convergent as — oo to the measuré, such that; = Dﬁat and

_
R(Et,ét](z) =z

The measuré, is absolutely continuous with density, (x)

o t/(4+4t—x2)
C2nxA (2 —t—2)x2+t+ 1

fe, (%) for x e |[—2vVt+1,2vVt+1].

Proof. Using the general central limit theorem from [KW] we obtaiat the limiting measuré&, satisfies
the relation

_
R(E.t,Ct)(Z) =z

Because of

-, _RHE —z—1.RE
Gilo RE(Ge (2) =z —t- R (G, (2)),

2t Ge, (2)

Z— )
Ge, (2) 14+1/1-4Gq, (2)2




we have the following expression for the Cauchy transfortmefmeasuré,
2+t)z— /12 (—4—4t+22)

2 (t2 +2z2) '
Using the relation between conditional transform and Cgui@nsforms we obtain

(2+t)z—/t? (22 —4t—4)
2 (t2 +22)

Gct (Z) =

:Z_Rat,Ct)(Gc‘- (Z)) =z

Ge, (2)
2(t2+22
Ge, (2) = —— ( )
(22 —t—=2)z4+223 + /t? (22 —4t—4)
(212 —t—2) z+22° — \/t? (22 —4t—4)

22+ (2 —t—2)z2 + 1 +1t)

The appropriate choice of the branch of a square root giviesinfor real z = x

tvxZ2—4t—4 forx > 2vt+1,
2 (22 —4t—4) = tVx2—4t—4 forx<-2vt+1,
itv4at+4—x2 for —2vt+T<x<2vVt+1.

We would like to find the atoms of the measutg that is the zeros of the denominator of the Cauchy
transform of the measu#ég . There is no atoms if either

(—t—2)°—4(1+t) <0, thatisfor te (0,3)
or
(tz—t—2)2—4(1+t)20, and (t?—t—2)>0 and (1+t)>0,
that is when
t > 3.

Thus we have atoms only far= 0.

By Proposition in chapteXIIIL.6 in [RS4] one can find that there is no singular parts of the omeds .
It follows from regularity properties o6 ¢, (z).

The densityf¢, (x), x € R of the absolute continuous part of the measiirean now be calculated by
the Stieltjes formula

| . .
fat(x)——%elrngJth(X-I—le).
Thus we obtain
1 ty/(4+4t—x?)

fe, (%) forxe[—Z\/t—l—LZ\/t—I—l :

Moreover we can calculate that the measiy®as the following continued fraction expansion

T2t (2 —t—2)x 2ttt

Ge, (2) =

A diagram of this measure far= 1 is presented on the following figure.
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Figure 1: Density of the central limit measure for the cogimvolution

3 Poisson limit theorem

Theorem 2. For A > 0 define for allN

A A
=(1—-—=1]5 —b N > 1.
UN < N> 0+N 1, >
Then we have
w* — lim (un, Depn) @, .. E (in, DERND = (P, ),
N— oo
where

_
R(D)\»C)\t)(z) -

1—-2

The absolutely continuous part of the measuxds given by

CAVEN (A4 4tA —x2)

for x € [=2V1 +At,2V1 + At
mQ(x)

fDA(X)
and where
Q(x) =2x" —x3 (4 + 4N+ 2tA)
32 (244N 2N+ 207 2N+ 288 A%) — 4 M x+ 28720
The measure, may have at most four atoms.

Proof. Using the fact that the limiting measupg is determined by the relation [KW]

A

R
1—2z

(DA»C)\t)(Z) =

)

and because of

22+ tzA—tAVzZ2 —4 — 4t
Gonu(2) = 222 4212 \2 ’

we obtain
1 2A (22 +t2A%)
Gy, (2) 2z2—z(z+t>\)+t7\(ztA+\/ZZ—4—4tA)'




Hence

222~z (24 tA) HtA (2t>\+\/m)
Gpn (2) = 223 22N —22 (24 24+ t) A) +tzA (2t>\+m)
222 =222 24+ A+tA) 4z (2420 + 2tA+ A2 4+ 22 A2)
Q(z)
tA2 (2t7\+M)
Q(z) ’

where

Qz) =22z —23 (44+4N+21tA)
+27 (24 ANF2EA 2N+ 2007 + 212 07) — 4P A3z 4 2470

The denominator of the Cauchy transform of the meagurenay have four simple real rooks, thus the
measure, has at most four atonts,; with respective weights. The actual dependence of atomwaigihts
onA andt is rather complicated.

The densityf,,, (x), x € R of the absolutely continuous part of the measguean now be calculated
by the Stieltjes formula

1 .
fpa(x) = —— lim 3Gy, (x+1ie)
AN (A4 4tA—x2)
mQ(x)

forx € [-2vT+At,2VT+At].
Moreover, we obtain the following continued fraction forfitloee Cauchy transform of the measuyrg

1
GDA (Z) =

z—AN—

z—1—
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