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Marek Bożejko, Anna Krystek, Łukasz Wojakowski

Mathematical Institute, University of Wrocław,
pl. Grunwaldzki 2/4, 50-384 Wrocław, Poland

Fax: (+48) (71) 375 74 29
bozejko@math.uni.wroc.pl

Anna.Krystek@math.uni.wroc.pl
Lukasz.Wojakowski@math.uni.wroc.pl

March 29, 2005

Abstract

In this paper we study the properties of ther–deformation introduced in [B1].
We observe that the associated convolution coming from the conditionally free
convolution is associative only forr = 1 andr = 0. We give the realization of some
r–Gaussian random variables and obtain Haagerup–Pisier–Buchholz type inequal-
ities. We also study another convolution defined with the useof ther–deformation
through a moment–cumulant formula [KY1] and show that it is associative and in
general not positive.

Primary: 46L53, 46L54, Secondary: 60E10
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1 Introduction

In the conference paper [B1] Bożejko introduced for any real number 0≤ r ≤ 1 the
r–free product of states, using the conditionally free product of states, see [BS], [BLS].
Forr = 1 it reduces to the free product of states of Voiculescu [VDN]and Avitzour [A],
for r = 0 to the Boolean product [BGS], [F], called regular free product in the paper
[B2].

In Section 2 we recall the necessary notions of noncommutative probability along
with the definitions of the free, conditionally free and boolean products and convolu-
tions.
∗Partially sponsored with KBN grant no 2P03A00723 and RTN HPRN-CT-2002-00279

1



In Section 3 we study the properties of ther–deformation of Bożejko in the context
of the convolutions and products. We observe that ther–free convolution of proba-
bility measures on the real line is not associative. This leads to the definition of the
N–fold r–free product and convolution and of the iterated twofoldr–free product and
convolution, which can be iterated from the left or from the right. Using the combi-
natorial theory of cumulants, we also study another convolution interpolating between
the free convolution and Boolean convolution, calledr∗–convolution [KY1]. However,
we show that for 0< r < 1 this is an associative convolution of probability measures
which is not positive, i.e. in general its result can be a signed measure, see Section 6.

In Section 4.1 we prove the central limit theorem and Poissonlimit theorem for the
N–fold r–convolution and show that the central limit measure is the Kesten measure
κr . Also an explicit formula of the Poisson measure is given.

In Section 4.2 we give the realization ofN–fold r–Gaussian random variables for
r ≥ 0 and we obtain the Haagerup-Pisier-Buchholz type inequalities, see [B], [HP]. In
the caser = 0 we obtain that the Boolean Gaussian random variables are bounded op-
erators on a suitable Fock space and are completely isomorphic to the row and column
operator space, i.e.
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In Section 4.3 we study theN–fold r–free product of states. We show that it has
the Voiculescu property: ifφ (a j) = 0 for all j anda j ∈ Ai j , i1 6= i2 6= . . . 6= in then
φ (a1a2 . . .an) = 0.

In Section 5 we calculate the counterexamples which show that the twofold iterated
convolution and product are not associative.

In Section 6 we show that the combinatorial approach gives a different convolution,
which we callr∗–convolution and denoter∗. It is associative but is not positive. The
central and Poisson limit theorems for ther∗-convolution were proven in [B1] and
[KY1].

In Section 7 we also present some remarks concerning the∆–convolution intro-
duced by Bożejko [B1] and Yoshida [Y2]. This convolution depends on positive defi-
nite sequences∆ = (∆n). Ther–free convolution corresponds to the sequence∆n = r.
Again we show that the∆–convolution is associative only if∆n = 0 or ∆n = 1, that is
when it reduces to the Boolean or free case.

2 Conditionally free convolution and product of states

In the papers [BLS], [BS] the authors present the construction of the conditionally free
products and convolutions. We recall their definitions and essential properties after
some basic facts on noncommutative probability theory [VDN], [CO]. Let A be a C?–
algebra. By a state we understand a linear functionalφ : A→ C of norm 1, which is
positive, i.e. satisfiesφ(xx∗)≥ |φ(x)|2. We shall call anyX ∈A a random variable, and
by the distribution of a selfadjoint variableX = X∗ we shall understand equivalently
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either the sequence of momentsϕ(Xn), n = 0,1, . . . or the corresponding compactly
supported measureµX such that

ϕ(Xn) =

∫ +∞

−∞
xndµX(x).

Conversely, given a probability measureµ on the real line with compact support, we
can consider a unital algebraA = C(X) of polynomials in one variableX and a state
ϕµ given by linear extension of

ϕµ(Xn) =
∫ +∞

−∞
xndµ(x).

Definition 1 Let (Ai ,φi ,ψi), i = 1, . . . ,N, N = 2,3, . . .∞ be a sequence of unitalC?–
algebras equipped with two states. LetA be the algebraic free product of the algebras
Ai . The conditionally free product state

Φ =
N

CN

i=1
(φi ,ψi)

is uniquely defined onA by the requirement that for any ai1, . . . ,aim such that aik ∈Aik
and i1 6= i2 6= . . . 6= im and alsoψik(aik) = 0 we have

Φ(ai1 . . .aim) = Φ(ai1) . . .Φ(aim).

Remark 1 The above definition has two special cases.

1. For ψ = φ it reduces to the definition of the free product: for ai1, . . . ,aim such
that aik ∈Aik and i1 6= i2 6= . . . 6= im andφik(aik) = 0 we haveΦ(ai1 . . .aim) = 0.

2. Forψ(1)= 1, ψ(a)= 0, a 6= 1 it reduces to the definition of the Boolean product:
for any ai1, . . . ,aim such that aik ∈ Aik, aik 6= 1 and i1 6= i2 6= . . . 6= im we have
Φ(ai1 . . .aim) = Φ(ai1) . . .Φ(aim).

Remark 2 For another model interpolating between those two special cases see [Len].

We shall use the following associativity lemma proved by Młotkowski [M]

Lemma 1 Assume that I=
⋃

j∈J I j is a partition of I. Then

CN

j∈J

(

CN

i∈I j

(µi ,νi)

)

= CN

i∈I
(µi ,νi) .

To define the conditionally free convolution of anN-tuple of pairs of probability mea-
sures(µ1,ν1), . . . ,(µN,νN) consider random variablesX1, . . . ,XN such thatXi ∈ (Ai ,ϕi ,ψi)
andXi has distributionµi with respect toϕi andνi with respect toψi . The equation for
moments of the conditionally free convolutionµ = cN

N
i=1(µi ,νi) of thatN-tuple is the

following

mcN
N
i=1(µi ,νi)

(n) = mµ(n) = Φ((X1 +X2+ . . .+XN)n) .
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WhenN = 2 we shall use the notation(µ1,ν1) c (µ2,ν2).
In analogy to the free convolutionµ1 � µ2, which is linearized by the series of free

cumulantsR�
µ1

(n) andR�
µ2

(n), the conditionally free convolution(µ1,ν1) c (µ2,ν2) is
linearized by pairs of series(Rc

µ1,ν1
(n),R�

ν1
(n)) and(Rc

µ2,ν2
(n),R�

ν2
(n)). These series

are related to the respective measures by the moment–cumulant formulae

mνi (n) = ∑
π∈NC(n)

π=(π1,...,πk)

k

∏
l=1

R�

νi
(|πl |), (1)

mµi (n) = ∑
π∈NC(n)

π=(π1,...,πk)

∏
πl outer

Rc
µi ,νi

(|πl |) ∏
πl inner

R�

νi
(|πl |), (2)

where a blockπl is called inner when there exist some other blockπ j with a,b∈ π j

with the property thata < p < b for all p∈ πl . All blocks which are not enveloped in
such a way are called outer. Equivalently one can say that outer blocksπ j have depth
d(π j) = 1 and innerπl haved(πl) > 1.

The cumulants are associated to respectiveR–transforms, which are functions ana-
lytic in a neighbourhood of zero through the relations

R�

νi
(z) =

∞

∑
n=1

R�

νi
(n)zn−1,

Rc
µi ,νi

(z) =
∞

∑
n=1

Rc
µi ,νi

(n)zn−1.

In terms of theR–transforms the relations (1) and (2) correspond to the following rela-
tions

1
Gµi (z)

= z−Rc
(µi,νi)

(Gνi (z)) , (3)

1
Gνi (z)

= z−R�

νi
(Gνi (z)) , (4)

whereGµ(z), z∈C, ℑ(z) > 0 is the Cauchy transform of the measureµ given by

Gµ(z) =

∫

1
z−x

dµ(x).

The moments of theN–fold conditionally free convolution can be calculated from
the formula

mµ(n) = ∑
π∈NC(n)

π=(π1,...,πk)

∏
πl outer

[

N

∑
i=1

Rc
µi ,νi

(|πl |)
]

∏
πl inner

[

N

∑
i=1

R�

νi
(|πl |)

]

.

Let us also note, that for a pair of measures(µi ,νi) formula (2) is equivalent to the
recursive definition of the conditionally free cumulantsRc

µi ,νi
(k):

mµi (n) =
n

∑
k=1

∑
l1,...,lk≥0

l1+...+lk=n−k

Rc
µi ,νi

(k)mνi (l1) . . .mνi (lk−1)mµi (lk). (5)
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The conditionally free convolution of pairs of measures(µi ,νi) is a single measure
µ , however, as noted in [BLS], if we associate to it the free convolution ν = ν1 �

· · ·� νN, we obtain an associative convolution of pairs of measures.The associativity
property allows us to reduce theN–fold convolution to the binary convolution, thus

(µ ,ν) = ( cN (µi ,νi),�νi) = (µ1,ν1) c (µ2,ν2) c · · · c (µN,νN).

3 Deformations

One application of the conditionally free convolution of pairs of measures(µi ,νi)
(and also of the corresponding product) is the constructionof convolutions of single
measuresµi with the use of some transformationT : µi 7→ νi . We call Tµi the T–
deformation ofµi . We can thus define

µ =
N
TN
i=1

µi =
N
cN

i=1
(µi ,Tµi).

ThisN–fold convolution is well described by the corresponding pairs of series

(Rc
µi ,Tµi

(n),R�

Tµi
(n)),

thus

mµ(n) = ∑
π∈NC(n)

π=(π1,...,πk)

∏
πl outer

[

N

∑
i=1

Rc
µi ,Tµi

(|πl |)
]

∏
πl inner

[

N

∑
i=1

R�

Tµi
(|πl |)

]

.

However, the possibility of reducing theN–fold convolution TN to an iteration of
the pair convolutionT is a more delicate issue. Let us takeN = 3. We would like to
be able to getTN

3
i=1 µi by first calculatingη = µ1 T µ2 and then by calculatingη T µ3.

Thus

η = µ1 T µ2 = (µ1,Tµ1) c (µ2,Tµ2)

and

(η ,ξ ) = (µ1 T µ2,Tµ1 �Tµ2).

Now, to proceed with the calculation ofη T µ3 we have to perform the conditionally
free convolution

(η ,Tη) c (µ3,Tµ3).

But the measureTη can be different thanξ = Tµ1 �Tµ2, which is the second part of
the result of(µ1,Tµ1) c (µ2,Tµ2). In this way we see that such a reduction is possible
if Tη = Tµ1 �Tµ2.
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Example In the case of thet–deformationUt of Bożejko and Wysoczański [BW1],
[BW2] (see also [W], [KW], [KY2], [Or]) this condition is satisfied and the corre-
sponding convolutions of measures are associative.

Definition 2 In [B1] Bożejko introduced the r–deformation of measures and of states

Vr µi = r µi +(1− r)δ0,

with the corresponding convolution

µ1 r µ2 = (µ1,Vr µ1) c (µ2,Vr µ2)

called r-free convolution.

In contrast to thet–deformationUt of the previous example ther–deformationVr

does not behave well in this application. Indeed, we have thefollowing

Lemma 2 In general, for0 < r < 1 there exist measuresµ1,µ2 such that

Vr (µ1 r µ2) 6= Vr µ1 �Vr µ2.

Proof: It is sufficient to show that if forn = 1,2, . . .

mVr (µ r µ)(n) = mVr µ�Vr µ(n)

holds thenµ is the Dirac mass at zero.
Forn = 2 we have

mVr (µ r µ)(2) = 2r
[

mµ(1)2 +mµ(2)
]

mVr µ�Vr µ(2) = 2r
[

rmµ(1)2 +mµ(2)
]

,

hence

mVr (µ r µ)(2)−mVr µ�Vr µ(2) = 2r(1− r)mµ(1)2,

which impliesmµ(1) = 0. Now, forn = 4 we get

mVr (µ r µ)(4) =

= 2r
[

(1−2r) mµ(1)4− (−3+ r) mµ(1)2mµ(2)+ (1+ r) mµ(2)2+

+2 (1+ r) mµ(1)mµ(3)+mµ(4)
]

= 2r
[

(1+ r) mµ(2)2 +mµ(4)
]

mVr µ�Vr µ(4) =

= 2r
[

−r3mµ(1)4 +2r2mµ(1)2mµ(2)+2rmµ(2)2+

+4rmµ(1)mµ(3)+mµ(4)
]

= 2r
[

2rmµ(2)2 +mµ(4)
]

,
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hence

mVr (µ r µ)(4)−mVr µ�Vr µ(4) = 2r (1− r) mµ(2)2.

Thus, we have seen thatmµ(1) = mµ(2) = 0, which completes the proof. � �

To see the consequences of the above lemma, let us consider three measuresµi , i =
1,2,3 and try to convolve them. We start by doing the twofold convolution

(µ1 r µ2,Vr µ1 �Vr µ2) = (µ1,Vr µ1) c (µ2,Vr µ2) .

Then, to get the threefold convolutionµ , we take

(µ ,Vr (µ1 r µ2)�Vr µ3) = (µ1 r µ2,Vr (µ1 r µ2)) c (µ3,Vr µ3) .

However, sinceVr µ1 �Vr µ2 6= Vr (µ1 r µ2) in general, the measureµ is not the same
as the result of

µ̃ =
3
cN

i=1
(µi ,Vr µi) =

3
rN

i=1
µi .

Moreover, we shall also see in Section 5 that the iterated pairwise convolutionµ1 r µ2

is not associative, thus the need of introducing a left (
→
r ) and right (

←
r ) version.

In [B1] a definition of anotherr–convolution is given, which esentially consists in
extending the following lemma to a moment–cumulant formula.

Lemma 1 (Lemma 7) For some function uc(π) defined on noncrossing partitions and
appropriate cumulants R∗(k)

mµi (n) = ∑
π∈NC(n)

π=(π1,...,πk)

ruc(π)
k

∏
j=1

R∗µi
(|π j |) = ∑

π∈NC(n)
π=(π1,...,πk)

ruc(π)
k

∏
j=1

Rc
µi ,Vr µi

(|π j |).

One can then define the convolutionµ1 r∗ µ2 by the requirement

R∗µ1r∗µ2
(n) = R∗µ1

(n)+R∗µ2
(n)

and use the above cumulant–moment formula to recover the moments of the measure
µ1 r∗ µ2. We shall see later that this convolution is of a different kind than the three
above.

4 TheN–fold case

4.1 TheN–fold r-free convolution

In this section we will only consider ther–free convolution ofN measures as

N
rN

i=1
µi =

N
cN

i=1
(µi ,Vr µi).
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Theorem 1 (Central limit theorem) Letµ be a compactly supported probability mea-
sure on the real line with mean zero and variance equal to 1. Then the sequence

N
rN

i=1
D1/
√

Nµ =
N
cN

i=1
(D1/

√
Nµ ,Vr D1/

√
Nµ)

is ∗-weakly convergent to the Kesten measureκr as N→ ∞.

Remark 3 The Kesten distributionκr has been calculated for instance in [BW2]. It
has a part absolutely continuous with respect to the Lebesgue measure, denoted̃κr and
for r < 1

2 a discrete part̂κr with two atoms:

κ̃r ∼
1

2π
·
√

4r−x2

1− (1− r)x2 χ[−2
√

r,2
√

r](x)dx

κ̂r ∼
1−2r
2−2r

(

δ− 1√
1−r

+ δ 1√
1−r

)

for r <
1
2
.

Its Cauchy transform Gκr (z) has a continued fraction representation

Gκr (z) =
1

z− 1

z− r

z− r

z−
r

z− . . .

.

Proof: The sequence ofN-fold r -convolution of the measureµ is of the form

µn =
N
rN

i=1
D1/
√

Nµ

and bymVr µ(1) = 0, mVr µ(2) = r we obtain, that the sequenceµn is ∗-weakly conver-
gent to the pair(κr ,ωr), defined by a requirementRc

(κr ,ωr )
(z) = z, whereωr denotes the

Wigner measure with variancer, i.e. the measure with density

dωr(x) =
1

2π r

√

4r−x2χ[−2
√

r ,2
√

r ](x)dx.

Using the relation between the Cauchy transforms and the conditional cumulant trans-
form (3), (4) we obtain

1
Gκr (z)

= z−Gωr (z),

1
Gωr (z)

= z− rGωr (z) =
1

z−
r

z−
r

z− r

z− . . .

8



hence

1
Gκr (z)

=
1

z− 1

z− r

z−
r

z−
r

z− . . .

andκr is indeed the Kesten measure. � �

Remark 4 For r ≥ 1 the Kesten measure is infinitely divisible with respect to the free
convolution and it is the distribution of the free Lévy process with linear regressions
and quadratic condition variances, see [BB].

Problem 1 The limit measure in the central limit theorem is well definedalso for r> 1.
However, the deformation Vr used to define the convolution is restricted to the case
0≤ r ≤ 1. Is it possible to define also the convolution for r> 1?

Theorem 2 (Poisson type limit theorem)For λ > 0 define for all N

µN =

(

1− λ
N

)

δ0 +
λ
N

δ1, N≥ 1.

Then we have

lim
N→∞

N
rN

i=1
µN = (πλ ,r λ ,πr λ ,r λ ),

in the weak-∗ topology, and where

πλ ,r λ = aδ0 +bδz0 + π̃λ ,r λ

with

a =
1− r λ

1+ λ − r λ
max(1− r λ ,0),

b =
r z0−λ
z0(1− r)

max(λ (1− r)2− r,0),

z0 = λ +
1

1− r
,

π̃λ ,r λ (x)∼ 1
2π

√

4r λ − (x− (1+ r λ ))2

x(x(r−1)+ (1− r λ + λ ))
dx,

andπα ,β is the conditionally free Poisson measure.
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Remark 5 The Cauchy transform of the Poisson distributionπλ ,r λ has the form

Gπλ ,r λ (z) =
1−z+2r z− r λ−

√

−4r λ +(1−z+ r λ )2

2z(1+(r−1) z+ λ − r λ )

hence it has a continued fraction representation

Gπλ ,r λ (z) =
1

z−λ − λ

z−1− r λ − r λ

z−1− r λ − r λ

z−1− r λ− . . .

.

Proof: By definition we have

Vr µN =

(

1− r
λ
N

)

δ0 + r
λ
N

δ1,

hence using the general theory of [BLS] in the caseα = λ , β = r λ we obtain, that the
limit measure is(πλ ,r λ ,πr λ ,r λ ). � �

Remark 6 The orthogonal polynomials associated with the above Poisson measure
have a nice recursion formula, i.e. the Jacobi coefficient are constant for n> 1, see
also [SY].

4.2 Ther–Fock space andr–Gaussian variables

In this section we are going to construct the simplest realization of r–Gaussian vari-
ables. In that realization we will obtain an interesting class of operator spaces. For
another realization see [W].

Let H be a real,N–dimensional Hilbert space,N ∈ N andHC its complexifica-
tion.We define the algebraic free Fock space

F(H) = CΩ⊕
∞
⊕

n=1

H
⊗n
C

.

We deform the scalar product as follows. Forr ≥ 0 andxn,yn ∈H
⊗n
C

〈xn , yn 〉r = rn−1 〈xn , yn 〉 for n = 1,2,3, . . .

〈Ω , Ω〉r = 〈Ω , Ω〉= 1.

The completion ofF(H) with respect to the scalar product〈 , 〉r will be called ther–
Fock space and denotedFr(H). It is an example of one-mode interacting Fock spaces
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[AB]. For f ∈H we define ther–creation operatorc∗( f ) andr–annihilation operator
c( f ) by

c∗( f )x1⊗ . . .⊗xn = f ⊗x1⊗ . . .⊗xn,

c( f )x1⊗ . . .⊗xn = r 〈 f , x1 〉x2⊗ . . .⊗xn,

c( f )x1 = 〈 f , x1 〉Ω,

c( f )Ω = 0.

Lemma 3 Let f,g∈H and let PΩ be the projection onto the vacuumΩ. Then we have

c( f )c∗(g) = 〈 f , g〉 (PΩ + r(1−PΩ)) = 〈 f , g〉



















1 0 0 0 . . . 0
0 r 0 0 . . . 0
0 0 r 0 . . . 0
0 0 0 r . . . 0
...

...
...

...
. . .

...
0 0 0 0 . . . r



















.

Proof: For f ,g∈H andξ ∈H
⊗n
C

, n≥ 1 we have

c( f )c∗(g)ξ = r 〈 f , g〉ξ ,

and

c( f )c∗(g)Ω = 〈 f , g〉Ω,

hence

c( f )c∗(g) = 〈 f , g〉 (PΩ + r(1−PΩ)) .

� �

Lemma 4 Let f ∈H, r ≥ 0. Then we have

‖c∗( f )‖= ‖c( f )‖= ‖ f‖max(1,
√

r).

Proof: By the previous lemma we have

c( f )c∗( f ) = ‖ f‖2



















1 0 0 0 . . . 0
0 r 0 0 . . . 0
0 0 r 0 . . . 0
0 0 0 r . . . 0
...

...
...

...
. . .

...
0 0 0 0 . . . r



















,

hence

‖c( f )c∗( f )‖= ‖ f‖2

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥



















1 0 0 0 . . . 0
0 r 0 0 . . . 0
0 0 r 0 . . . 0
0 0 0 r . . . 0
...

...
...

...
. . .

...
0 0 0 0 . . . r



















∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

= ‖ f‖2max(1, r).
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The fact that

‖c( f )c∗( f )‖= ‖c( f )‖2 = ‖c∗( f )‖2

ends the proof. � �

Lemma 5 Let e1, . . .eN be an orthonormal basis ofH, r ≥ 0. Then
∥

∥

∥

∥

∥

N

∑
i=1

c(ei)c∗(ei)

∥

∥

∥

∥

∥

= max(1, r).

Proof: By the previous lemma we have

N

∑
i=1

c(ei)c∗(ei) =



















1 0 0 0 . . . 0
0 r 0 0 . . . 0
0 0 r 0 . . . 0
0 0 0 r . . . 0
...

...
...

...
. . .

...
0 0 0 0 . . . r



















,

hence
∥

∥

∥

∥

∥

N

∑
i=1

c(ei)c∗(ei)

∥

∥

∥

∥

∥

= max(1, r).

� �

For anyf ∈H we define the correspondingr–Gaussian variable byωr ( f ) = c∗( f )+
c( f ) and for a bounded operatorT on Fr(H) we define the vacuum stateρr(T) =
〈T Ω , Ω〉 .

Remark 7 For arbitrary r ≥ 0 we have

ρr(ωr ( f )n) =

∫

xndκr(x),

whereκr is the Kesten measure, as proved in [BW2].

Theorem 3 Let e1, . . .eN be an orthonormal basis ofH and ωr (ei) = c∗(ei)+ c(ei).
For arbitrary matrices ai ∈Mn×n(C) (i = 1, . . . ,N, n∈N) let

‖(a1, . . .aN)‖max = max





∥

∥

∥

∥

∥

N

∑
i=1

aia
∗
i

∥

∥

∥

∥

∥

1/2

,

∥

∥

∥

∥

∥

N

∑
i=1

a∗i ai

∥

∥

∥

∥

∥

1/2


 .

Then

1. For r > 0
∥

∥

∥

∥

∥

N

∑
i=1

ai⊗c∗(ei)

∥

∥

∥

∥

∥

= max(1,
√

r)

∥

∥

∥

∥

∥

N

∑
i=1

a∗i ai

∥

∥

∥

∥

∥

1/2

.

12



2. For r > 0

‖(a1, . . .aN)‖max≤
∥

∥

∥

∥

∥

N

∑
i=1

ai⊗ωr (ei)

∥

∥

∥

∥

∥

≤ 2max(1,
√

r)‖(a1, . . .aN)‖max,

3. For r = 0
∥

∥

∥

∥

∥

N

∑
i=1

ai⊗ω0(ei)

∥

∥

∥

∥

∥

= ‖(a1, . . .aN)‖max.

Proof:

1. Let us takeT = ∑N
i=1ai⊗c(ei). Then

T T∗ =
N

∑
i, j=1

ai a
∗
j ⊗c(ei)c∗(ej) =

N

∑
i=1

ai a
∗
i ⊗



















1 0 0 0 . . . 0
0 r 0 0 . . . 0
0 0 r 0 . . . 0
0 0 0 r . . . 0
...

...
...

...
. . .

...
0 0 0 0 . . . r



















.

Therefore

‖T‖2 = ‖T T∗‖=

∥

∥

∥

∥

∥

N

∑
i=1

ai a
∗
i

∥

∥

∥

∥

∥

max(1, r),

and hence

‖T‖= max(1,
√

r)

∥

∥

∥

∥

∥

N

∑
i=1

ai a
∗
i

∥

∥

∥

∥

∥

1/2

,

and by taking adjoints

∥

∥

∥

∥

∥

N

∑
i=1

a∗i ⊗c∗(ei)

∥

∥

∥

∥

∥

= ‖T∗‖= max(1,
√

r)

∥

∥

∥

∥

∥

N

∑
i=1

a∗i ai

∥

∥

∥

∥

∥

1/2

which yields the inequality of our assertion.

2. Since for the vacuum state we have

ρr(ωr (ei) ωr (ej)) =
〈

ωr (ei) ωr (ej) Ω , Ω
〉

=
〈

ωr (ej) Ω , ωr (ei) Ω
〉

=
〈

c∗(ej)Ω , c∗(ei)Ω
〉

=
〈

ej , ei
〉

= δi, j

13



we obtain
∥

∥

∥

∥

∥

N

∑
i=1

ai⊗ωr (ei)

∥

∥

∥

∥

∥

2

≥

≥ sup
φ−state onMn(C)

(φ ⊗ρr)

[(

N

∑
i−1

ai⊗ωr (ei)

)∗( N

∑
i−1

ai⊗ωr (ei)

)]

= sup
φ−state onMn(C)

φ

(

N

∑
i−1

a∗i ai

)

=

∥

∥

∥

∥

∥

N

∑
i=1

a∗i ai

∥

∥

∥

∥

∥

.

Therefore we get
∥

∥

∥

∥

∥

N

∑
i=1

ai⊗ωr (ei)

∥

∥

∥

∥

∥

≥
∥

∥

∥

∥

∥

N

∑
i=1

a∗i ai

∥

∥

∥

∥

∥

1/2

.

On the other hand
∥

∥

∥

∥

∥

N

∑
i=1

ai⊗ωr (ei)

∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

N

∑
i=1

a∗i ⊗ωr (ei)

∥

∥

∥

∥

∥

≥
∥

∥

∥

∥

∥

N

∑
i=1

ai a
∗
i

∥

∥

∥

∥

∥

1/2

and therefore
∥

∥

∥

∥

∥

N

∑
i=1

ai⊗ωr (ei)

∥

∥

∥

∥

∥

≥ ‖(a1, . . .aN)‖max,

and it yields the left inequality of the assertion. The rightinequality follows from
the triangle inequality.

3. Now we shall consider the caser = 0, i.e. the Boolean case. SinceF0(H) =
CΩ⊕H and

c∗(ei)Ω = ei , c∗(ei)ej = 0,

therefore for the arbitrary matricesai ∈Mn×n(C) we have

N

∑
i=1

ai⊗c∗(ei) =















0 0 0 . . . 0
a1 0 0 . . . 0
a2 0 0 . . . 0
...

...
...

. . . 0
aN 0 0 . . . 0















,

hence

N

∑
i=1

ai⊗ω0(ei) =















0 a∗1 a∗2 . . . a∗N
a1 0 0 . . . 0
a2 0 0 . . . 0
...

...
...

. . . 0
aN 0 0 . . . 0















.
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Therefore

T T∗ =
N

∑
i, j=1

ai a
∗
i ⊗c(ei)c∗(ei) =















∑N
i=1ai a∗i 0 0 . . . 0

0 a1a∗1 a1a∗2 . . . a1a∗N
0 a2a∗1 a2a∗N . . . a2a∗N
...

...
...

. . .
...

0 aN a∗1 aN a∗2 . . . aN a∗N















,

which implies that

‖T‖2 = ‖T T∗‖= max(‖A‖ ,‖B‖) ,

where

A =
N

∑
i=1

ai a
∗
i

B =











a1a∗1 a1a∗2 . . . a1a∗N
a2a∗1 a2a∗N . . . a2a∗N

...
...

. . .
...

aN a∗1 aN a∗2 . . . aN a∗N











.

Because

B =











a1a∗1 a1a∗2 . . . a1a∗N
a2a∗1 a2a∗N . . . a2a∗N

...
...

. . .
...

aN a∗1 aN a∗2 . . . aN a∗N











=











a∗1 a∗2 . . . a∗N
0 0 . . . 0
...

...
.. .

...
0 0 . . . 0





















a1 0 . . . 0
a2 0 . . . 0
...

...
.. .

...
aN 0 . . . 0











,

we obtain

‖B‖=

∥

∥

∥

∥

∥

N

∑
i=1

a∗i ai

∥

∥

∥

∥

∥

,

which ends the proof.

� �

Remark 8 The estimation obtained in (2) is the best possible for r≥ 1.

Problem 2 Find the best possible estimation for0 < r < 1.

4.3 TheN–fold r-free product of states

Now we are going to recall a few facts about ther–free product of states.
Let Ai be non–unital∗–algebras with statesφi : Ai → C. We consider the unital-

izationÃi of Ai , i.e. Ãi = Ai⊕C1 and extendφi asφ̃i

φ̃i (x+ α1) = φi (x)+ α.

15



For 0≤ r ≤ 1 we define a new stateψi = rφ̃i +(1− r)δi , whereδi is the functional on
Ãi defined as

δi (x+ α1) = α.

Thenψi is also a state on the unital algebraÃi and we can form a conditionally free
product statẽφ = ∗

(

φ̃i ,ψi
)

on the free product of algebras̃A = ∗Ãi as

φ̃ (1) = 1

and

φ̃ (a1 · · ·an) = φ̃i1 (a1) . . . φ̃in (an) ,

whenevera j ∈Ai j , i1 6= i2 6= · · · 6= in andψi j (a j) = 0. The functionalφ̃ is a state onÃ.

Hence we also get a stateφ = φ̃ |A on the free product of non–unital algebrasA = ∗Ai .

Definition 3 We call the state defined as above the r–free product of statesand write
φ = ∗rφi .

From the construction we have the following properties:

1. φ |Ai = φi

2. if a j ∈Ai j , i1 6= i2 6= · · · 6= in, then

φ̃ [(a1−ψi1 (a1)1)(a2−ψi2 (a2)1) . . . (an−ψin (ain)1)] =

= φ̃ [(a1− rφi1 (a1)1)(a2− rφi2 (a2)1) . . . (an− rφin (an)1)]

= (1− r)n φi1 (a1) · · ·φin (an) ,

or equivalently forn≥ 2

φ (a1a2 . . .an) = r ∑
j

φ (a j)φ (a1 . . . ǎ j . . .an)+

− r2 ∑
i< j

φ (ai)φ (a j)φ (a1 . . . ǎi . . . ǎ j · · ·an)+

+ . . .+
(

(−1)n+1 rn +(1− r)n
)

φ (a1) . . .φ (an) . (6)

Remark 9 In the case when r= 0 we get the regular free (Boolean) product of states.
In the case r= 1 this construction gives the Voiculescu free product of states.

Remark 10 Form the formula(6) one can see that the r–free product of states has
the Voiculescu property: ifφ (a j) = 0 for all j and aj ∈ Ai j , i1 6= i2 6= . . . 6= in, then
φ (a1a2 . . .an) = 0.

Lemma 6 For a1,a2 ∈Ai ,b∈A j , i 6= j one has

φ (a1ba2) = (1− r)φ (a1)φ (b)φ (a2)+ rφ (b)φ (a1a2) .
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Proof: Takinga1,a2 ∈Ai ,b∈A j , i 6= j, we obtain

φ (a1ba2) = φ (a1(b− rφ (b))a2)+ rφ (b)φ (a1a2)

= φ (a1)φ (b− rφ (b))φ (a2)+ rφ (b)φ (a1a2)

= φ (a1)φ (b)φ (a2)− rφ (a1)φ (b)φ (a2)+ rφ (b)φ (a1a2)

= (1− r)φ (a1)φ (b)φ (a2)+ rφ (b)φ (a1a2) ,

hence

φ (a1ba2) = (1− r)φ (a1)φ (b)φ (a2)+ rφ (b)φ (a1a2) .

� �

Example 1 Let Gi = Z be the additive group of integers and letφi : C[Gi ]→C, φi ≡ 1
for i = 1, . . . ,N. In this case

∗C[Gi ] = C[FN] andφ = ∗rφi ≡ 1.

Indeed, let a1 ∈C[Gi1],b2 ∈C[Gi2],c3 ∈C[Gi3] and i1 6= i2 6= i3. If i1 = i3 by Lemma 6
we have

φ (a1a2a3) = (1− r)+ r = 1

and for i1 6= i3 we obtainφ (a1a2a3) = 1 by equation(6). By induction, since

#{(i, j),1≤ i < j ≤ n}=

(

n
2

)

#{(i, j,k),1≤ i < j < k≤ n}=

(

n
3

)

. . .

by equation(6) we obtain

φ (a1a2 . . .an) = r ∑
j

φ (a j)φ (a1 . . . ǎ j . . .an)+

− r2 ∑
i< j

φ (ai)φ (a j)φ (a1 . . . ǎi . . . ǎ j · · ·an)+

+ . . .+
(

(−1)n+1 rn +(1− r)n
)

φ (a1) . . .φ (an)

= r ∑
j

1− r2 ∑
i< j

1+ . . .+(−1)n+1 rn +(1− r)n

= rn− r2
(

n
2

)

+ . . .+(−1)n+1 rn +(1− r)n

= 1− (1− r)n+(1− r)n = 1.
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5 Iterated case

5.1 Iterated r–free convolutions

Theorem 4 The iteratedr convolution is associative if and only if r= 0 or r = 1.

Proof: Below we calculate the first four moments of the measureµ r ν:

mµ r ν(2) = 2mµ(1)mν (1)+mµ(2)+mν(2),

mµ r ν(3) = (1− r)
[

mµ(1)mν(1)2 +mµ(1)2mν(1)
]

+

+(2+ r)
[

mµ(1)mν(2)+mµ(2)mν(1)
]

+

+mµ(3)+mν(3),

mµ r ν(4) = (2−2r)
[

mµ(1)mµ(2)mν (1)+mµ(1)mν (1)mν(2)
]

+

+(2+2r)
[

mµ(1)mν (3)+mµ(2)mν (2)+mµ(3)mν (1)
]

+

+(2−4r) mµ(1)2mν(1)2+

+(1+ r)
[

mµ(1)2mν(2)+mµ(2)mν(1)2
]

+

+mµ(4)+mν(4).

Using the above relations we can calculate the fourth momentof the measureµ
→
r ν

→
r

ω = (µ r ν) r ω :

m(µ r ν) r ω (4) = (2−2r)
[

mµ(1)mµ(2)mν(1)+ mµ(1)mµ(2)mω (1)+

+ mµ(1)mν(1)mν(2)+ mµ(1)mω (1)mω(2)+

+ mν (1)mν(2)mω (1)+ mν(1)mω(1)mω(2)]+

+(6−6r) mµ(1)mν(1)mω(1)2+

+(6+6r) mµ(1)mν(1)mω(2)+

+
(

6−4r−2r2)
[

mµ(1)mν(1)2mω(1)+ mµ(1)2mν(1)mω(1)
]

+

+
(

6+4r +2r2)[mµ(1)mν(2)mω(1)+ mµ(2)mν(1)mω (1)
]

+

+(2+2r)
[

mµ(1)mν(3)+ mµ(1)mω (3)+ mµ(2)mν(2)+

+ mµ(2)mω(2)+ mµ(3)mν(1)+ mµ(3)mω (1)+

+ mν (1)mω(3)+ mν(2)mω (2)+ mν (3)mω(1)]+

+(2−4r)
[

mµ(1)2mν(1)2 + mµ(1)2mω(1)2 + mν(1)2mω(1)2
]

+

+(1+ r)
[

mµ(1)2mν(2)+ mµ(1)2mω(2)+ mµ(2)mν (1)2+

+ mµ(2)mω(1)2 + mν(1)2mω(2)+ mν(2)mω (1)2
]

+

+mµ(4)+mν(4)+mω(4).

Similarly one can get the momentmµ r (ν r ω)(4). The difference between the two is
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equal to

m(µ r ν) r ω (4)−mµ r (ν r ω)(4) =

= 2r (1− r) mν(1)
[

mµ(1)2mω(1)−mµ(1)mω(1)2+

−mµ(2)mω (1)+mµ(1)mω (2)
]

,

and is not zero in general, unlessr = 0 or r = 1. � �

Remark 11 The fact that the iterated r–free convolutions are not associative implies
that no linearizing cumulants can exist for them.

The above remark means that it is very difficult to investigate convolutions of long
sequences of probability distributions and their limits, as it is required for limit theo-
rems. Indeed, we have been unable to calculate the corresponding central limit theorem
measure or the Poisson limit measure.

5.2 Iterated r-free product of states

From Lemma 6 we obtain the following

Theorem 5 Unless r= 0,1, the r–free product of states is not associative.

Proof: Takinga1,a2 ∈Ai ,b1,b2 ∈A j ,c∈Ak, i 6= j, i 6= k, j 6= k, we get

a1(b1cb2)a2 = (a1b1)c(b2a2)

and therefore, by Lemma 6

φ (a1 (b1cb2)a2) = (1− r)φ (a1)φ (b1cb2)φ (a2)+ rφ (b1cb2)φ (a1a2)

= (1− r)φ (a1)
[

(1− r)φ (b1)φ (c)φ (b2)+

+ rφ (c)φ (b1b2)
]

φ (a2)+

+ r
[

(1− r)φ (b1)φ (c)φ (b2)+ rφ (c)φ (b1b2)
]

φ (a1a2)

= (1− r)2 φ (a1)φ (a2)φ (b1)φ (b2)φ (c)+

+ r (1− r)φ (a1)φ (a2)φ (b1b2)φ (c)+

+ r (1− r)φ (a1a2)φ (b1)φ (b2)φ (c)+

+ r2φ (a1a2)φ (b1b2)φ (c) .

On the other hand

φ ((a1b1)c(b2a2)) = (1− r)φ (a1b1)φ (c)φ (b2a2)+ rφ (c)φ (a1b1b2a2)

= (1− r)φ (a1)φ (a2)φ (b1)φ (b2)φ (c)+

+ r (1− r)φ (a1)φ (a2)φ (b1b2)φ (c)+

+ r2φ (a1a2)φ (b1b2)φ (c) .
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Hence we the following equation must be satisfied

(1− r)2 φ (a1)φ (a2)φ (b1)φ (b2)φ (c)+ r (1− r)φ (a1)φ (a2)φ (b1b2)φ (c)

+ r (1− r)φ (a1a2)φ (b1)φ (b2)φ (c)+ r2φ (a1a2)φ (b1b2)φ (c) =

= (1− r)φ (a1)φ (a2)φ (b1)φ (b2)φ (c)+ r (1− r)φ (a1)φ (a2)φ (b1b2)φ (c)

+ r2φ (a1a2)φ (b1b2)φ (c) ,

and we get a condition

(1− r)2 φ (a1)φ (a2)φ (b1)φ (b2)φ (c)+ r (1− r)φ (a1a2)φ (b1)φ (b2)φ (c) =

= (1− r)φ (a1)φ (a2)φ (b1)φ (b2)φ (c)

which gives

(1− r)2 = 1− r, r (1− r) = 0

hencer = 0, i.e. the product reduces to the boolean one, orr = 1, i.e. the product
reduces to the free one. � �

6 r∗–convolution

Ther∗–convolutionr∗ is defined through the moment–cumulant formula

mµi (n) = ∑
π∈NC(n)

π=(π1,...,πk)

ruc(π)
k

∏
j=1

R∗µi
(|π j |), (7)

whereuc(π) = ∑B∈π uc(B) is a suitable function on the set of non–crossing partition.
The cumulants of the convolution measureµ1 r∗ µ2 are defined by

R∗µ1r∗µ2
(n) = R∗µ1

(n)+R∗µ2
(n),

and its moments are recovered by applying again the relation(7). It clearly is associa-
tive.

In [KY1], [Y2] the authors give an explicit formula of the functionuc(π) Let π be
a non-crossing partition. For a blockB = {b1,b2, . . . ,b|B|} with b1 < b2 < .. . < b|B|
, defineuc(B) = #{bi ∈ B : i > 1 andbi 6= bi−1 + 1}. For a non–crossing partitionπ
defineuc(π) = ∑B∈π uc(B).

Lemma 7 For the function uc(π) and appropriate cumulants R∗(k)

mµi (n) = ∑
π∈NC(n)

π=(π1,...,πk)

ruc(π)
k

∏
j=1

R∗µi
(|π j |) = ∑

π∈NC(n)
π=(π1,...,πk)

ruc(π)
k

∏
j=1

Rc
µi ,Vr µi

(|π j |).

20



Proof: Let us start by observing the relation between moments of a measureµi and its
r–deformationVr µi :

mVr µ(k) =

{

rmµ(k) k≥ 1,

1 k = 0.

From the equation (5) one has

mµi (n) =
n

∑
k=1

∑
l1,...,lk≥0

l1+...+lk=n−k

Rc
µi ,Vr µi

(k)mVr µi (l1) . . .mVr µi (lk−1)mµi (lk)

=
n

∑
k=1

∑
l1,...,lk≥0

l1+...+lk=n−k

r#{l j 6=0, j=1,··· ,k−1}Rc
µi ,Vr µi

(k)mµi (l1) . . .mµi (lk−1)mµi (lk)

= ∑
π∈NC(n)

π=(π1,...,πk)

ruc(π)
k

∏
j=1

R∗µi
(|π j |),

for R∗µi
(k) = Rc

µi ,Vr µi
(k). � �

Remark 12 The moment–cumulant formula(7) has the following analytic counterpart

1
Gµ(z)

= z−R∗µ

(

rGµ(z)+
1− r

z

)

.

Remark 13 For the pair (µ ,Vr µ) the above relation is equivalent to the relation be-
tween the Cauchy transforms and the conditional cumulant transform

1
Gµ(z)

= z−Rc
(µ,Vr µ)

(

GVr µ(z)
)

, (8)

1
GVr µ(z)

= z−R�

Vr µ
(

GVr µ(z)
)

, (9)

but for the pair(µ r∗ ν,Vr µ �Vr ν) as well as(µ r ν,Vr µ �Vr ν) such connections are
no longer valid.

Remark 14 The fact that the R∗µ(n) cumulants do not arise as conditionally free cu-
mulants was first observed by Lehner [Leh].

We would like to prove now that ther∗–convolution can produce signed measures.
A sequence of a real numbers{mn} is the moment sequence of some measureµ if and
only if Mn(µ)≥ 0 for all n∈N, where

Mn(µ) =

∣

∣

∣

∣

∣

∣

∣

∣

∣











m0 m1 · · · mn

m1 m2 · · · mn+1
...

...
...

mn mn+1 · · · m2n











∣

∣

∣

∣

∣

∣

∣

∣

∣

,

see [C], [S].
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Theorem 6 The r∗–convolution of arbitrary probability measure is positiveif and only
if r = 0 or r = 1.

Proof: First we will calculate a few moments of the measureµ r∗ ν. We have

mµ r∗ν(1) = mµ(1)+mν(1)

mµ r∗ν(2) = 2mµ(1)mν (1)+mµ(2)+mν(2)

mµ r∗ν(3) = (1− r)mµ(1)mν(1)
[

mν(1)+mµ(1)
]

+

+(2+ r)
[

mµ(1)mν(2)+mµ(2)mν(1)
]

+

+mµ(3)+mν(3)

mµ r∗ν(4) = 2
(

1− r2)[mµ(1)mµ(2)mν(1)+mµ(1)mν(1)mν (2)
]

+

−2r (1− r)
[

mµ(1)mν (1)3 +mµ(1)3mν(1)
]

+

+2(1+ r)
[

mµ(1)mν (3)+mµ(2)mν (2)+mµ(3)mν (1)
]

+

+(2−4r) mµ(1)2mν(1)2+

+(1+ r)
[

mµ(1)2mν(2)+mµ(2)mν(1)2
]

+

+mµ(4)+mν(4).

With the above moments we can produce a counterexample easy to calculate: we take

the measuresµ = 1
2 (δ0 + δ2) , ν = 1

2

(

δ0 + δ− 1
2

)

and we obtain

M2(µ) =

∣

∣

∣

∣

∣

∣

1 3
4

13
8

3
4

13
8 3− 3r

16
13
8 3− 3r

16
183−35r+17r2

32

∣

∣

∣

∣

∣

∣

=
25
256
− 253r

512
+

271r2

512
< 0

for r ∈
[

253−
√

9809
542 , 253−

√
9809

542

]

⊂ [0,1]. The general case follows for instance by taking

the sequence of measuresµ = 1
2

(

δ0 + δ 2
r+1

)

, νn = 1
2

(

δ0 + δ− r
2n

)

. Whenn→ ∞ we

obtainM2(µ r∗ νn) < 0 for all r ∈ (0,1) hence the result is not a positive measure any
longer. � �

A diagram ofM2(µ r∗ ν5) is presented on the following figure.
The central limit theorem for this convolution was proven in[B1] – the central limit

measure is measureµr , the Cauchy transform of which has the following continued
fraction form

Gµr (z) =
1

z− 1

z− r

z−
1

z−
r

z− . . .

.
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-0.0001

Figure 1:M2 for ther∗–convolution ofµ andν5.

Remark 15 The measureµr with periodic continued fraction can be obtained as the
central limit measure by considering interacting Fock spaces, see [AB], in the case
when even parameters are equal to r and odd equal to 1.

Remark 16 For a rational r the measureµr can also be obtained by the construction
of regular graphs of Obata, see [HO], [Ob].

The Poisson measurePr
λ for the r∗–convolution was given in the paper [KY1]. It

has the following form

Pr
λ (x)∼ cλ (r)δ0 +

1
2πr |x|

√

4λ r− (x− (λ +1))2χJr,λ (x)dx,

where

cλ (r) = 1− 1+ λ +
√

(λ +1)2−4λ r
2r

,

Jr,λ (x) = [λ +1−2
√

λ r,λ +1+2
√

λ r].

It is probabilistic measure if and only if eitherr ≤ 1 or r > 1 and

λ ∈ [0,2r−1−
√

r2− r]∪ [2r−1+
√

r2− r,∞].

7 ∆–convolution

In [B1] Bożejko also introduced a generalization ofr–deformation, called the∆–defor-
mation. We are interested in deformationsV∆ such that the moments of the measure
mV∆µ(k) are of the formmV∆µ(0) = 1 and fork≥ 1

mV∆µ(k) = ∆k mµ(k),
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where∆k =
∫

R
xkdω(x) are moments of some probability measure. In such a case

formula (5) is equivalent to

mµi (n) =
n

∑
k=1

∑
l1,...,lk≥1

l1+...+lk=n−k

Rc
µi ,V∆µi

(k)mµi (l1) . . .mµi (lk−1)mµi (lk)
k−1

∏
j=1

∆l j

=
n

∑
k=1

∑
l1,...,lk≥1

l1+...+lk=n−k

R∆
µi

(k)mµi (l1) . . .mµi (lk−1)mµi (lk)
k−1

∏
j=1

∆l j .

Definition 4 We define the∆–convolution by the formula

µ1 ∆ µ2 = (µ1,V∆µ1) c (µ2,V∆µ2).

That convolution and related moment-cumulant formulae were considered in [Y2].
A special case when∆n = sn, i.e. whenω = δs which means thatV∆µ = Dsµ is a
dilation of the measureµ , was also discussed in [Y1]. To be precise, the moment–
cumulant formula is in the following form

mµi (n) = ∑
π∈NC(n)

π=(π1,...,πk)

wt(π)
k

∏
j=1

R∆
µi

(|π j |), (10)

where wt(π) = ∏B∈π wt(B) and for the blockB = {v1,v2, . . . ,v|B|}

wt(B) =

{

∏|B|−1
i=1 ∆vi+1−vi−1 if |B| ≥ 2,

1 if |B|= 1.

However, similarly as in the case of ther–convolution we have the following:

Lemma 8 If for arbitrary measuresµ1,µ2

V∆ (µ1 ∆ µ2) = V∆ (µ1)�V∆ (µ2) ,

then∆ = (∆n) with ∆n = an and a= 0 or a = 1.

Proof: As in ther–case, it is sufficient to show that for some probability measure µ
and for some natural numbern we have

mV∆(µ ∆ µ)(n) 6= mV∆(µ)�V∆(µ)(n).

Assume the measureµ has nonzero expectancy. We have

mV∆(µ ∆ µ)(2)−mV∆(µ)�V∆(µ)(2) = 2mµ(1)2(−∆2
1+ ∆2

)

and we can see thatmV∆(µ ∆ µ)(2) = mV∆(µ)�V∆(µ)(2) if and only if−∆2
1 + ∆2 = 0. Be-

cause the sequence∆n is a sequence of moments of some probability measureω , the
condition−∆2

1 + ∆2 = 0 implies, thatω = δa for somea and∆k = ak. But in this case

mV∆(µ ∆ µ)(3)−mV∆(µ)�V∆(µ)(3) = 2a3(1−a) mµ(1)
(

mµ(1)2−mµ(2)
)

,

which is nonzero unlessa = 0 ora = 1 and the proof is complete. � � Moreover,
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Theorem 7 The iterated∆ convolution is associative only for∆ = (∆n) with ∆n = an

and a= 0 or a = 1, i.e. for boolean and free convolution.

Proof: As in ther–case, it is enough to show, thatm(µ ∆ ν) ∆ ω(4) andmµ ∆ (ν ∆ ω)(4) are
different. The difference between the two is equal to

m(µ ∆ ν) ∆ ω(4)−mµ ∆(ν ∆ ω)(4) =

2
(

∆2−∆2
1

)

mν(1)
[

mµ(1)2mω(1)−mµ(1)mω (1)2+

+mµ(1)mω(2)−mµ(2)mω(1)
]

,

and is nonzero in general, unless∆2 = ∆2
1. But in that case∆k = ak for some reala we

have

m(µ ∆ ν) ∆ ω (5)−mµ ∆(ν ∆ ω)(5) =

(1−a) a3
(

mν(1)2−mν(2)
) [

mω (1)
(

mµ(1)2−mµ(2)
)

+

−mµ(1)
(

mω(1)2−mω(2)
)]

,

which is nonzero unlessa = 0 ora = 1. � �

Problem 3 We can define another convolutionµ1 ∆∗µ2 by the requirement

R∆
µ1 ∆∗µ2

(n) = R∆
µ1

(n)+R∆
µ2

(n).

The r∗ is an example of this convolution for a specific choice of the sequence∆. We
have seen that in this special case the convolution producesprobability measures only
when it reduces to the free or boolean convolution. We would like to know if any other
choice of∆ would always give probability measures. However, we have not been able
to come to a result and leave it as an open question.
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[B2] Bożejko, M.: Positive definite functions on free groupand noncommutative
Riesz product. Boll. Unione Mat. Ital. Serie VI5 A(1), 13–21 (1986)

25
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