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A TWO-DIMENSIONAL RUIN PROBLEM
ON THE POSITIVE QUADRANT, WITH
EXPONENTIAL CLAIMS: FEYNMAN-KAC
FORMULA, LAPLACE TRANSFORM AND
ITS INVERSION
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Abstract. We consider an exit problem of a certain two-dimensionakess from a

cone, inspired by applications in insurance and queueiagrih One motivation is to

study the joint ruin problem for two insurance companiesymnce/reinsurance), or for
two branches of the same company, which divide between tlatmdtaims and premia
in some specified proportions, the goal being to split thk (is particular when the

claims are big). Another motivation is to provide an exampiea multi-dimensional

ruin model admitting analytic solutions. Indeed, we sudcée the simplest particular
case of exponential claims, to derive both the Laplace toamsof the perpetual ruin

probabilities, and to invert it, obtaining therefore an leipsolution for our model.
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81. A two dimensional ruin problem

In this paper we consider a particular two dimensional rigidel in which two companies
split the amount they pay out of each claim in proportiénandé, whered; + d, = 1, and
the premiums according to ratesandc,. LetU; denote the risk process of thieth company

Uz(t) = 75ZS(t)+th+ul, i:1,2,
whereu; denotes the initial reserve and

N(t)

for N(t) being a Poisson process with intenskyand the claimss; being i.i.d. random
variables independent a¥ (¢) with distribution functionF'(z). We shall denote by: the
reciprocals of the means of, respectively. We shall assume that the second compang, to b
called reinsurer, gets smaller profits per amount paid, i.e.

C1 C2
= D2.

p1:6—1>5—27
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U2

jump directions (61, d2)

drift direction  (cq, ¢2)

0.62! Uy

Figure 1: Geometrical considerations

As usual in risk theory, we assume that> p := % which implies that in the absence of
ruin, U;(t) — oo ast — oo (¢ = 1,2). Ruin happens at the time= 7(u1, u2) when at least
one insurance company is ruined:

T(uy,uz) :=inf{t >0:Uy(t) <0 or Usx(t) <0},

i.e. atthe exittime ofU, (t), U2(t)) from the positive quadrant. In this paper we will analyse
the perpetual or ultimate ruin probability:

Y(uy,ug) = Pr(ur, ug) < oo Q)

Although ruin theory under multi-dimensional models admérely analytic solutions, we are
able to obtain in our problem a closed form solution for (b);ifire exponentially distributed
with intensity u.

Geometrical considerations. The solution of the two-dimensional ruin problem (1)
strongly depends on the relative sizes of the proport®bns (41, d2) and premium rates
¢ = (c1,c2) — see Figure 1. If, as assumed throughout, the angle of then@evith the
uy axis is bigger than that of, i.e. d2c; > d1c2, we note that starting with initial capi-
tal (u1,uz) € C in the coneC = {(u1,u2) : uz < (62/61)u1} situated below the line
uz = (d2/01)u1, the procesgUy, Us) ends up hitting at time the u; axis. Thus, in the
domainC ruin occurs iff there is ruin in the one-dimensional probleonresponding to the
risk procesd/, with premiume; and claimsis o.
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Onedimensional reduction. A key observation is that in (1) is also equal to
T(uy,uz) = inf{t > 0:5(t) > b(t)},

whereb(t) = min{(u1+ci1t)/d1, (u2+cat)/d2}. The two dimensional problem (1) may thus
be also viewed as a one dimensional crossing problem overcapise linear barrier. Note
the relation to asset-liability management models, in Whiegulatory requirements impose
prescribed limits of variation for the difference betwebe asset®(¢) of a company and its
liabilities S(¢) (see [6]), and which also translate typically into (seveiiakar barriers.

In the case that the initial reserves andusy are such thatu;,uq) € C, thatis,us/ds <
uy /61, the barriem is linear,b(t) = (u2 + cat)/d2, the ruin happens always for the second
company. Thus, as we already observed, the problem (1) esduacfact to the classical
one-dimensional ultimate ruin problem with premigugrand claimsi, o, i.e.

Y(u1, uz) = Ya(uz) := P(r2(uz2) < 00),

wherery(ug) = inf{t > 0 : Us(t) < 0} ands(ug) is the ruin probability ofUs, with
Ug (0) = Uus.

Solution in the lower cone C. By the equation above, the solution in the lower cone
C coincides with the ultimate ruin probability, (z2) of the classical risk proceds$,(t)/d-
with drift po, claimse; and initial pointze = g /ds.

Let us recall some basics of the theory of one-dimensioniaksee e.g. [8] or [1]. For
phase-type claimg3, B), i.e. with P[c > ] = BeB*1, the ruin probability may be written
in a simpler matrix exponential form:

Ya(x2) = melBrEMTRL

withn = p%ﬁ(—B)—1 (see for example (4) in [2]), and in the case of exponentihtkizes
with intensity, it reduces to:
Pa(xg) = Coe™ 7272,

whereys = — \/ps andCs = M—?D.

In the opposite case,/d> > u1/6; however, when a barrier composed of two lines is
involved, the problem is considerably harder. We will amalpnly the case of exponential
claim sizes.

As always in the case of phase-type jumps, it is possible doige a "Feynman-Kac"
differential system for the perpetual ruin probabilitiésr example by embedding the semi-
Markov jump process into a fluid model). The following reswtis shown in [5], the full
version of this paper:

Theorem 1. The vector(vy(uy,us), ¢(u1,us))T containing the perpetual ruin probability
as its first coordinate is the solutions of the Feynman-Katesy:

(o %) (o )+ (8 s ) (o)
(0 A)00)-()
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with the boundary condition:

82
Y(u1, g—jul) =Che 0™ for all u; > 0,
$(0, uz) =1 forall us > 0.

The system above is also equivalent to the hyperbolic "tefdyc type" equation:

Py + pA h =0
with the boundary condition:
h(r,0) = Che=(r2=p) 7 forall » > 0,
Syr
hu(r,—2L) = —Xe""*e  forallr >0,

where
h(r,w) := el e M (1, w).

Unfortunately, the solution of neither of these two forntigdas is obvious. The rescue came
finally from obtaining an equation for the double Laplacensfarm inu,, us (Theorem 2)
and inverting this transform in the complex plane using Brach type contours (Theorem
3).

§2. TheLaplacetransform

First note that proces#/; (t)/d1, Uz2(t)/d2) has the same ruin probability as the original two-
dimensional procesd/; (t), Ux(t)). Thus it suffices to analyze the case whign= d; = 1
andc; = p1, co = po. Letx; = u;/d;. In this section we will write) (1, z2) for ¥ (uq, ug)
under the above assumptions. By conditioning at the posidfdhe process at tim& (the
time of crossing of the two lines forming the barrigt)):

T:T(J}1,$2) = w (2)
P1 — P2
it was shown in [4] that ifco > 1, it holds that
Baraa) = 1= vlaor,ag) = [ Tole) Poyr(d), 3)
0
where N
P, r(dz) = Pml(ing Ui(s) > 0,U(T) € dz)/dz
and
Vy(2) :=1 —1o(z) = 1 — Cae™ 7?5, (4)

Suprun [7] (see also Bertoin [3], Lem. 1) gives the resoled@tspectrally negative Lévy
process killed as it enters the nonpositive half-line as
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1
gpzl( i?f Ui(s) > 0,Ui(eq) € dz)/dz
= exp{—q" (q)z} WD (21) — 1{m122}W(q) (x1 — 2), (5)

whereqt(q) largest root ofi(«) = g where the characteristic exponents given in this
case by
A

7,u+oz

k(o) =pra
andW (@ : [0,00) — [0, 00), called theg-scale functionis continuous and increasing func-

tion with Laplace transform

/0 T e W@ () dy = ((a) — @), o> g+ (g).

Now we obtain the Laplace transform of the non-ruin probgbaith respectto the initial
reserves:

/l/;(pa q) = / / e PrLeT a2 E(;’El, IL'Q) dxq dzs.
0 0

Note that
¥(p,q) :/ / e PTeT I (1, g ) dwo ey +/ / e PTeT 1) (1, g )dwodry .
o Jo 0o Ja

The first Laplace transform is given by

/ / e PeT 12 [1 — Cye” "2 |dxodr; = 1 = Co)lp+q) + 7] =A
o Jo p P+ +a+2)

Writing s = p + ¢ andr = (p1 — p2)q we see from (3) and (5) that the second Laplace
transform is given by

/ / e PPe 24 (zy, o) drodry = (p1 *p2)/ e " d$1/ dz
0 Ja 0 0

x [1 = Coe™ ][0 W) (21) = 1oy y W (21 — 2)]
_ PP {(1—02)q+(7‘)+72 1 Co }

K(s)—r gt () (2 +qt(r) s y2+s
_ PP {’YQ(QJF(T)/HJFD (M+p+Q)(1CQ)}

K(s) =7 lat(r)(2+at (1) (+a0e+p+aq)
= (C — B.

Note thatA — B is equal to

(1-Cy)po (n+p+q)(p2—p)

p(r(s) =) pp1(z1(q) — p)(22(q) — p)

3
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where
 —(p2a+ g+ M) — V(p2q+p1(g+ M) — dp1gp2(q + 72)
Zl(‘]) = I ,
2(q) = —(p2qtpi(g+m)) + \/(pzq +pi(g+m))? — 4p1gp2(q + 72)
2py ’

Similarly, C can be written as

p1—p2 72(¢7(r)/u+1)
K(s) —rqt(r)(v2 +q*(r))
__rprgpa—p) [ (1 —p2)(@" (g = p2)) + 1)
pp1(21(q) — p)(22(q) — p) | p2(a(a(p1 — p2))(v2 + ¢ (a(p1 — p2))

Theorem 2. The Laplace transform of the perpetual ruin probabilityu , us) is given by

- _ (p+p+q)(p2—p)(L+ph(q))
Vi) = pp1(p—21(0)(p — 22(q)) ’ ©)

where

h(q) = (pr — p2)(g" (a(p1 — p2)) + 1)
P2 (gl = p2)) (02 + ¢ (alpr = p2))’

Noting thatq™ (q(p1 — p2)) is the largest root of(a) = q(p1 — p2) andza(q) is the
largest root of(v + q) = ¢q(p1 — p2) we identify
¢ (a(pr — p2)) = 22(a) +a.

Hence
(p1 —p2)(22(q) + ¢+ 1)

p2(q + 22(9)) (72 + ¢ + 22(q))
Let h+(q) be ah(q) when we put* instead ofz»(¢) and

27 (q) = alg) —ib(q),  27(q) = alq) +ib(q)

h(q) = (7)

for
—(p1pt — X+ p2q + p1q)
a(q) - 9 ’
P1
g = VAP (p2ai + p2a® — M) — (prpe — A + p2q + p1g)?

2py

An explicit inversion is possible here - see full versionlutpaper [5]:
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Theorem 3. Letxzy > z1. If p < 5_% holds, then

Y(x1,m0) =1 — Cre™ M + w(x1, x2),

where -

w(xy,2) = E/ (h™ =h*)(q) (f(z"(9),q) — f(z"(),q)) dq
for

0 = (VA4 VIR, 0o =~ (A~ V)
and

_ 1+ 902 = P) oy oo
pa) = p1b(q) '

If p > 2 holds, then

P(x1,22) =1 — Cre™ % — Che™ 72" j:%e_"“"“e_"“”“'2 + w(z1, T2),
1

2
wherey; = £ (p - Z—j) :
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