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Abstract

In this paper we study the properties of theleformation introduced in [B1].
We observe that the associated convolution coming from tmelitionally free
convolution is associative only for= 1 andr = 0. We give the realization of some
r—Gaussian random variables and obtain Haagerup—PisienHBlz type inequal-
ities. We also study another convolution defined with theaftbe r—deformation
through a moment—-cumulant formula [KY1] and show that itdsaxiative and in
general not positive.

Primary: 46L53, 46L54, Secondary: 60E10

keywords: Convolution, conditionally free, free convadut, boolean convolution,
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1 Introduction

In the conference paper [B1] Bozejko introduced for any neamber 0< r < 1 the
r—free product of states, using the conditionally free pmadfistates, see [BS], [BLS].
Forr =1 itreduces to the free product of states of Voiculescu [VBN] Avitzour [A],
for r = 0 to the Boolean product [BGS], [F], called regular free pratdn the paper
[B2].

In Section 2 we recall the necessary notions of honcomnvetptiobability along
with the definitions of the free, conditionally free and bear products and convolu-
tions.
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In Section 3 we study the properties of thaleformation of Bozejko in the context
of the convolutions and products. We observe thatrtifeee convolution of proba-
bility measures on the real line is not associative. Thigdde@ the definition of the
N—fold r—free product and convolution and of the iterated twofelffee product and
convolution, which can be iterated from the left or from tight. Using the combi-
natorial theory of cumulants, we also study another cortimiunterpolating between
the free convolution and Boolean convolution, caliédconvolution [KY1]. However,
we show that for < r < 1 this is an associative convolution of probability measure
which is not positive, i.e. in general its result can be astgmeasure, see Section 6.

In Section 4.1 we prove the central limit theorem and Poi¢istihtheorem for the
N—fold r—convolution and show that the central limit measure is tket&nh measure
Kr. Also an explicit formula of the Poisson measure is given.

In Section 4.2 we give the realization Nf-fold r—Gaussian random variables for
r > 0 and we obtain the Haagerup-Pisier-Buchholz type inetigslisee [B], [HP]. In
the case = 0 we obtain that the Boolean Gaussian random variables ameded op-
erators on a suitable Fock space and are completely isonedgptine row and column

operator space, i.e.
1/2 1/2
)

= max

N * N *
N N

In Section 4.3 we study thd—fold r—free product of states. We show that it has
the Voiculescu property: ifp(aj) = O for all j andaj € Ajj, i1 #iz2 # ... # in then
@(aia...an) =0.

In Section 5 we calculate the counterexamples which shotttibawofold iterated
convolution and product are not associative.

In Section 6 we show that the combinatorial approach giveexeint convolution,
which we callr*—convolution and denot&@. It is associative but is not positive. The
central and Poisson limit theorems for thieconvolution were proven in [B1] and
[KY1].

In Section 7 we also present some remarks concerningvtitenvolution intro-
duced by Bozejko [B1] and Yoshida [Y2]. This convolutiorpg@ds on positive defi-
nite sequence = (Ap). Ther—free convolution corresponds to the sequehice-r.
Again we show that thA—convolution is associative only £, = 0 orA, = 1, that is
when it reduces to the Boolean or free case.

.ia®%®)

2 Conditionally free convolution and product of states

In the papers [BLS], [BS] the authors present the conswnaif the conditionally free
products and convolutions. We recall their definitions asskeetial properties after
some basic facts on noncommutative probability theory [\®O]. Let A be a C—
algebra. By a state we understand a linear functignall — C of norm 1, which is
positive, i.e. satisfieg(xx*) > |@(x)|?. We shall call an)X € A a random variable, and
by the distribution of a selfadjoint variabk = X* we shall understand equivalently



either the sequence of momemtéX"), n=0,1,... or the corresponding compactly
supported measuge such that

+00
60 = [ X dux ().
Conversely, given a probability measyteon the real line with compact support, we
can consider a unital algebra= C(X) of polynomials in one variablX and a state
¢4 given by linear extension of

BuX) = [ du().
Definition 1 Let (Ai, @, ), i=1...,N, N=2,3,...c be a sequence of unit&l*—
algebras equipped with two states. L&be the algebraic free product of the algebras
Ai. The conditionally free product state

2z

®= ((n7‘~I—’I)

Il
N

is uniquely defined oA by the requirement that for any,a. .., &, such that g € Aj,
andip #i2 # ... #im and alsoy;, (a;, ) = 0 we have

®(ai; - 8ip) = P(&;) .. P(ayy,)-
Remark 1 The above definition has two special cases.

1. For ¢y = @it reduces to the definition of the free product: far,a .,a, such
thatg, € Aj, and iy #i2# ... #imand@, (&, ) = O we haved(a;, ...a,) =0.

2. Fory(1) =1, Y(a) =0, a# litreduces to the definition of the Boolean product:
forany a,,...,a, such that g € Aj,, a, #land iy #i> # ... # im We have
(@, - - &) = P(&y) ... P(aip,)-

Remark 2 For another model interpolating between those two specisés see [Len].
We shall use the following associativity lemma proved by tidéovski [M]
Lemma 1 Assume that {J;;1j is a partition of I. Then
(mw) B,
jed \lielj i€l

To define the conditionally free convolution of &atuple of pairs of probability mea-
sure§ 1, V1), ..., (Un, Vn) consider random variableg, . .., Xy such thak; € (Ai, ¢i, ¢)
andX; has distributiory; with respect tap; andv; with respect tal;. The equation for
moments of the conditionally free convolutipn= [N ; (1, vi) of thatN-tuple is the
following

— _ n



WhenN = 2 we shall use the notatidipi, v1)EI( L2, Vo).
In analogy to the free convolutiqm 8 1, which is linearized by the series of free
cumuIantsREE ( ) andREE ( ), the conditionally free convolutiofus, v1)E (g, Vo) is

linearized by pairs of sene( 1, (N),RE () and(RE, ,,(n),R(n)). These series

2,V2
are related to the respective measures by the moment—coifarlaulae

my, (n) = o (7)), (1)
rreNC r!
m=(Tt,...
My (n) = z M 2., (m) ] REmD. @)
neNC(n) n;outer minner
n=(mm,...,Tg)

where a blockr is called inner when there exist some other blegkvith a,b €
with the property thaa < p < bfor all p € r7. All blocks which are not enveloped in
such a way are called outer. Equivalently one can say that tdldcksr; have depth
d(r) =1 and innerg haved(rg) > 1.

The cumulants are associated to resped®ivgansforms, which are functions ana-
Iytic in a neighbourhood of zero through the relations

In terms of theR—transforms the relations (1) and (2) correspond to theviofig rela-
tions

Gy (2) =% i,Vi) (Gu(2), (3)
ﬁZREI(GVi(Z))v (4)

whereGy(z), ze C, 0(2) > 0 is the Cauchy transform of the measprgiven by

Gu(2) = [ -2 du(x).

Z—X

The moments of th&l—fold conditionally free convolution can be calculatednfro
the formula

N
— RS .
m“(n) rreNC mouter Lzl HiY |n{|)] m!:rler L; B OTED]

Let us also note, that for a pair of measufgs vi) formula (2) is equivalent to the
recursive definition of the conditionally free cumulaR§ ,, (k)

my; (n

||M:

Z R v (my, (1) ..y, (1) my (1) (5)
1, T>0

|1+ +|k n—k



The conditionally free convolution of pairs of measufgs v;) is a single measure
U, however, as noted in [BLS], if we associate to it the freevotution v = v H
--H vn, we obtain an associative convolution of pairs of measures. associativity
property allows us to reduce tiN-fold convolution to the binary convolution, thus

(1,v) = (i, vi), Bvi) = (pa, v1) @ (2, v2) - - E(Un, N).

3 Deformations

One application of the conditionally free convolution ofirgaof measures i, vi)
(and also of the corresponding product) is the construaifoconvolutions of single
measuregy; with the use of some transformatidn: i — v;. We call Ty the T—
deformation ofy;. We can thus define

-EZ

Il
N

p= ] i = (uhTu.)

m .z

This N—fold convolution is well described by the correspondingpaf series

(,T/Ji (n)v Rﬁll'aui (n))v
thus

N

Z | | 2 T )| .
Tr(eNC(n) mouter L “"T“' (Il ] i ner[zl T (| |)]
TT-

However, the possibility of reducing thé-fold convolution[T] to an iteration of
the pair convolutiof is a more delicate issue. Let us take= 3. We would like to
be able to ge-I 1 Mi by first calculatingy = p1[@ 2 and then by calculating @ us.
Thus

N = mmpe = (M, T ) C(H2, T o)

and

(n,€) = (MmO, Tu BT ).

Now, to proceed with the calculation gfftlus we have to perform the conditionally
free convolution

(N, TN)C (K3, T U3).

But the measur& n can be differentthad = T uy BT o, which is the second part of
the result of iy, T 1) CI(Uo, T o). In this way we see that such a reduction is possible
ifTn=TuBTL,.



Example In the case of the-deformatiorlJ; of Bozejko and Wysoczahski [BW1],
[BW2] (see also [W], [KW], [KY2], [Or]) this condition is s#dfied and the corre-
sponding convolutions of measures are associative.

Definition 2 In [B1] Bozejko introduced the r—deformation of measures and ofstate
Vel =r i+ (1—r)do,
with the corresponding convolution
Hafpe = (1, Vr ) E (L2, Vr L2)
called r-free convolution.

In contrast to the—deformatiorJ; of the previous example thre-deformationyv;
does not behave well in this application. Indeed, we havéaii@ving

Lemma 2 In general, for0 < r < 1there exist measurgs, t, such that
Ve (M@ p2) # Ve iy BV Lo,

Proof: Itis sufficient to show thatiffon=1,2,...

My, (ump) (n) = My, uBv; p (n)

holds theru is the Dirac mass at zero.
Forn=2 we have

My, (g (2) = 21 [y (1)% 4+ mu(2)|
My, v (2) = 2 [rmy (1) + mu(2)|
hence

my, ([.1/.1)(2> — My, uBv; IJ(Z) =2r(1- r)mu(]-)Zv

which impliesmy (1) = 0. Now, forn =4 we get

My, (ump) (4) =
=2 [(1-2r) mu(1)* = (=34 1) Mu(1°mu(2) + (14 1) mu(2)*+
+2 (L4 1) My (1) My (3) + m(4)|
=2r [(1+1) mu(2)° + my(4)]

My, v, p(4) =
=2r [—r3 my(1)* 4+ 2r2my (1)2my (2) + 2rmy (2)%+

+Army (1) my(3) + mu(4)|

=2r [Zrm“(2)2+ m“(4)} ;



hence

M, () (4) — M, i o (4) = 21 (1= 1) my(2)2.

Thus, we have seen tham, (1) = my(2) = 0, which completes the proof. O O
To see the consequences of the above lemma, let us consigentkasures;, i =
1,2,3 and try to convolve them. We start by doing the twofold cdation

(M2, Vy pa BV; ti2) = (1, Vi 1) D (H2, Vi Lh2) -

Then, to get the threefold convolutigpn we take

(Ve (@) BV; 43) = (U102, Ve (M@ H2)) (K3, Vr 1) -

However, sincé/, iy BV, W # V; (U1 M) in general, the measugeis not the same
as the result of

3

(MaVr i) =[] .

:1

T .oo

fi=

Moreover, we shall also see in Section 5 that the iteratesiviss convolutionu; [Mu»

is not associative, thus the need of introducing a jta(nd right ) version.
In [B1] a definition of another—convolution is given, which esentially consists in
extending the following lemma to a moment—cumulant formula

Lemma 1 (Lemma 7) For some function ugr) defined on noncrossing partitions and
appropriate cumulants RKk)

my, (n) = rudm ﬂlR*, |T|) = ﬂlc.,vru. I51).
neNC neNC J

r[:(nl,.... T=(7g,.. ,ﬂk)
One can then define the convolutigii L, by the requirement
Ry, (M) = Ry (M) + Ry, ()

and use the above cumulant—-moment formula to recover theemisnof the measure
. We shall see later that this convolution is of a differemdkthan the three
above.

4 The N—fold case

4.1 TheN-fold r-free convolution

In this section we will only consider thre-free convolution oN measures as

.EZ
Ez

||
=
||
=

Hi = [on] (i, Vi i)

~



Theorem 1 (Central limit theorem) Letu be a compactly supported probability mea-
sure on the real line with mean zero and variance equal to EnTthe sequence

N N
WNIDy it =[Oy i Vi Dy k)
is x-weakly convergent to the Kesten measyras N— co.

Remark 3 The Kesten distributior; has been calculated for instance in [BW2]. It
has a part absolutely continuous with respect to the Lebesgeasure, denoted and
forr < % a discrete park, with two atoms:

- 1 VAar —x2
Ky ~ 1112 (17r)X2X[—2ﬁ,2ﬁ](X)dX

K 1_2r(6 1 +5L) forr<}.

I T i == 2
Its Cauchy transform {(z) has a continued fraction representation
1
GKr (Z) = 1
Z_
r
Zf
r
Z_
r
Zf
z— "

Proof: The sequence df-fold [-convolution of the measune is of the form
N
pn=["NIDy, NH
1=

and bymy, ,(1) =0, my, 4(2) = r we obtain, that the sequenpg is *-weakly conver-
gent to the paifk;, w ), defined by a requiremel%(“—ir m(z) =z, wherewy denotes the
Wigner measure with varianeei.e. the measure with density

1
dwr (X) = z—m\/4r—x2x[_2ﬁ72m (x)dx.

Using the relation between the Cauchy transforms and theittomal cumulant trans-
form (3), (4) we obtain
1
Gk, (z

=2-Gu(2),

~—




hence

andk; is indeed the Kesten measure. O O

Remark 4 For r > 1 the Kesten measure is infinitely divisible with respect &fthe
convolution and it is the distribution of the fre@\y process with linear regressions
and quadratic condition variances, see [BB].

Problem 1 The limit measure in the central limit theorem is well defiaksb for r> 1.
However, the deformation,\ised to define the convolution is restricted to the case
0<r <1 Isitpossible to define also the convolution fas 11?

Theorem 2 (Poisson type limit theorem)For A > 0 define for all N

A A
= —_ — — > 1.
HN (1 N)60+N51, N>1
Then we have

N
im HN = (M A, Tkara)s

[
N—o i=
in the weaks« topology, and where

Th A :a50+b620+7-[)\,r}\

with

1-rA

8= T a—ra i-rA0)
r207)\ 2

b= maxA(1—r)°—r,0),
i A=)

1
=Mt

" 1 /&A= (x—(1+rA))?2
oA S D) + (@ TA T A))

andr, g is the conditionally free Poisson measure.



Remark 5 The Cauchy transform of the Poisson distributigy, 5 has the form

1—-z+2rz—rA— \/74r/\ +(1—z+rA)?

Gn“,\(z): 2Z(1+(r—1)z+A—rA)

hence it has a continued fraction representation

G”A,rA (2) =

Proof: By definition we have
A
Vi N = ( r—>60+r A,

hence using the general theory of [BLS] in the case A, B =r A we obtain, that the
limit measure i1 (y, ka1 a)- O O

Remark 6 The orthogonal polynomials associated with the above Baisseasure
have a nice recursion formula, i.e. the Jacobi coefficiest @@nstant for n> 1, see
also [SY].

4.2 Ther—Fock space and—Gaussian variables

In this section we are going to construct the simplest ratiim of r—Gaussian vari-
ables. In that realization we will obtain an interestingsslaf operator spaces. For
another realization see [W].

Let 3 be a realN—dimensional Hilbert spac®& € N and ¢ its complexifica-
tion.We define the algebraic free Fock space

F(H) =CQaPH"
n=1

We deform the scalar product as follows. For 0 andxn, yn € "

(X, Yn )y =" (X, yn> forn=1,2,3,...
(Q,Q),=(Q,Q)=

The completion off () with respect to the scalar product ), will be called ther—
Fock space and denot&d(H). It is an example of one-mode interacting Fock spaces

10



[AB]. For f € H we define the—creation operatar®(f) andr—annihilation operator
c(f) by
C*(f)X1®...®Xn =feX®...0Xn,
C(H)X®...0%n=r(f,X1)X%®...QXn,
c(fyxs=(f,x1)Q,

c(f)Q=0.
Lemma 3 Let f,g € H and let R be the projection onto the vacuuin Then we have
100 0 ..0
0r O 0
. 0 0r o 0
c(f)c(g)=(f,g)(Pa+r(1-Pa))=(f.9)| 0 0 0 r 0
0 00O r
Proof: For f,g e H andé € HZ", n> 1 we have
c(f)c(@é=r(f.9)¢,
and
c(f)c(gQ=(f,0)Q,
hence
c(f)c’(g)=(f,g)(Pa+r(1-Fy)).
Il Il
Lemma 4 Let f € H,r > 0. Then we have
e (D)l = lle(f)]| = [If]| max(1,v/T).
Proof: By the previous lemma we have
1000 ..0
Or 00 .. 0
. ,|] 00r o .. 0
c(He'H) =1t o 0o o r ... 0 [;
0 00O r
hence
1000 ..0
Or OO0 .. 0
i} ) 0O 0Or 0 ... 0 )
le(f) e ()l = IIF]l 00 0r ... 0 ||=IFf"maxr).
0 00O r

11



The fact that
le(H)e(F)ll = lle(H)]? = fle* ()|
ends the proof. O O

Lemmab Lete,...ey be an orthonormal basis &f(, r > 0. Then

N
I;c(a)c(a) =max1,r).
Proof: By the previous lemma we have
1 000 0
0Or 0O 0
N . 0 0r O 0
i;qmcmr: 00 9r 0 |-
00 0 0 r
hence
N X
I;c(a)c(a) =maxl,r).

(] (]

For anyf € H we define the correspondingGaussian variable by (f) =c*(f)+

c(f) and for a bounded operatdr on ¥, (H) we define the vacuum stap(T) =
(TQ,Q).

Remark 7 For arbitrary r > 0 we have
pr(ax (1)) = [ X'dk (%)
wherek; is the Kesten measure, as proved in [BW2].

Theorem 3 Let g,...ey be an orthonormal basis ¢f and w (6) = c*(e) +c(&).
For arbitrary matrices a€ My«n(C) (i=1,...,N, ne N) let
1/2)

N * N *
2,58 g8
1/2

1/2
b

H(ala"'aN)”max: max(

Then
1. Forr>0

N

2 &

= maX(L \/F)

N
.;§®€®)

12



2. Forr>0

(a1, an) llmax < Z‘a@wr )|| <2max1,vr) (&g, an) |l maxs
3. Forr=0
N
Za@®wo(a) = |l(a1,--an) I max-
i=
Proof:
1. Letustakel = TN a®c(e). Then
1 00 0..0
Or 00 ... O
N 0O 0r O . 0
= 5 aajoc(e) Zaua.® 0 00T ... 0
i,]=1 .
0O 00O r
Therefore
2 N
ITI*=TT = _Zlaaai‘ max(1,r),
1=
and hence
1/2
IT || = max(1, v7) || ,
1=
and by taking adjoints
1/2
Za ®ci(e)|| =|IT" = max3, \f)

which yields the inequality of our assertion.

2. Since for the vacuum state we have

priax (@) (ef)) = (w(a) w(g) Q,Q)=(w(e) Q, u(e) Q)
=(c(e)Q,c'(@)Q) = (e, &) =34

13



we obtain
2
>

N
_Zla@@)wr(a)

> sup

(p2pr)
@p—state orMp (C)

<iai®wr(a)>* (ia. ®m(a)>]
N N
N qo—stati%%/lﬂ@) ¢ (izlai* a|> B i;ai*ai .

Therefore we get

N N 1/2
avw@)| >y aa
i; i;
On the other hand
N N N 1/2
avw@|=)Yaowu(@)|> a
i; i; i;
and therefore
N
lZ&'@wr(a) > ||(a1;---aN)||max’
1=

and it yields the left inequality of the assertion. The rigigiquality follows from
the triangle inequality.

3. Now we shall consider the case= 0, i.e. the Boolean case. Sinfg(H) =
CQoHand

c(e)Q=8, c'(a)e=0,

therefore for the arbitrary matrices€ M,xn(C) we have

N a 0 O
aoc(e) = & 00
i; . Lo

[oNelNoNoNo)

ay 0 O
hence

N a O 0
a®w(@) =| @ 0 0
i; . .

oo oof

14



Therefore

sN, aa 0 0o .. 0
N 0 alai ala*g ala,:\,
TT =5 agoce)c(a)= 0 & &ay - &% |,
X= . . . . .
0 aya; ana, ... anay

which implies that

2 *
[T = [T T = max([[All [B])),

where
N
A:Za;af
i=
aya; aa; ... aray
apa] aay ... aa
aya; ana, ... anay
Because
aa; aay; ... aray a a ... & a O
apay agay ... axay O o0 ... O a 0
aya; ana, ... anay o o .. O ay O
we obtain
N
I8I=5 aa.
1=
which ends the proof.
O O

Remark 8 The estimation obtained in (2) is the best possible for.

Problem 2 Find the best possible estimation ok r < 1.

4.3 TheN-fold r-free product of states

Now we are going to recall a few facts about théree product of states.
Let Ai be non—unitak—-algebras with stateg t A — C. We consider the unital-
izationA; of Aj, i.e. Aj = Aj @ C1land extendg asq

@x+al)=a()+a.

15



For 0<r <1 we define a new statg = r(ﬁ +(1—r) &, whereg is the functional on
A defined as

& (x+al)=a.

Thenyj is als~o a state on the unital algebftaand we can form a conditionally free
product statep = x (qq, L,Ui) on the free product of algebras= *A; as

p(1)=1

and
¢(ar--an) = @, (a1).- @, (@n),

whenever; € A, i1F£ip#- - #ip andeij (aj) =0.The functionaIgB is a state ood.
Hence we also get a stage= @| 4 on the free product of non—unital algebrés= A;.
Definition 3 We call the state defined as above the r—free product of statesvrite
P=x*q.

From the construction we have the following properties:

1L ola=a

2. ifaj € Ajj,ip #i2# -+ #1n, then

ol(a— iy (A1) 1) (a2 — i, (32) 1) ... (@n — Yy (aiy) 1) =
= @l(a—r@, (a)1) (a2 — 1@, (a2)1)...(an — 1@, (an) 1)]
(1-1"q, (a1)--- @, (an),

or equivalently fom > 2

cp(alaz...an):chp(aj)(p(al...éj...an)+
]

—12y o(a)p(@) (... &...& - -an) +

i<)
+...+((_1)”+1r“+(1_r)”)(p(al)...(p(an). 6)

Remark 9 In the case when+ 0 we get the regular free (Boolean) product of states.
In the case = 1 this construction gives the Voiculescu free product oestat

Remark 10 Form the formula(6) one can see that the r—free product of states has
the Voiculescu property: ip(aj) =0 for all j and & € Aj;, i1 #iz2 # ... # in, then
p(aap...an) =0.

Lemma 6 Forag,ay € Aj,be Aj, i # j one has

@(atbag) = (1-r)@(ar) (b) p(az) +ro(b) p(a1ar) .

16



Proof: Takingay,a € Aj,b € Aj,i # j, we obtain

@(abag) = p(ay (b
(1)
)

—rg(b))az) +re(b) p(aaz)
® r
®(a
(1

p(b—ro(b))@(az) +re(b) p(aiay)
@(b) p(az) —re(ar) (b) p(az) +re(b) p(a1az)
—1o(a)@(b)p(a) +re(b)p(aay),

hence
@(arbap) = (1-1)p(a1) @(b) p(az) +re(b) p(a1a2).
O O

Example 1 Let G = Z be the additive group of integers and lgt C[Gj] — C, @ =1
fori=1,...,N. In this case

*C|[Gj] = C[Fn] andgp =@ = 1.

Indeed, leta e C[G;,|,by € C[Gj,],c3 € C[Gj;] and iy #ip #i3. If iy =i3 by Lemma 6
we have

p(ygapaz)=(1-r)+r=1

and for iy # i3 we obtaing(a; azaz) = 1 by equation(6). By induction, since
. o n
#(i,j),1<i<j<n}= (2)
#(,],0,1<i<j<k<n}= (g)

by equation(6) we obtain
p(aay.. —rch aj) @ ...a@n)+
—r Zcp a)e(a)e(a...&...a;---an)+
i<J

+...+(<—1>”“r“+<1 ") @(a)...9(an)
=rY1-r?y 14+ ()" (1"

i<)
- rn—rz(g) o (=DM )

=1-1-nN"+12-n"=1
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5 Iterated case

5.1 Iteratedr—free convolutions
Theorem 4 The iteratedr] convolution is associative if and only ir O orr = 1.

Proof: Below we calculate the first four moments of the meagurev:

Mymy (2) = 2my (1)my (1) +my(2) +my(2),

My (3) = (1= 1) ML) M (1) + mu(1)*my (2) | +
(24 1) [ma (1) my (2) + my(2) my (1)] +
+my(3) +my(3),

Mymy (4) = (2— 2r)[ (1) my (2) my (1 +m“(1)mv(1)mv(2)]+
+(2+2r)[m () v (3) + My (2) My (2) +my(3)my (1)] +
+(2— 4r) mu(1)2m, (1)%+
+(1+r>[ (1) V(2>+mu(2>mv(1>2}+
+my(4) +my(4).

Using the above relations we can calculate the fourth mowfehe measurg [0 v
w= (UMv)w:

M pmv)me(4) = (2—2r) [my (1) my (2) my (1) + my (1) my (2) me(1

+my

+ my
+(6—6r) my(
+(6+6n)my (1
+(6—4r—
+(
+(

T

[

ERERC
3
\./\_/i\/\\./
N
3
€
N
+
3
<
[y

I\)
N
N
3
=
|
e
3
<
<
|
e
N
3
€
—~
H
e
+
3
=
=
|
e
3
<
—~
H

mw(l)} +
) M (1)] +
) + My (1) Mgy (3) + my (2) my (2)+
2)+ mu(3>mv(1>+ mu( ) Mgy (1)+

~— ~—

6+4r +2r2

2+2r)[my(1

— —
=
—~ o~
[N
3
<
N
~
=
~—
+
=
—
N
~
3
<
—~
[N
~—

)
2my (1% + mu(l)zmw( + mv<1>2mw<1>2}
+(1+r1) [mu(l)sz(z) + My (1)?Me(2) + My (2) my (1)%+

M (2) M) + my(1) Me(2) + My (2) ma(1)%] +
+ My (4) + My (4) + Me(4).

Similarly one can get the moment,qymnw)(4). The difference between the two is
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equalto
M umv)mw(4) — Mumvme) (4) =
=21 (1) my(2) [my(2)° mo(2) — ma (1) me(1)*+
— Mu(2) Mu(1) + My (1) mu(2)]
and is not zero in general, unlass- 0 orr = 1. O O

Remark 11 The fact that the iterated r—free convolutions are not aego® implies
that no linearizing cumulants can exist for them.

The above remark means that it is very difficult to invesggainvolutions of long
sequences of probability distributions and their limits,jitais required for limit theo-
rems. Indeed, we have been unable to calculate the corréisgarentral limit theorem
measure or the Poisson limit measure.

5.2 lteratedr-free product of states
From Lemma 6 we obtain the following
Theorem 5 Unless r= 0, 1, the r—free product of states is not associative.
Proof: Takingay,ap € Aj,b1,by € Aj,c€ Ay i # j,i #K,j #Kk, we get
ay (bichyp) ap = (agbg) c(bpay)
and therefore, by Lemma 6
@ (a1 (bichp) @) = (1—r) @(a1) @(bichy) @(az) +re(bichky) ¢ (aa2)
=(1-ne(@)[(1-r)eb)e(c)p(b)+
+ro(c)o(bibz)] p(a) +
+r[(1-r)@(b1) @(c) p(b2) +r(c) p(b1by)] @ (anaz)
= (1—r)*@(a1) ¢ (a2) @ (b1) P (b2) p(c) +
+1(1-r)o(a1) (az) @(bib2) @(c)+
+r(1-r)@(a132) @(b1) @(b2) @(c) +
+12p(aq32) @ (bibg) (c).

On the other hand

@((arhy)c(bzaz)) = (1—1) @(arb1) @ (c) @ (b2a2) +ro(c) @ (abibraz)

=(1-re(a)e(@)e(b)e(b) e(c)+
+r(1—r)e(a1) @(az) @(bibz) @(c)+
+r?p(agaz) @ (bab2) 9 (c).
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Hence we the following equation must be satisfied

(1-1)*@(a1) @(a2) (b1) @(b2) @ () +1 (1—T) @(a1) P(a) @ (bib2) @ (c)
+1 (1 1) @(2182) @ (by) (b2) @ (C) + 129 (a1az) @ (biby) @ (C) =

= (1-1)@(a1) @(a) @ (by) @(b2) @(c) +1 (1 1) @(a1) p(az) @ (babz) (c)
+r2p(a12) @ (b1hp) @(c),

and we get a condition

(1-r)*@(ar) @(az) @(b1) @(b2) () +1 (1 - 1) p(a182) @(b1) @(b2) @ (c) =
= (1-1)@(a) @(a2) @(by) () @(c)

which gives
(1-rP=1-r, r(l—r)=0

hencer = 0, i.e. the product reduces to the boolean one, erl, i.e. the product
reduces to the free one. O O

6 r*—convolution

Ther*—convolutioria is defined through the moment—cumulant formula

my (n) = ruer |_|I s (17510), (7)

whereuc(m) = S cUC(B) is a suitable function on the set of non—crossing partition.
The cumulants of the convolution measué i, are defined by

Riyr, (M) = Ry, (N) + Ry, (),

and its moments are recovered by applying again the reléfiprit clearly is associa-
tive.

In [KY1], [Y2] the authors give an explicit formula of the fationuc(r) Let it be
a non-crossing partition. For a blo&k= {by,b,...,bg} with by <bp < ... < by
, defineuc(B) = #{bj € B:i > 1 andbj # bj_1 + 1}. For a non—crossing partitiort
defineuc(m) = S gcUC(B).

Lemma 7 For the function u¢mr) and appropriate cumulantsk)

m“i(n): UC I_I1 |T[J| Z rUC(H) I_IlvrIJl(“le)'
(n) 1=
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Proof: Let us start by observing the relation between moments ofasarey; and its
r—deformationV; y:

rmy(k) k>1
rn\/rll(k):{l g k=0
From the equation (5) one has
mﬂ. Z u.,Vr u. m\/r Hi (Il) ENLYAT (kal)mlli (Ik)
k— I1,...,[x>0

|1+ +|k n—k
n

=3 IR (M 1) (e a)m (1)
1 1g,...lk=0

Iy +..+l=n—k
— UC I—IIR*I |7TJ|
neNC
nm=(m,...,
for Ry, (k) = M 1 (K). O O
Remark 12 The moment—cumulant formyJd) has the following analytic counterpart

1 1-
G\ =z-Rj (rG“(z)Jr Tr)

Remark 13 For the pair (u,V, ) the above relation is equivalent to the relation be-
tween the Cauchy transforms and the conditional cumulamisiorm

Gul(z) - aVrIJ) (Gvu(2), (8)
ﬁ 7R‘?/3rll<GVru(Z>)a (9)

but for the pair(uv,V; uBV; v) as well as(umv,V, u BV, v) such connections are
no longer valid.

Remark 14 The fact that the R(n) cumulants do not arise as conditionally free cu-
mulants was first observed by Lehner [Leh].

We would like to prove now that the—convolution can produce sighed measures.
A sequence of a real numbesi, } is the moment sequence of some meaguifeand
only if Mp(ut) > 0 for alln € N, where

m M - Mha
Mn(“) = : : . 3
My Mhyy - Mpp

see [C], [S].

21



Theorem 6 The r*—convolution of arbitrary probability measure is positi¥and only
ifr=0orr=1.

Proof: First we will calculate a few moments of the measufgv. We have

Mygy (1) = my (1) +my (1)

Mumy (2) = 2my (1) My (1) +my(2) + my(2)

Myuay(3) = (1—r)my(1)my(1) [ V(1) +mu ] +

+(2+r1) [y (1) my(2) + my (2) my (1)] +
+my(3) +my(3)

My (4) = 2 (1= r2) [y (1) my(2) my (1) + my (1) my (1) my (2)] +
—2r (1) [mu (1) my (1) + my (1 my ()] +
+2(1+1) [my (1) my (3) +my(2) my (2) +my(3) my (1)] +
+(2—4r) my(1)?my (1)+
(L) [ M (1) mu(2) + mu(2) my (1)°] +
+my(4)+my(4).

With the above moments we can produce a counterexample@asjctilate: we take
the measureg = 3 (& + &), v =3 (5o+ 6721) and we obtain

13

3
A 8 25 253r 271r?

M = 5 -5
2A4) ° 3r 18&35r}:317r2 256 512 512
3— 1 7

ool oo =

forr e [253})‘{29809, 25334{298709} c [0,1]. The general case follows for instance by taking

the sequence of measungs= % <5o+ 5%) ,Un= % <6o+ 6,%1). Whenn — o we
obtainMz(uFvy) < O for allr € (0,1) hence the result is not a positive measure any
longer. 0 O

A diagram ofM,(urvs) is presented on the following figure.

The central limit theorem for this convolution was proveifBa] — the central limit
measure is measuyg, the Cauchy transform of which has the following continued
fraction form

Gy (2) = :
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0.2 0.4 0.6 0.8 1
-0. 0001}
-0. 0002}
-0. 0003/
-0. 0004/

- 0. 0005}

Figure 1:M; for ther*—convolution ofu andvs.

Remark 15 The measurgs, with periodic continued fraction can be obtained as the
central limit measure by considering interacting Fock sgmcsee [AB], in the case
when even parameters are equal to r and odd equal to 1.

Remark 16 For a rational r the measurg; can also be obtained by the construction
of regular graphs of Obata, see [HO], [Ob].

The Poisson measufR for the-convolution was given in the paper [KY1]. It
has the following form

Py (X) ~ ¢, (r)do+ ﬁ\/m\r —(x=(A+ 1))2)(% (x)dx,

where

2 _
6 () =1 1+/\+\/(/;r+1) 4)\r’

Ja(¥) =[A+1-2VAr,A +1+2VAr].

Itis probabilistic measure if and only if eithex< 1 orr > 1 and

Aef0,2r—1—/r2—rju2r—1++/r?2—r,oo].

7 A—convolution

In [B1] Bozejko also introduced a generalizatiorretieformation, called tha—defor-
mation. We are interested in deformatiofissuch that the moments of the measure
myv,; (K) are of the forrm,,,(0) = 1 and fork > 1

Mypu (k) =Dy my (k)a
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wherel, = [ X‘dw(x) are moments of some probability measure. In such a case
formula (5) is equivalent to

n k—1
mui(n):kzl I1,..%<21 Féﬁ:,VA/Ji(k)mlJi(Il)"'ml»li(lk—l>ml»1i(lk) JI:IIAIJ
l1+...4l=n—k
n k—1
:k; Il,.;kzl Rﬁi(k)mui('1)~--mui(|k—1)mui(|k)DA|j-
l1+...4l=n—k

Definition 4 We define th&—convolution by the formula

p1 @ o = (U1, Vaps)E( U2, Val2).

That convolution and related moment-cumulant formulaesveensidered in [Y2].
A special case whef, = 5", i.e. whenw = & which means tha¥/au = Dsu is a
dilation of the measurgl, was also discussed in [Y1]. To be precise, the moment—
cumulant formula is in the following form

k
my(n= Yy  wi(m) |‘|1R“i(|m-|>, (10)
imen)

where w{1) = [gc,Wt(B) and for the block = {vy,vz,...,vg|}

B -1

wt<B>{1” Byt 11 [BI22,

if |B=1
However, similarly as in the case of theconvolution we have the following:
Lemma 8 If for arbitrary measuresuy, L
Va (M@ H2) = Va (H1) BVA (L2),
thenA = (A,) withAy, =a"anda=0ora=1.

Proof: As in ther—case, it is sufficient to show that for some probability nueagt
and for some natural numbemwe have

My (uampe) (M) 7 My (v () (N)-
Assume the measugehas nonzero expectancy. We have
My o) (2) — My v ) (2) = 2ma ()% (—4F +42)

and we can see thaty, gy (2) = My, (v (2) if and only if —AZ + A, = 0. Be-
cause the sequendg is a sequence of moments of some probability meagyhe
condition—A% + Ay = 0 implies, thatw = &, for somea and/ = a*. But in this case

My, () (3) — My, (v () (3) = 2a° (1—a)my(1) (m“(l)z - mu(Z)) ;

which is nonzero unless= 0 ora= 1 and the proof is complete. 0 [0 Moreover,
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Theorem 7 The iterateddl convolution is associative only fdr = (Ap) with A, = a"
and a=0ora=1, i.e. for boolean and free convolution.

Proof: As in ther—case, it is enough to show, tha,m,)me(4) andm,gume) (4) are
different. The difference between the two is equal to

m(ulmv)lmw(A') — MyE(vEw) (4) =
2 (82 — ) my(2) [mu(2)° (1) — my (1) mu(2)°+
M (1) Mo(2) — My (2) Ma(1)]

and is nonzero in general, unless= A%. But in that casé\, = ak for some reah we
have

m(uv)w(s) — MyE(vAE®) (5) =
3 2 2
(1-aya® (my(1?-m(2)) [mo(1) (mu(1)? - mu(2)) +
—mu(1) (mu(1) - mu(2)],
which is nonzero unless= 0 ora= 1. O O
Problem 3 We can define another convolutipggd i, by the requirement
Ry (N) = Ry, (M) + R, ().

Thel is an example of this convolution for a specific choice of gguenced. We
have seen that in this special case the convolution prodpicdsbility measures only
when it reduces to the free or boolean convolution. We wakédtd know if any other
choice ofA would always give probability measures. However, we havdeen able
to come to a result and leave it as an open question.
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