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Abstract

Distributional fixed points of a Poisson shot noise transform (for non-
negative, non-increasing and bounded by 1, response functions) are char-
acterized. The tail behavior of fixed points is described. Typically they
have either exponential moments or their tails are proportional to a power
function, with exponent greater than minus one. The uniqueness of fixed
points is also discussed. Finally it is proved that in most cases fixed points
are absolutely continuous, apart from the possible atom at zero.

Key words: Shot noise transform - fixed points - regular variation -
renewal theorem - absolute continuity- infinite divisibility - Banach Con-
traction Principle.

2000 Mathematics Subject Classification. Primary 60E07; Secondary
60K 05

1 Introduction and main results.

Throughout the paper P+ denotes the set of all Borel probability measures on
non-negative half-line RT™ = [0,00) and &, € P* denotes the measure concen-
trated at @ > 0. Further, A¢\(t) = Z;\g(t) &t > 0, denotes a compound
Poisson process. Here {;’s are independent and identically distributed copies
of an R*-valued random variables £ (random jumps) which are also indepen-
dent of the standard Poisson process Ny (t),t > 0, with the intensity parameter
0 < A < co. Finally, 7/s, 4= 1,2, ..., denote the arrival times (the Poisson flow)
in process Ny(t). We assume that all random variables are defined on a fixed
probability space (Q2, F,P).

For a Borel measurable response function h : (0,00) — [0, 00) it is easy to show
that random series

Z@-h(n—) < oo almost surely iff /OO E[1 A h(s)€]lds < oo. (1)
0

i=1



This follows from the Lévy-Khintchine formula for non-negative infinitely divis-
ible distributions. Furthermore, in (1) we also have convergence in distribution
and in probability; cf. e.g. Iksanov and Jurek (2002) for even more general
situation. On the domain P;" of convergence of (1), that is

Primtuets [T [ A henldsutdy) < )

we define the Poisson shot noise transform (in short: SNT ) Ty, 5 : P;7 — PT
as follows

Tha(£(8)) = £ (2 fih(Ti)> =L (/OOO h(s)dAE,)\(S)) ; (2)

where a parameter A\ > 0 is fixed and £(-) denotes the probability distribution
of a random variable in question.
In other words, (2) is a limiting distribution of a shot noise process given by

t t

X(t) =Y &hlt —m) :/ h(t — s)dA¢ x(s) i/ h(s)dAe A(s),
i<t 0 0

where 7% means the equality in distribution.

There are a lot of papers dealing with both theoretical and application fea-
tures of the shot noise processes. Here we refer only to Vervaat (1979) and
Bondesson (1992, Section 10) as they are the most appropriate references for
our needs; cf. also Tksanov and Jurek (2002).

The purpose of this paper is to study non-zero distributional fixed points
of the SNT Tj », i.e., distributions of &’s that are invariant under the Tp .
Explicitly, these are solutions to the following measure equation

p=Thx(n), (3)

where p = L£(£). For a given response function h, we will investigate the exis-
tence and the uniqueness of non-zero solutions to (3). Furthermore, we will show
that in most cases those solutions are absolutely continuous with an exception
of an atom at the origin.

In terms of the Laplace-Stieltjes transforms ¢ p, of £ (or the characteristic
functions ¢ j, or the moment generating functions ¢¢,,(when exist)) we have
that = £(§) 1is a fixed point of the SNT T,  if and only if

Vrn(s) =exp ()\ /Ooo(gok,h(sh(u)) - l)du) k=L,C,G. (4)

In the sequel, we omit the index h and simply write ¢x(s), k= L,C,G.

In what follows we will assume that the response function A is right-continuous
and non-increasing. As it was shown by Vervaat (1979, p.768) (cf. also Bon-
desson (1992, p.155)) this assumption does not restrict the generality. Also we



exclude response functions h of the form h(u) = 1, 4)(u), for some a > 0, where
14(u) is the indicator function of set A, as they do not admit non-zero fixed
points; see Lemma 3.1 below. All response functions h will be chosen from the
following set

H = {h:his non-increasing, right continuous, h(z) <1,
and b # 1y, for some a > 0}.
For our purposes below we will use a decomposition H = HpsUHyps, Where
Hps, Hups consist of response functions of bounded and unbounded support,

respectively. Furthermore, in order to study the uniqueness of fixed points of
the SNT we need to restrict the class H as follows

Huniq = Hbs ) {h S Hubs :

if / h*(u)du = X' for some o € (0, 1] then
0
/ A (u)du < oo for some A € (0,a)}. (5)
0

Note that for h € Hps the condition (5) is automatically satisfied.

In order to consider fixed points with some moment conditions we introduce
the following three subclasses of measures. Namely, for 1 < § < 2, m > 0,
0<a<1,5=35(,m) >0 (an exact description of 5 is in Section 3) and for
Euler I' function, we define

Pr(s,m):={peP: /0C><J zp(dz) = m, /000 2’ p(dz) < oo},

P (6,m,5) :={ue P / zp(dr) = m,/ exp(sz)p(dr) < oo for 0 < s <3},
0 0
m
(1 —a)}'

Here are the main results about 1) the existence and uniqueness and 2)
absolute continuity of non-zero fixed points of the SNT.

Ut (aym) = {p € P+ lim 2*u((w,00)) =

Theorem 1.1 Let h € H. Then
a) the SNT T}, » has non-zero fized point if and only if

)\/OO h*(uw)du =1 for some « € (0,1]. (6)
0

b) If (6) holds for o = 1 then, for each m, the SNT Ty, 5 restricted to P} (5, m)
has a unique fized point p.. In fact, p. € 73h+(5, m,3) and is the weak limit of
iterations (T}, \p)nen, independent of the choice of p € P (5,m).



c¢) If (6) holds for 0 < a < 1 then, for each m, the SNT Ty, x restricted to
Ut (e, m) has a unique fized point given by the equality

o o (2, 00) :/ Sa(xt ™% 00 uy(dz), x>0, (7)
0

where in (7), So is the strictly stable positive distribution with the index of
stability o and . is the fized point for The x, with mean m, given in part b).
Moreover, (i o 15 the weak limit of the iterations (TZ,)\P)neN; independent of the
choice of p € U (a,m), where m = [ zp. (dz) < oo.

d) If, additionally, h € Hyniq then the SNT Ty x, on 73;', has no other fixed
points than those described in parts b) and c).

As far as the absolute continuity of fixed points is concerned we have the
following result.

Theorem 1.2 i) The fized points of the SNT Ty x: pis, for h € Hyniq, and
Lo, given by (7), for h € H, are absolutely continuous except a possible atom
at zero.

it) A fized point has an atom at zero iff h € Hps. Furthermore, the mass
q € (0,1) of the atom is the unique solution to the equation exp(—Aa(l—2x)) = z,
where ap, = a = sup{u > 0: h(u) > 0}.

iii) Probability densities of pus.o’s are of the class C*. If h € Hys then the prob-
ability densities of p.’s, on (0,00), are continuous and moreover continuously
differentiable up to the order [d], where [d] denotes the integer part of d and
d > 1 is such that \q foa h=%(u)du < 1.

Here are some additional comments regarding the fixed points of the SNT.

Remark 1.1 The characteristic functions of fized points p. € 73;'(5, m,S) are
analytic functions. Therefore, the fixed points are completely determined by their
moments.

Remark 1.2 Let r.v.’s £*, £ and strictly a-stable process Sy (t) have the fol-
lowing distributions: p. = L(€*), pea = L(E), Sa = L(Sa(1)), respectively.

Then the equality (7) can be expressed as follows : & 4 S, (1)ext/ 4 Sa(€F).

Remark 1.3 For h € H\Huniq satisfying (6) may exist fived points pin, o €
(0, 1] which are not covered by Theorem 1.1(b,c). Although we have some doubts,
our approach has not allowed us to exclude that possibility. But if they do ezist,
then these fized points still would have the tail behavior described in Lemma
3.8(b). Hence by Tauberian Theorem (cf. Bingham, Goldie, Teugels (1989),
Corollary 8.1.7) we would have :

’ d
for a = 1, QEILH;OW = 1; and for a € (0,1), zlirrgom =1,
where L(x), l(x) are slowly varying at oo and do not tend to finite limits as

T — OQ.



Our research on a general class H of response functions was motivated by
some specific examples. One of them is given below and for others see Remark
2.1.

Example 1.1 Let h(u) := exp(—u). Then the fized points of the SNT exist if
and only if A < 1. These are positive Linnik distributions with tails
pan(z,00) = > (=B)FaM/T(1 4+ Mk), >0, 5>0,
k=0

and the Laplace-Stieltjes transforms

/000 exp(—zz) e (dx) = (1+ 821) 7%

cf. ITksanov(2001). (For partial results c¢f. Bondesson(1982), Jayakumar, Pil-
lai (1996) and Lin(2001)). Furthermore, we have p.x = L(Sx(&1)), where
Sx(t) is a strictly stable subordinator with index X\, and L(&1) = pw1. In other
words, positive Linnik distribution is the distribution of strictly stable subordina-
tor evaluated at exponential random time. Such distributions are usually called
geometric strictly stable laws. Comp. Remark 1.2 and Theorem 1.1(c).

We complete this section with a list of notations and conventions used
throughout the paper.

First, here is a list of abbreviations:
"LT”("LST”)-Laplace (-Stieltjes) transform, “ch.f.”-characteristic function,
"m.g.f.”-moment generating function, "r.v.”- random variable,
"ID”- infinitely divisible, ”c.m.”-completely monotone, “a.s.”-almost sure(ly),
"SN”- shot-noise, ”(1.)r.h.s”-(left-) right-hand side.

Secondly, with a pair (A h), where h € H and /\fooo h(u)du = 1, we will
associate:

i) fixed points . of the SNT T}, 5 that are described in Theorem 1.1 and
ii) a probability measure pj defined by

pn(dz) == =Azh™ (dz),

where A" is the right-continuous and non-increasing generalized inverse function
of h given as follows h™(z) := inf{u : h(u) < z} for z < h(0T) and 0, otherwise.
The measure py, is concentrated on [h(a™), h(07)] C [0, 1], where

ap, :=sup{u > 0 : h(u) > 0}, and pj, has no atom at zero. Cf. Remark 3.1.
Note that for a non-negative Borel measurable function g we have

h(0T) 00
[ gtwpntan =x [ gthts)nts)ds.
h(a;) 0

Finally, ¢ will denote random variables such that £(¥) = pp; ¢} , 05 , & be
the LST, ch.f. and m.g.f. of p., respectively.

Similarly, for each pair (A, h), where h € H and A [;~ h*(u)du = 1 for some
a € (0,1), we will write p. o for fixed points of T\ and ¢} , , 9& 4y PG .o for
their LST, ch.f. and m.g.f., respectively.



2 Some auxiliary results.

Let us define shot noise transforms in a more general framework than is needed
in what follows and derive some of their general properties.

Consider a multidimensional Poisson shot noise transform Tp, x : Pff — P9
defined for fixed A in the same manner as in (2), that is

Tar(£(©) = £ (Z @»h(m) —o( [ noi). ®

with the only difference being that P? is the set of all probability measures on
the Borel subsets of R, h : (0,00) — R, &;’s are copies of an R¢valued random
vector &, and

P = A€ P fuu [y~ LA TR(s)llyllldsp(dy) < oo}.

The definition of P{ is explained in Corollary 4.1 of ITksanov and Jurek
(2002), where in essence it was proved that a pair (h,§) is in the domain of the
SNT Tj, », i.e., the series or integral in (8) converge a.s. (or in probability or
in distribution) if and only if [;°E(1 A |h(s)[||¢||)ds < co. This implies that
convergence in (8) is independent of A and more importantly

if Tpa(L(€)) exists then lim h(s) =0, provided £ is not 0 a.s.

§— 00

Distributional fixed points of the SNT T}, » are laws ”solving” an equation

p=Tu(p),

where p = L(£). Of course, L(£) is a fixed point of the SNT whenever £(c€) is,
where c is an arbitrary constant.

Furthermore, if ¢,(2), 2z € R? denotes the ch.f.(Fourier transform) of a ran-
dom vector 7 then we have

b1, 0 (2e)(2) = exp </OOC logqﬁAg,A(l)(h(S)Z)dS) =
exo (3 [loetno2) - 1) = e ([T ioetnisn e - 1ias) . 0)

Hence, without loss of a generality, we could assume A = 1 or otherwise change
the scale in the response function h. However, in some places of this paper
the presence of A in the model under consideration is essential. Taking this
into account and in order to preserve a unified approach everywhere the above
mentioned possibility will not be used here.

(From (9), for any ¢ > 0, we have

(L ghtr)e = £ hopdaeates) = (3 hlri /),



which means among others that (multidimensional) Poisson shot noise distribu-
tions are ID.

Further in terms of ch.f.’s we have that p = £(€) is a fixed point of the SNT
Thﬁ)\ if

b¢(2) = exp (A | octuis)o) - 11ds) |

for all z € R% From the above it follows that fixed points u are ID without
shifts and Gaussian parts, and thus are completely characterized by their Lévy
spectral measures M. In particular, if d = 1 then

M{(dz) = A/OOO 1(dzh(w), 00)du

Above we use term ”shift” in the context of representation of Lévy processes
with bounded variation paths; c¢f. Gihman and Skorohod (1975), Chapter IV.1,
Theorems 7 and 8. In the general Lévy-Khintchine representation shifts are of

the form Iz
T
/\/ /Rdl—i—hz iz ||2,u e(dz)ds < 0.

Some application of our criterions are given below.

Remark 2.1 a) If h(s) := 1jg,q)(s), for some a > 0, and pu is fived point of Ty »
then p = do (delta measure at zero) a.s., for any A > 0. There are no non-zero
fized points (see our Lemma 3.1 for one-dimensional case).

b) If h(s) := e~ ® then fized points u, or more precisely ch.f.’s ¢¢(.) of random
vectors & with L(§) = p are characterized as the solutions to the Bernoulli
differential equation xdy/dx — \y? + Ay = 0 with initial condition y(0) = 1 (see
Ezample 1.1 for more details on the line).

¢) If h(s) == s~ a > 1 then changing variable in (9) leads to formula ¢¢(z) =
expl—ca.x|2|Y/ ], where cq \ is a positive constant. So, it would require L(€) to
be stable distribution with index 1/« but it is not in the domain of the SNT for
h(s) := s~ because E||¢||"/* = oo ; ¢f. Iksanov and Jurek (2002, p.12). Thus
there are no fized points .

Let us recall here that the integrability of sub-multiplicative functions of an
ID random vector is equivalent to the integrability of the function in question
with respect to the corresponding Lévy spectral measure. Suppose
g : R4 — [0,00) is sub-multiplicative, i.e., for some constant ¢ > 0 we have
g(z +1) < cg(x)g(y), for all z,y € R%, and let n be an ID random vector with
the Lévy spectral measure N. Then

Elg(n)] < oo iff A N () <o

Of course 1 can be replaced by any positive number. Examples of functions g
include: g1(z) = exp(al|z|P),0 < p < 1,a > 0; g2(x) = 2P(2 + [[z][?), p > 0;
g3(x) = 2+ log(1 + ||z]|); cf e.g. Jurek & Mason (1993), Chapter 1, p. 35-36.



Consequently, for any p > 0 and any fixed point p = £(€) of the SNT T}, »
we have

E[ll¢]l”] < oo iff / ()P () P dsP(dw) < oo,
{(s,w):|h(s)]||E(w)[|>1}

Since 1A [A(s)*[[§(wl* < LA RIS @) < [A(s)[[E(w)I] < 1V [A(s)[P[[E(w)]]P,
for p > 1, therefore from Iksanov and Jurek (2002) we may conclude that
h € Li(ds) and £ € L1(Q,P) imply that series and integral in (8) converge a.s.
Similarly we have h € L,(ds) and £ € L,(Q,P) imply that (8) is well-defined.
Furthermore, the infinite series converges in Ly-norm. In particular for p =1,
we have

E[;@hmﬂ — E[g] / h(s)ds. (10)

We now return to the basic assumptions for this paper as they were described
in Section 1, and give two more auxiliary lemmas.

Lemma 2.1 a) If E&; < 0o and [ h(u)du < oo then the series (1) converges
a.s. Moreover, EY 72| &h(r;) = AE& [ h(u)du.

b) Let h be a positive bounded function such that the series (1) converges. Then
E¢Y < oo, p > 1, implies E (30, &h(mi))’ < oo,

Part a) follows from the discussion above formula (10). Part b) is a partial
case of Samorodnitsky (1998, Section 2).

Let us recall that a positive and measurable function L, defined in some
neighborhood of zero, is said to be slowly (or regularly with index p) varying
at zero if for all y > 0,

)
z—+0 L(x)

=1 (or y” for a fixed real p).

Here are some of basic properties of those functions that are used later on .

Lemma 2.2 a)If L is slowly varying at zero and § > 0 then (1) mlinﬁox‘;L(x) =
, . Llzy)
0 () Jim Gt
b)(Monotone Density Theorem). If for some c € R, p >0 F(x) = [, f(u)du ~
~ cxPL(z), x — +0 where f is monotone in some right neighborhood of zero,
then f(x) ~ cpxP~tL(x),  — +0.

c) If in (b) cp > 0 then the converse assertion holds true without assumption
on monotonicity.

=1 locally uniformly in y on (0,00).

We refer to Bingham, Goldie, Teugels (1989), where are studied behaviour
at infinity. However, note that if {(z) is slowly varying at infinity then [(1/x) is
slowly varying at zero.



3 Tail behavior of fixed points and the proof of
Theorem 1.1.

It is always assumed tacitly that the probability space (2, F,P) is large enough
to accommodate independent copies of r.v.’s and to guarantee existence of iter-
ates of the SNT Ty, .

We begin with some lemmas that explain our choice of the space H of response
functions.

Lemma 3.1 For h(u) = 1pq)(u), with fived a > 0, and for any A > 0, the
SNT Ty » has no non-zero fized points.

Proof. ;From (4), if ¢, is the LST of a fixed point then
or(z) = exp(—)\agl — ¢r(2))). Hence differentiation gives [¢r(2)] =
= dapr(2)[er(z)] and this implies that the fixed point is §p. m

Lemma 3.2 If h € H wanishes on half-line [c,00), ¢ > 0, and is positive,
otherwise, and the SNT T}, » has non-zero fized point then Ac > 1.

Proof. Let p # §p with the LST ¢, be a fixed point. Then

o1(s) = exp (—A [a- wL(Sh(U)))dU> |

and from this we infer that p is a compound Poisson distribution. Consequently,
p{0} = v € (0,1) and equivalently lilll vr(s) = 7. Taking the limits above,
S— 100

as s — 00, gives v = exp (—Ac¢(l —v)) and hence Ac > 1. m

The following two Lemmas 3.3 and 3.4 are very crucial steps in our paper.
In both of their proofs we will only consider the case of h € H,ps, as the other
one h € Hps can be treated similarly, and much simpler.
In Lemmas 3.3 and 3.4, ¢} ;(s) := ¢} (s) denotes the LST of j1.1 1= pis.

Lemma 3.3 Let h € H and the SNT T}, » has a non-zero fized point. Then
a) A [;° h*(u)du =1, for some o € (0,1].

b) If v7, o (s) denotes the LST of a fived point, then the function s~*(1—¢7 ,(s))
s a slowly varying at zero.

Proof. Part a). Fix a response function h € H,ps. Let p be a non-zero
fixed point of Ty, » with the LST ¢(s). Put b := h(+0), and let us define the

function ¥(s) := L= es)
01(dz) = —Azh~(dz); note that we cannot write p, or . o and pp, since we
still do not know if A [;* h*(u)du = 1 for some o € (0, 1] (cf. our convention at
the end of Section 1).

Since fob On(dz) = A [y h(u)du, and we do not assume that h is integrable
at the vicinity of infinity, we conclude that the measure 6}, is o-finite.

and a positive Borel measure ), on [0, b] by formula



JFrom the equation (4), we get

m ) g hmA/ml‘p(;h(Z))dZ lim /bifp((’sz))é)h(dz)-
0 0 5

P(s2)
¥(s)
then by the selection principle for any sequence 0 < s, — 0, as n — o0,
there exists a subsequence s,,, such that for ¢, ;= s,,, — 0, n — 00, and z > 1,

P(tnz)
Y(tn)
each of ¥(t,z), for n = 1,2, ..., is c.m. function in z € (0, 00), and this property
is preserved under the limits, therefore A(z) is c.m., and thus, in particular, it
is continuous on (0, 00). Furthermore,

Now by an extension of Dini’s theorem (cf. Bingham, Goldie, Teugels (1989),
p.55) the convergence in (12) is locally uniform on (0, 00). Also for fixed v > 0,
. Y(tpvz)  Avz)
the convergence in lim =
n—oo (tpv)  Av)
well. In Remark 3.1 below, we prove that 6,{0} = 0. Thus by the local uniform
convergence get

[P p(tav2) _ [P Aw2) _
A ) ) = /0 AQp) Oz =1

<1, forall z>1, (11)

converges to some finite limit A(z), as n — oco. On the other hand, since

= A(z) everywhere on (0, 00). (12)

is locally uniform in z € (0,00) as

In fact, the last equality means that

/ObA(vz)Gh(dz) = A(v), for v>0.

The above integral equation can be written in additive form by the change of
variable. Namely, putting ¥(z) := A(e™%) and 7, (dz) := —0y(de™ %) we get

/010 b\I/(v + 2)mp(dz) = ¥(v) veR.

JFrom Lau and Rao (1982) we know that solutions to such an equation are of
the form

U(v) = p(v)e=?  ae. onR; pw)=pv+w)>0 foral we supp(m),

where « is determined by the equation
[e'S) b [e'S)
- / =02 (d2) (= / 2410, (d2) = A / W (wdu).  (13)
—Inb 0 0

10



Our next aim is to show that 0 < o < 1. To this end let us introduce
k(v) := p(—Inv). Then A(v) = k(v)v*~! holds everywhere on R, as A is
a continuous function. Furthermore, since it is also non-increasing and k is
periodic we have a < 1.

Since k(v) = v1=*A(v), thus it is differentiable and
E(v) =01 — a)v ' A(v) + A’ (v)).

Because of the differentiability and periodicity of k(v) there exists vg > 0
such that k' (vo) = 0. In fact, k' (u"vo) = 0, for u € supp(y) and n = 1,2, ...

On the other hand, both functions v~ 'A(v) and (—A’(v)) are positive, non-
increasing and convex. Consequently, for 0 < a < 1, the equation
(1 —a)v~'A(v) = —A'(v) either holds identically or has at most two solutions
(graphs of the Lh.s. and the r.h.s. may either coincide or intersect at most at two
points). However, the latter means that k' (v) = 0 at most at two points, which
contradicts k (u"vp) = 0 for n = 1,2, .... Thus (1 — a)v"'A(v) = —A’(v) which
implies k(v) = const. If & < 0 then k is non-increasing. Since it is also periodic
thus & = const. Note however that o cannot be negative, as vA(v) = kov®

— p(tnv)
1= (tn)
is excluded by condition (13) if h € Hyps. Similarly for h with support [0,¢), «
can not be zero as well by Lemma 3.2. The later requires Ac > 1, but (13) gives

Ac = 1. All in all we have 0 < o < 1, which proves the part a) of the Lemma.

would be the limit of non-decreasing functions . Finally case a« =0

Part b). Since, by (12), A(1) = 1 we conclude k(v) = 1, for v > 0, or equivalently
A(v) = v~ L. Furthermore, appealing to (12) again we get

1— o,
lim 7@( v)

=vA(v) =v%, forall v>0.

However, as previously below (11), the same argument can be repeated for any
subsequence, therefore we conclude

lim m

— @ > .
R ey z%, forall z>0 (14)

Because of our convention and already established equality (13), with 0 < o < 1,
we may replace the LST ¢ by 7  in (14). Finally, since (14) can be rewritten
as

5 (1 = ¢La(s)) ~ L(s), s— +0, where L(s) is slowly varying at zero,

we get the part b) of the Lemma.
Since very analogous reasoning can be used for h € Hy,, the proof of Lemma
3.3 is completed. m

Remark 3.1 To have a complete proof of Lemma 3.8 we still need to show that

the measure 6y, which appeared in the proof above, has no atom at the origin.
Let the fixed point p has the Lévy spectral measure M. Then M is of the

form as it is above Remark 2.1. So, if we introduce an associated measure

11



M (dx) := xM(dx) then

o b
M(dr) = / il =)0 (d2), (15)

where fi(dx) := zu(dr) and b := h(0+). Since M(dz) is finite in neighbourhood
of 0+ then M{0} = 6,{0}7[0,00] € [0,00]. By Sato (1999), Theorem 51.1,
MA{0} is the shift in ID u. However, any shot noise distribution has zero shift
(cf. Section 2), therefore {0} = 0.

Here is our second key lemma for the paper. It strengthens part b) of the
previous lemma under additional restriction on the response function.

Lemma 3.4 Let h € Hynig and let assume that there exists a fized point, with
the LST ¢j ., for the SNT Ty, . Then there is a constant 0 < C = C(a) < 0o
such that
i s~ (1 g () = .
Proof. From Lemma 3.3(a) we conclude that there exists a € (0,1] such
that A [ h®(u)du = 1 and there exists a fixed point (probability measure) f, o
of the SNT T, » such that

Pl =exp (-2 [T 1= g a(snl ")), (16)

where hi(u) := h%(u) € H and ¢} , is the LST of j. o. (Here we don’t need
to have the additional information that h € Hynig). Furthermore, without the
loss of generality we will assume hy(0+) = 1 and to simplify notation we will
write ¢a(s) = ¢7 ,(s). Note that Lemma 3.3(b) gives that

sTY(1 — pals)) ~ L(s), as s — +0, (17)
where L(s) is a slowly varying at 0.

In (16) we may change the order of integration with differentiation and
obtain that

~p(5) = Apals) / " (o (shY () Y ()
= Apa(s) / (—pn(s21/)) /g, (dz) (18)
0

To see this, recall that the associated measure M, , with (an ID distribution)
[x,o, defined in Remark 3.1, is equal to

') 1
.o (dr) = A / L. (/1Y ()R () du = / L. o(d/ 222y (d2),
0 0
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where, as before, [z, ,(dr) := 21« o (dz). In terms of LST’s this can be expressed
as follows

/ " T, () = A / (gl (shY () ()
0 0

On the other hand,

/0 T e () =~ (5)/a(s),

is true for any non-negative ID distribution; cf. for example, Sato(1999), p.385.
Thus (18) is justified.

Let us introduce new function K, (s) := —a~'s' =%y, (s), for s > 0. Using
(18) we get the functional equation

Ka(s) = SOQ(S)/O Ka(sz)phha(dz)’ where ph1,a(dz) = Phy (d'za) (19)

Note that if pn, = L£(9) then pp, o = L(9*/). From (17) and Lemma 2.2(b)
we get that
Ku(s) ~ L(s), as s — 40 (20)

Obviously (19) can be rewritten as

Ko(s) = / Ko(52)pm (dz) — (1 - pa(s)) / Ko(s2)om o), s> 0, (21)

and then transformed into the renewal equation

0 0
Kale™) = [ Kol (@) ~ (1= pale™) [ Kale i, ala)
(22)
where Py, o := L£(a~!Ind). For notational simplicity we will write 9, := 9!/,
Let us denote by R,(e~*) the second summand in (22). We will show that
K, (s) has a finite limit at zero by considering two cases : pp, « is non-arithmetic
or arithmetic distribution. Furthermore from now on we assume that i € Hyniq-
CASE 1. Assume pp, o is a non-arithmetic distribution.
If the function R, (e™®) is directly Riemann-integrable (in short: dRi; cf.
Feller (1966), p.348-349, for more details) then the key renewal theorem for the
whole line implies that

—+oo _
R.,(e %)ds
llm Ka(e_s) = —f750 — ( )
570 J= oo tPhya(dt)

for some Cy > 0; cf. Feller(1966), Chapter XI, Theorem 1, p. 368.
Since h € Hynig we have additionally that

= (1, (23)

/ ho~=A (u)du < oo for some A € (0, a). (24)
0

13



We claim that if (24) holds then the denominator in (23) is a negative finite
number, which implies that C; € (0,400). Indeed, since L(Jn) = ph, .o I8
concentrated on [0, 1] and pp, o # d1, which follows from Lemma 3.1, then the
r.v. ¥, has finite moments of all orders, and moreover,

E(92) < 1, for any v > 0. (25)

On the other hand, for some A € (0, «) satisfying (24),

1
Ba :i=FE9;2 = /0 272 phya(dz) < 00 (26)

which follows from equalities

1 1 0o
E(9,2) = /0 278 (dz) = —)\/0 AR (dz) = )\/0 h=A (u)du < oo.

Thus, with the same choice of v and A as above, by Jensen’s inequality we
obtain
~AlogE(W,2) < Elogd, < vlogE(9]),

where the r.h.s. is negative in view of (25), and the Lh.s. is finite (negative) by
(26). Hence, fi)oo tPhy,a(dt) = Elogd, € (—00,0). Thus 0 < C < 0.

To complete Case 1, we still have to show that R, (e™*) is dRi. We will do
this in two steps.
Step 1. If for some d; € (0,1) and 3 > 0,

—Ru(s) = 0(s'7%), s = 40 ; — Ra(s) = 0(s7%), s — 400, (27)

then R, (e~*) is dRi.

To see this, let us note that, if the conditions (27) are fulfilled then
—Ruo(e7®) = O(e=(1790%) s — 400 and —R,(e™*) = o(e?2%), s — —oc.

Thus, for large |s|, the function —R,(e™*) is bounded by the dRi functions.
This together with the local Riemann integrability of R,(e™*), (which is so as
it is continuous and bounded on every finite interval), implies that — R, (e™*®) is
indeed dR: function.

Step 2. Conditions (27) holds true.

Since, by (17), s~ *(1—pq(s)) is slowly varying at zero, then by Lemma 2.2(a(1))
one can choose ¢1 € (0, ) such that sl—i>r-r|-108_a+61 (1 —¢qa(s)) = 0. Consequently,
there exist A; > 0 and s1 = s1(A;) > 0 such that s=**¢1(1 — ,(s)) < Ay, for
all s € (0,s1).

Using (26), one can choose €2 > 0 small enough that 0 < €1 + 2 < a and
Ev¥, %2 < co. The slow variation of K, (s) and Lemma 2.2(a(1)) imply that there
exist A > 0 and so = s2(A3) > 0 such that 22K, (s) < A,, for all s € (0, s2).
Put sp := min(sy, $2). Then

ST — o (s)) < Ay, 2K, (s) < A, forall s € (0,s). (28)

14



Now (21) and (28) imply that for all s € (0, s¢),

_SilRa(S) - Sl—ai€1+82 : sagi(;(S) fOl 862Z€2K@(Sz)zis2ph17a(d2) < k57517
where k1= A1 AsFEY,%2 <00, 0< 1 =1—a+e +ea< 1.

Thus we have proved the first part of (27).
As for the second part of (27) we proceed as follows. Since @, (s) is c.m., as the
LST of a probability measure, therefore —p, (s) is non-increasing. Hence
5/2(—p.(s/2)) < 55/2(—<p:l(u))du implies that Siiinoo(fsw;(s)) =0.
¢From this and for A chosen in (24) we have SEIEOOSAKQ (s) = 0, which implies

that there exist A > 0 and s3 = s3(A4) > 0 such that

s8Ko(s) < A, forall s> s3. (29)

Because of (26), we may and do introduce yet another probability measure
Py a.n(dz) := Bx'272pp, o(dz). Then for a fixed 0 < 54 < s3 we may write

1
—5 Ro(s) < BAs_l_A/ §2 22 Ko (82) phy.ann (d2) =

0
A s4/s s3/s 1 A
= Bas™'” / +/ +/ =Bas 'L+ L+ ),
0 sa/s s3/s

where each of integrals I, — 0 as s — +o0, for k = 1,2,3. This is so because :

s4/s
I = sta(54)/ Phy,aa(dz) =0(1), s— +oo;
0

s3/s ,
I = / Gt A A=A (L (o) o a(d2) <
sa/s

, s3/s
<A o) [ (@) o), s o
Sa/8

For I3 we have
Is =0(1), s— 40

by the dominated convergence theorem and (29). Finally choosing ds := A
proves the second part of (27).

All in all we have proved (23), i.e., lims_ 19 K,(s) = Cy € (0,00) in Case 1.
CASE 2. Let pp,.o = L(a'1In¥) be an arithmetic distribution with the span
A. Then sl—ig—loKo‘(s) = (s, for some C3 € (0, 00).

Since we already have proved the function R,(e™*®), s € R is dRi, then by the
renewal theorem for the whole line

: —h—An 7/\200:_00 Ra(eihi)\k)
nILH;oKO‘(e = kE[a_llnﬁ]

= Cy(h) 20, (30)
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for any real h; cf. Feller (1966), Chapter XI, Theorem 1, p.368.
Furthermore, the denominator is finite negative number; cf. below (24). Now
since —R,(e”**) > 0, and there exist k € Z such that —R,(e~**) > 0 thus
C3(h) € (0,00), for any real h. In particular, Cy := C2(0) € (0, 00).
By (20) and (30), we have

Ku(e7h=2m)  Cy(h)

o Ko(e ) Ca(0)

for any h € R, and consequently

lim K, (e ") = C,. (31)

n—oo

The convergence is locally uniform in e~ on (0, 00) by Lemma 2.2(a)(part 2).
To extend that convergence to any s — +0 , i.e., to get

(lim K, (s) = Cs. (32)

we use a standard approximation. Namely, for © < 1 and for s < e, define
n(s) := [-A""log s], where [] stands for the integer part. Then e~ A*()+1) <
S

us .
An(s) and consequently, ) e*)‘m € [ue=,1]. Finally

the local uniform convergence in (31) implies lin+10K o(us) = 111110Ka(

s < e
us

ef)\n(s)) —

e—An(s)
C, which proves (32). This with (20) and Lemma 2.2(c) completes the proof
of Lemma 3.4 in Case 2. m

Lemma 3.4 can be expressed in terms of the tails or moments of fixed points
as follows.

Corollary 3.1 Let h € Hyniq and fis.o and p are the fized points of the SNT
Th’)\.

a) If a =1 then fized points u. have finite mean.

b) If 0 < a < 1 then the fized points i, o have tails

. o c
IILHQOI [0 (T, 00) = m;

(33)
where constant C' is defined in Lemma 3.4 and U stands for the Euler gamma
function.

Proof. For part a) recall that [~ zu.(dz) = lim s7!(1 — ¢} (s)), and the

s——+0
r.h.s. is finite by Lemma 3.4.
Similarly, Lemma 3.4 for o € (0,1) and the Tauberian Theorem (cf. Bing-
ham, Goldie, Teugels (1989) Corollary 8.1.7), gives part b). m

FINALLY WE ARE READY TO BEGIN THE PROOF OF Theorem 1.1.
Proof of the part a) in Theorem 1.1. The necessity part, i.e., condition (6), is
proved in Lemma 3.3(a). The sufficiency of (6) follows from parts b) and c)
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bellow. In both cases we provide a construction or a procedure leading to fixed
points of the SNT T}, 5. Of course, in proofs of b) and c¢) we use only the ne-
cessity part of a).

Proof of the part b) in Theorem 1.1. Before starting the proof we need to intro-
duce new spaces of probability measures. Since we are going to use the Banach
Contraction Principle-a fundamental tool in proving existence of fixed points—
we need to have complete metric spaces and contracting transforms on those
spaces, cf. Rudin (1966), Theorem 9.23. Below are two lemmas providing those
properties.

1) For fixed 1 < § < 2, and m > 0, let us consider the set P} (4, m) of probability
measures defined as follows

Pr(s,m) ={ueP;: /OOO zp(dr) = m7/0Oo 2’ p(dx) < oo}

Note that the SNT
Thy - 73;'(6, m) — 77;'(5, m),

(i.e., it is mapping into P; (6, m)) provided h € H is such that A [ h(u)du = 1.
This is indeed true because

/OO x(Tpap)(dz) = /OO zu(dr) =m, by Lemma 2.1(a)
0 0

and the part b) of the same lemma guarantees the existence of the other mo-
ments. For 1, 2 € Py (5, m), let us define function

o0
rs (1, p2) :=/ st
0

/000 exp(isx)pi(dr) — /000 exp(isx)pa(dr)| ds.

(From Lemma 3.1 in Baringhaus, Griibel (1997) we know that rs is a metric on
P;F(5,m) and that (P;"(6,m),rs) is a complete metric space.

Lemma 3.5. Let h € H and A [;° h(u)du = 1. Then the SNT Ty, on
(P;F(6,m),rs), is a strictly contractive mapping.

Proof. For v, vy € 77,":'(5, m) with ch.f.’s ¥c1(s), ¥c 2(s), respectively, let us
denote by ¢¢,i(s) the ch.f. of Tp zv;, i = 1,2. We will show that

rs(Thav1, Thave) < ()\/ h‘s(u)du) rs(v1,v2)
0

or equivalently that

/ 5 pen(s) — poa(s) ds <
0

= (A /ooo hé(“)du) /0005_5‘1 e (s) = voa(s)| ds.
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Notice that for any complex, non-zero z1, 2o
|21 — 22| < |In 21 — In zo| max(|z1|, [22]).

Then for z1 := pc1(s) and z2 := ¢ 2(s) and using (4) we obtain

IN

IInpci(s) —Inpca(s)] <
A / e (sh(w)) — o (sh(w))] du.

po1(s) = poa(s)]

IN

Hence,

/Oo 7671“001( ) — @c,2(s)|ds
<)\/ / —5— 1|¢Cl(5h( ))_wCQ(Sh(u)”ds du —

<)\/o W )du>/0 207 Yo (2) = Yo a(2)| da.

Finally note that the contracting constant is d := )\fooo h?(u)du < 1 (because
6 >1,h(u) <1 and h(ug) < 1 for some uy > 0) and this completes the proof of
the Lemma.
2) Here is the second fact related to the contraction transform.
Lemma 3.6. Assume that h € H and A fo s)ds = 1. Then for each
po € Py (8, m), the sequences of iterations ']I‘M(uo), as n — oo, converge weakly
to the same limit . It is the only fixed point of the SNT restricted to 73;[ (6, m).
Furthermore, those fixed points have some exponential moments finite, i.e., they
are in set P, (4, m,3); cf. Section 1.

Proof. The first part is just restatement of the Banach Contraction Princi-
ple. We only need to show the existence of exponential moments.
For 5 = [, h®(u)du/ [}~ h(u)du < 1, let us define the function fs5(s) =
exp{ms+ Bss°} . Of course, f(;( ) = 1+ms+355° +0(s%), as s — +0, therefore
there exists s € (0, 1) such that for s € (0,s0] fs5(s) < 1+ms+ vss°, whenever
~vs > Bs. Choose

1)

5:=3(d,m) :=sup{so € (0,1) : f5(s) <1+ms+s° for 0<s<sp}.

Hence,
f5(s) <14 ms+s°, for all s € (0,3].

For any o € Py (6, m) and its m.g.f. ¢c(s) we have that
Ve(s) =[5 exp(sz)po(de) < 14 ms+ 9, for s € (0,73].
()From (4), for s € (0,3] we get

pa(s) = [ explso)(Ta) ) = exp (3 [T (watsha) - D) <
< exp ()\ms /000 h(u)du + \s° /000 h‘s(u)du) = fs(s) <1+ ms+ s°.

18



In the same way, as for pg, for all s € (0,3],

(o)
/ exp(sz)(T"uo)(dz) < 14+ms+s°, n=1,2, ... (34)
0

(From above and the Markov inequality
(T" o) (2, 00) < (1+m35 +5°) exp(—5z),

forallz >0 and n =1,2,....
Since s does not depend on n, taking the limit n — oo gives

e (.13, OO) < (1 +ms+ §5) exp(—§m),

for all x > 0. This means that u, € 73;[(6, m,5); cf. Section 1. This completes
the proof of the Lemma. m

Obviously the previous lemma is in fact the part b) of Theorem 1.1.

Proof of the part ¢) of Theorem 1.1. For hyi(s) := h*(s) and 0 < o < 1, we have

A JyT hi(s)ds = 1 and, in view of the part b), there exists a fixed point p, of
the SNT T}, » with given mean value m.

Claim 1. If r.v. £, is non-negative with the distribution p, and is stochastically
independent of an a-stable r.v. S, then &, := L(&, - Sy) is a fixed point of the
SNT Tp, x.

Proof of Claim 1. Let ¢7(s), s > 0, denotes the LST of the fixed point p..
Thus from (4) we have equation

©L(s) =exp (—)\ /000(1 - @*L(shl(u)))du> for all s > 0. (35)
Note that the LST %, , of f, is of the form
PLal8) = Elexp(—=s(&:) !/ Sa)] = Ele™"] = ¢}, (s*).
Substituting s® for s in (35), one gets equality
Pral) = o (-3 [ (1P (b)) (36)

which, by (4), means that i, is a fixed point of the SNT T, . This completes
the proof of Claim 1.

For 0 < m < oo let us define a set
m

Ut (a,m) ={ueP: xllngox“u(x,oo) = m}

and a set of the corresponding LST’s

Viaum) = {osp(s) = [ e mnldn) s Jim s (1 = pls) = m)

s——+0
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Claim 2. If p1, is the fixed point of Tj« , with mean value m then i, constructed

above, is the unique fixed point of the SNT T » when restricted to U™ (a, m).

Proof of Claim 2. Suppose that there exists another fixed point ji,, € UT (a, m),

AR

= , for
SO(

with LST @, € V(o,m). Let us introduce My(s) :

5> 0.
Since both LST’s satisfy (35) then, using the inequality |[e™® —e Y| < |z — y],
x,y € R, we arrive at

1
M, (s) < / Mo (32)ppe.a(dz) < ... <EMy(s91,0.-Un,a), (37)
0

where ppa o is a probability measure defined as ppo o(dz) = ppa(dz®), and
W,05 Y2,0, ... are independent copies of r.v. ¥, with £(Vs) = phe . Further we
proceed as in Athreya (1969), Theorem 1. Since

Mo (5) < [m — 5~ (Fa(s) = D] + |51~ By, o(s) — ], for s > 0,

and both ¢, and @, , are in V(a,m) we obtain that Sl_igrloMa (s) =0.

Since Elog v, < 0 we have that ¥ o¥2 4.0 4 %20, as n — oo, by the strong
law of large numbers. This and bounded convergence in (37) imply that

M, (s) = 0 for s > 0. Consequently, ¢n(s) = @, ,(s) and the uniqueness, on
U (a, m), of the fixed point is proved.

Claim 3. The fixed point 7z, € U (a,m) is a limit of the iterations T} \ (u4),as
n — oo, for any pl € Ut (a,m).

Proof of Claim 3. For fixed pl € Ut (a,m) and its LST ¢1 4 € V(a,m), let us
define ¢y, 41,4 as the LST of TZ’)\, for n =1,2,.... Thus we have relations

Gnitals) = exp (-A/Ooou - %,a(sh(u)))du) n=1,2, ..

For Ky q(s) := —a~ts'=%, (s), we have
1
Knt1,a(s) = ‘PnJrl,a(s)/ Ky a(82)phe,a(dz), s > 0.
0

Hence the dominated convergence theorem implies that ¢, € V(a,m), for
each n = 1,2,.... Our aim is to show lim ¢, +(s) = P ,(s), for s > 0. Or
n—oo ’

equivalently, for each € > 0, there exists a positive integer N such that
|na(s) = Pra(s)| <e forall n>N, s>0. (38)

Let us put My o(s) := s @n,a(s) = @r o(s)], for s >0 and n = 1,2,.... For
these functions we have inequalities

1
Mpi1.a(s) < / My,.o(82)preo(dz) < ... <EM; (591,60 Una), n=1,2,...
0
(39)
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which can be proved in the same manner as the inequality (37).

Since for any s > 0, M7 o(s) < |m — s~ “(p1,a(s) — 1)|+|s’°‘(1 — @L,a(s)) — m|,
and both ¢;, and @, , are in V(a,m), we conclude sl—ig-loMl’a(s) = 0. For
€1 > 0 let us choose so > 0 such that Mj o(s) < &1, whenever 0 < s < sq.
Furthermore, En@ =1, q...0n,a — 0 a.s., as n — oo, by the strong law of large
numbers. Hence, for arbitrary €, > 0 one can choose a positive integer IV such
that for all n > N and fixed s > 0, P{s,, o > so} < 2. Therefore (39) can be
rewritten as follows

MnJrl,a(S) < EMl,a(Sgn,a) =

= E[l{sgn,agso}Ml’a(Sﬁn’a)] + ]E[l{sg }MLQ(S@L,Q)] <

< &1+ &g maxM (s) =: ¢,
$>380

n,a>50

which proves (38) holds for s > 0. This completes the proof of Claim 3.
Thus the proof of part ¢) of Theorem 1.1 is completed as well.

Proof of the part d) of Theorem 1.1. Let h € Hypiq and (6), in Theorem 1.1(a),
holds for & = 1. Then by Corollary 3.1(a) we know that all fixed points have
finite first moment and hence are in P;” by Lemma 2.1(a). But all of such fixed
points on whole P, are of the form as described in Theorem 1.1(b).

In case 0 < o < 1 and h € Hyniq, Corollary 3.1(b) says that all fixed points have
tails proportional to a power function and, moreover, are in Py, which easily
follows from (36) and dominated convergence theorem. But those fixed points

are of the form given in Theorem 1.1(c¢). Thus this completes the proof of part
d).

4 Absolute continuity and the proof of Theorem
1.2

Let us begin with an example of the shot noise distribution p := T}, (1) (not a
fixed point) that is continuous singular.

For the response function h(u) := 27", for u € [n,n+ 1), n = 0,1, ..., and for
the random jumps variable £ with £(&;1) := d1, we obtain

6p(2) = explA 3 (exp(i2 ") - 1],

n=0

which is continuous and singular, for a Poisson flow with any intensity A; cf.
Example 4.3 in Watanabe (2000). In fact, he proved that p*® are singular
continuous for all s > 0. Note that function h integrates to 2.

First, let us discuss the possibility of atoms at zero of the SNT’s fixed points.
As we know this is the case when a := sup{u > 0 : h(u) > 0} < oo because
the fixed points are compound Poisson distribution; cf. Lemma 3.2. Recall
that atoms at zero have mass 0 < ¢ < 1, that is a solution to the equation
exp(—Aa(l — x)) = z, provided Aa > 1.

21



Secondly, we present the known fact that will be useful for investigating the
absolute continuity of fixed points of the form ji, .

Lemma 4.1 Suppose that r.v.’s n1 and n2 are independent and such that 1y is
a non-negative r.v. with a probability distribution p1 and a probability density
function my(-) and that ne is an r.v. concentrated on [0,c], 0 < ¢ < 00, with a
probability distribution ps. Then p:= L(mnz) is of the form

= pdo + m(x)l(o,00), where p := p1{0} + p2{0} — p1{0}u2{0} € (0,1) and
m(z) = foc+ y~tmy (xy~ V) pa(dy) is the density of i on (0,00).

Furthermore, if mgn) (n-th derivative) is bounded and continuous then m™) ex-
ists and is continuous.

Proof. Independence and conditioning on 7, allows to write

(0, 2] :=P(0 < mnz < x) = B, (110, 2/m2]) = [ £2(0, /] p2(dy).
Hence the probability density m(z) of p on positive half-line is equal
m(x) = f(o,c] miy(z/y)y pa(dy). As for the atom at zero note that p := P(n; =
0 or 72=0) m

For the SNT’s fixed points of the form u, we will consider two cases: 1)
h € Hunig\Hps and 2) h € Hy,. Although such a choice is not necessary (as
both cases can be treated in a quite similar way) we decided to do so, because
the second case can be derived from the result by Athreya (1969) (cf. Example
5.1 for more details).

Let h € Hynig\Hps, that is b € Hyps and fooo h'*=2(u)du < oo, for some
A € (0,1). Then fixed points p, have finite mean by Theorem 1.1(b). Hence
their Lévy spectral measures integrate function g(x) := x; cf. the paragraph
below Remark 2.1.

As before, let ¢ (2) be the ch.f. of p,. Our proof of Theorem 1.2 is essen-
tially based on the following three lemmas.

Lemma 4.2 For fized points pi, their ch.f.’s have property: limsup |p5(2)| < 1.

|z|—o0

Proof. First note that, if p. were a lattice distribution (i.e., a measure
concentrated on points kd, k = 0,1, ..., where d > 0 is fixed span) then it must
be a compound Poisson, as it is non-negative I D distribution. Consequently,
its Lévy spectral measure M, would be finite. However, using formula before
Remark 2.1 and Fatou’s Lemma we get

liinjglfM*(x, 00) > A [ lig_n_é(r)lf/ut*(m/h(u)7 o0)du = oo,
which contradicts that M, is a finite measure.
Thus for p., as non-lattice distribution, we have

loc(z)] <1, forall z # 0, (40)

because of general properties of ch.f.’s of non-lattice distributions; see e.g.
Lukacs (1970), pp.19-20.
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(From the equation (4), for distributional fixed points, we get

52| = exp (A | a-ne soazh(u)))du) , (41)

where Re u means the real part of u.
(From now on we follow Athreya’s (1969, Lemma 6) way of reasoning. Suppose,
in contrary, that
limsup|ps(z)] = 1. (42)
|z[—o0
For any zp > 0, (40) implies that |¢&(20)] < 1. From (42) one has that for a
fixed € € (0,1 — |5 (20)|) there exist 21 < zp < 2z such that

0 < Repi(2) < |et(2)] <1 —¢, for all z € (21, 22), (43)

and |5 (21)| = |¢&(22)| = 1 — . From (41) one has

(1l —e) = — Infgl(z0)| = A / (1~ Regt(zoh(w)))du =

h(+0)
—a [ Regp )l (du) >
0

h(40)

> —)\/ (1 = Repi(zou)))h™ (du) > Aeh™ (z1/20)
z1/z0

Letting ¢ — 0 implies 2; — 0 and leads to a contradiction 1 > oo. This

completes the proof of the Lemma. m

Remark 4.1. At the beginning of the previous proof we have shown that p.,
is non-lattice. A stronger version of this result follows from Theorem 3.2 of Ver-
vaat (1979). Namely, since both p. and 7, (dz) = zu.(dz) are non-degenerate
then 1, is either absolutely continuous or continuous singular. Clearly, so is .
However we do not use this observation.

Before next lemmas let us recall the following sufficient condition for absolute
continuity. For an arbitrary ID probability measure 1 on R¢ with Lévy spectral
measure M we know that the absolute continuity of i follows from the absolute
continuity of (M)**(.), for some k, where M(dz) := x2/(1 4+ x?)M (dx); cf.
Sato (1999), Theorem 27.7 or Jurek and Mason (1993), Theorem 3.8.1, p.163.
However, for our purposes on positive half-line, the above reduces to

Lemma 4.3. If ID v has no atom at zero, and its Lévy spectral measure o
is such that ** is absolutely continuous for some positive integer k than v is
absolutely continuous.

Recall that (dx) = zo(dz). This is applicable criterium because of the
following.

Lemma 4.4. For a fixed point u, with the Lévy spectral measure M, there
exists n € N such that Min is absolutely continuous with bounded continuous
density vanishing at oco.

23



Proof. The ch.f’s of the fixed points p,. are analytic, cf. Remark 1.1,
therefore are differentiable infinitely many times. To establish the Lemma we
will prove that some their nth derivatives are integrable. From the equality (4)
we infer that

’

h(40) ,
(po) (2) = ¢c(?) /0 (pc) (zu)pn(du). (44)

(the interchange of integration and differentiation is justified in the same way as
we did in establishing (18)). In what follows, without loss of generality, we will
assume that fooo xpy(dx) = 1. Therefore M, is a probability measure with the

chf. fh(z) = —i OhHO)(gog)/(zu)ph (du). Hence, by recursive nature of equality
(44), one gets
h(+0)
fel)= [ ettt (15)
0
In view of Lemma 4.2 and (40) there exists an [ € (0,1) such that

lpe(2)l <1, (46)

whenever |z| > 1. By assumptions of Theorem 1.2 we may choose 7 € (0, A) so
small to guarantee Im, < 1, where

h(40) o
My = / u” " pp(du) = )\/ RYT (u)du < .
0 0
It is also important to notice that Markov inequality implies
prl0,1/2) <m,z77. (47)

We claim that the following inequality holds true:

h(40
e <1 / |5 (20)] pn(ds) + 2] (48)

for z # 0. To this end notice that by (45)-(47) we get

h(+0) h(+0)  p1/]]
@< [ sl Gl on(dn) = [ [

h(+0) h(40)
z / (2| pn (du) + pn[0, 1/ [2]) < 1 / 15 (20)] pn(ds) +mr |27
0 0

Tterating (48) n — 1 times one gets

n—1

f&(2)] < MBI fE(201..90) + me Y (Imr) 277,

i=0
and hence, by letting n — oo, we get the required inequality

[fe(2)] <

msr

2|77
1—1Im,
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(as before, for first term one uses the strong law of large numbers to obtain
¥1...9, “3 0 and bounded convergence). Now choosing n € N such that nr > 1
we conclude |(f&(2))"] = |f&(2)]" = O(|z|™""). This and classical argument
from the Fourier transform theory, cf. Sato (1999) Proposition 2.5(xii), com-
pletes the proof of Lemma 4.4.

With all of those preparations we are now ready for the proof of our second

theorem.
Proof of Theorem 1.2 i) and i) Since the fixed points p. o are probability
distributions of a product of two independent r.v.’s (cf. Remark 1.2), where one
of them is the stable distribution with exponent «, we get our statements from
Lemma 4.1. Since a positive stable distribution has a density (let us denote
it by ga), which is also infinitely differentiable with g&n) being continuous and
bounded for each n € N, then similar holds for p, by Lemma 4.1.

Now let us consider fixed points p.. Suppose h € Hy, or equivalently a < oco.
Furthermore, without loss of generality, one may assume that a = 1, because
pairs (A, h(u)) and (At, h(tu)), ¢ > 0 generate the same fixed points. Thus
A > 1, by Lemma 3.2. Let ¢ be the unique solution, in the interval (0,1), to the
equation exp(—A(1 —z)) = x.

Now we proceed as in Athreya (1969). See Example 5.1 for the description and
the notations we use below.

R.v. X has an atom of mass g at zero and is absolutely continuous elsewhere
with continuous density u(x). One checks that £(X) = M, and therefore M,
is absolutely continuous everywhere with continuous (uniformly) density xu(x).
The standard representation of non-negative ID distributions (Steutel (1970),
Theorem 4.2) can be rewritten in our circumstances as follows fi, = p. * M.
This formula reveals that: firstly, 1z, is absolutely continuous, and secondly that
its density w is continuous. Consequently, i, is absolutely continuous, except a
possible atom at zero and its density = 'w(z) is continuous on z > 0. For the
smoothness property one argues in the same way as in the proof of Theorem
1.1(ii) of Liu (1999). This completes the proof in case h € Hps.

If h € Hunig\Hss then the proof of absolute continuity of p. is merely a combi-
nation of Lemmas 4.2-4.4.
For the proof of Theorem 1.2 ii) see the second paragraph of this Section.

5 Relations to other results and notions.

Besides the theoretical interest in the notion of fixed points of the SNT, we
would like to point out that it is also related to many other concepts studied
previously. Here are only two examples. Note that the first one was useful in
proving our Theorem 1.2 and it is given here in a slightly more extended form.

Example 5.1 (Bellman-Harris process) Let X (t) denotes an age-dependent
branching process (number of particles alive at time t > 0), where each par-
ticle, at the end of its life, produces N new offsprings, with N being a Poisson
r.v. with mean 1 < XA < oo (supercritical case). Furthermore we assume that all
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particles have (random) life-length k.
For a unique o such that Eexp(—ar) = A\~! let us define an r.v. K, such that

d _ . . .
Ko = e~ %%, It is known that there exist an r.v. X, with mean value one, such

that a.s. X(t)/EX(t) — X, as t — oo, and whose LT 6(s) := Eexp(—sX)
satisfies the equation

0(s) = /OOO exp(—A(1 — O(sexp(—ax))))dP{x < z},
or, equivalently,

0(s) = /0 exp(—A(1 — 0(s2)))dP{ra < z}. (49)

For a full account of this result see Athreya (1969).

Let X1, X, ... and Kq,1,Kq,2,... be independent copies of X and kK, respectively,
and let t1,tq,... be an infinite sample from the uniform distribution on [0,1].
Also we assume that r.v.’s X;, Ko, ti, 1 > 1, N, are independent. Then the
equality (49) can be rewritten in terms of r.v.’s as follows:

X2 vk, (50)

where Y Zfil X; and EY = A. Furthermore assuming that P{x, =0} =0,
and defining h(u) := inf{w: P{k, < w} > 1 —u} (i.e., h is the generalized
inverse of P{kq < u } evaluated at 1 —u), one observes that the fized points
of the SNT and those whose LT’s are given by (49) are related by (50). Indeed,

for h chosen above we have Kq.; < h(t;) (note that h excludes the possibil-

ity of an atom at zero for ko), and, hence, Y 4 vazl X; 4 Zf\; Yika.i 4

Z£i1 Y;h(t;) 4 Zivzl Yih(7;). The latter equality follows from the well-known
fact that, conditionally on N = n, the vector (11,...,7,) has the same distri-
bution as the order statistics from a sample of size n drawn from the uniform
distribution on [0, 1].

The second example deals with so called perpetuity laws that have origin in
the insurance mathematics. However, there is also a wide range of non-insurance
applications and many of them are given in Vervaat (1979) and Embrechts,
Goldie (1994). Relations of perpetuities to selfdecomposable laws were investi-
gated in Jurek (1999). A comparatively new field of applications of perpetuity
laws is in an analysis of probability algorithms; cf. Résler, Riischendorf (2001).

Example 5.2 (Perpetuity) Let us consider the distributional equality
n< An+ B, (51)

where random vector (A, B) is independent of r.v. n (laws of n are called perpe-
tuities). In other words, a distribution of 1 is a fixed point of a random affine
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mapping (transform).

Perpetuities arise in two distinct ways from our model.

1. Set A = h(m1), B =Y ;2,&h(7:), then the fized point equation T ap = p
expressed in terms of r.v.’s can be rewritten as (51) with n replaced by & and
A, B being dependent.

2. Let h € H and X [ h(u)du = 1. Then by Proposition 1.1(b) there exists
a fived point us of finite mean m, say. Let m be a r.v. with the probability
distribution Wi, (dz) = m ™ lzu.(dz) and let A be a r.v. with the probability
distribution pp(dz) == —Axh*™ (dz) (where as before h*~ denotes the generalized

inverse function of h), and finally let B :d: &1. So defined r.v.’s satisfy the distri-
butional equation (51). In fact, this is rewritten representation of non-negative
ID distributions due to Steutel (1970, Theorem 4.2.4).

The fixed points of other transforms have received much of attention as well.
Typically one discusses so called smoothing transforms. These are solutions of
the equation

P
=D G, (52)
n=1

where M is finite and perhaps random. The basic methods for finite non-
random M were developed by Durrett and Liggett (1983). Liu (1998) extended
their results for finite and random M; cf. also Baringhaus and Griibel (1997)
and Biggins and Kyprianou (2001). Some authors considered partial cases of
the smoothing transforms in the context of the sorting algorithm Quicksort;
cf. Rosler, Riischendorf (2001) and also the series of paper by Fill and Janson
available at http://www.math.uu.se/ “svante. Our aim here was the case v; =
h(r;) and M = oo (if h € Hups) that, in the context of the SNT, appears
to be more involved and interesting to work with. However, as a by-product,
the general presentation covers also the case of Poisson r.v. M (if h € Hys),
independent of both v;’e and (;’s.

Now we would like to indicate some specific connections of our paper to the
ones of the others.

1) If h € Hyups then the Remark to Theorem 4 in Rosler (1992) implies
that the SNT has a unique fixed point on the space of non-negative probability
distributions with fixed mean and finite second moment. However, it is not
clearly if there are no fixed points on the complement of that space. Cf. also
Lyons (1997) for a result related to our Theorem 1.1(b). The fixed points
Wxo given by (7) are closely related to the notion of ”canonical fixed point”
introduced for the smoothing transforms; cf. Guivarc’h (1990) and Liu (1998).
We are not aware of any papers dealing with solutions to (52) with M = oo and
E¢ = oc.

2) When h € Hys then there is a close relation between our fixed points and
those appearing in the context of the Bellman-Harris processes; cf. Example 5.1.
We have used that observation in proving the corresponding part of Theorem
1.2. In fact, for response functions with compact support, Theorem 1.2 can be
partially deduced from the powerful Theorem 0 of Athreya (1969). It seems
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that part of our Theorem 1.1 can be indirectly (via Example 5.1) obtained from
Liu (1998). However, this possibility is not investigated here. After the first
version of our paper was completed, we have learned about results in Liu (1999,
2001). Note that if @ := sup{u > 0 : h(u) > 0} < co and A [; h(u)du = 1
then some parts of our Theorem 1.1(a,b) can be derived (via Example 5.1) from
Proposition 2.2(ii) of Liu (1999). The analyticity of a ch.f., stated in our Remark
1.1, can be obtained by means of Theorem 1.6 of the paper in question. Despite
of this our approaches are quite different. On the other hand, the proof of our
Lemma 4.3 and the part of Liu’s (1999) proof of his Theorem 4.1 are rather
similar. We think that this is so, because both are inspired by the proof of
Lemma 9 in Athreya (1969). We are using Theorem 1.1(ii) from Liu (1999) or
Theorem 2.2 from Liu (2001) to strengthen the statement of our Theorem 1.2.
The remaining part of Theorem 1.2 seems to be completely new.

The key steps for the present paper are Lemmas 3.3 and 3.4. Note that the
way of establishing Lemma 3.3 is based on the result from Lau-Rao (1982). On
the other hand, the proof of Lemma 3.4 is based on a renewal argument that
was used in similar situations before. This idea goes back to Grincevicius (1975)
for real r.v.’s and to Kesten (1973) for random vectors. Note however, that the
well-known Theorem 2 of Grincevi¢ius (1975) is not applicable here.
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