














NE aso solutio

At the beginning we consider the single source case and then we generalize it to K sources
case. In the single source case we skip index of the source.

Function § — k(®(4, ¢)) is convex (cf. [27]) and continuous. Moreover, three possibili-
ties can hold (see [3, 4]):

1. lims—qoo K(P(6, ¢)) = +00,
2. lims_yp» k(P(4, ¢)) = 400 for some n* > 0,

3. lims_yp» k(P(5,¢)) = K(P(n*, ¢)) = o and k(P(n*+,¢)) = +oo for some n* > 0 and
a > 0.

The case when the BSNE has no solution happens when the third case holds for @ < 1 (see
Figure 1).
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Note that

n* = inf{é6 >0:k(Pc) >1}=
= inf{0: ¢;;(d,¢) = +o0 for some i,7 € {1,...,(}}.
Let
I=Ai:¢i;(n"+,¢) =40 for some j € {1,...,0}} .

By (2.4) we have r; — ¢ > 0 for i € Z. Let W be the family of diagonal matrix B(#) =
diag(a;) such that a; = 1fori ¢ Z and a; =6 > 1 for ¢ € 7.



Lemma 3.1 There exists 0y > 1 and B(6y) € W fulfilling

K(B(0o)®(n" c)) = (3.13)
Proof. Note that x(B(1)®(n*,¢)) = k(®(n*,¢)) = a < 1. By [33], p. 4, for iy such that
— ¢ > 0 we have

i

k(B(8)®(n",c)) > mlnz ;> 00,5, (0", ¢) = +oo

as # — 4o00. Thus it suffices to prove that function 9¥(6) = x(B(0)®(n*, c)) is continuous.
We show that 9(0(1 4 €)) — 9(6) and 9(0(1 — €)) — 9(8) as ¢ — 0F. Note that

(1—e)B(0)®(n",c) < B(0(1—¢))P(n*,c) < B(6)P(n™,c) < B(8(1+¢€))®(n",c) < (14+€)B(0)®(n", c) .

If A> D (a;; > d;; forall i, j), then Perron-Frobenius eigenvalue of nonnegative irreducible
matrix A is greater than Perron-Frobenius eigenvalue of nonnegative irreducible matrix D

(see [27]). Thus
(1—€e)0(0) <01 —¢€)) <) <IO(1+€) < (14+€)9(),
which completes the proof.

a

For i € 7 we denote by L;(z) the distribution function such that L;(0) = 0 and
Li(n*(ri — ¢)) = 6y > 1. For instance, we can take the exponential distribution with

parameter A; fulfilling
Ai

N —*(r; — ¢) = b -
Define
Gii(x) = L« Gy (), forieT (3.14)
and
Giji(z) = Gy (), fori ¢ 7. (3.15)

We can now prove the following upper bound.

Theorem 3.2

U(z) < Ce™
where constant C' is given in (2.10) calculated for the kernel distributions {Gij($)}i7]‘:17...7g
given in (3.14) - (3.15).

Proof. Consider a new fluid model driven by semi-Markov process with kernel {G”(w)}
Denote by W(z) the probability of the buffer overflow in this model. Note that G”(x) <
G (z) for i such that r; — ¢ > 0. Hence

U(z) > ¥(z) . (3.16)

Moreover, the following holds:
B(fo)®(n",c) = 515(77*7 c)

where &(n*, ¢) = [G(n*(r; — ¢))]. Thus &(®(n*,¢)) = 1 and the BSNE in the new model
has the solution. By convexity of § function x(®(8, ¢)) we have £=k(P (3, ¢))|s=0 < 0. Thus
by [14], p. 12, the stability condition also holds in the new fluid model. Hence the result
follows by (3.16) and Theorem 2.1.
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Remark 3.1 We construct a matrix ®(n*, ¢, 6) = [¢:;(n*, ¢, )] defined as

T ) 09i(n*e) €T
G0, e, ) = { éij(n*,¢)  otherwise. (3.17)

Note that 6y is the solution of the equation

K(P(n™, ¢, b)) = 1.

We will write f(z) = g(z) if and only if lim,_ ;e % = w for certain constant
w € (0,+400) and say that functions f and ¢ are asymptotically equivalent. We now
demonstrate that the lower bound of the form C,e~""* does not exist in general. Precisely,
it is possible that ¥(z) can be asymptotically equivalent to =%~ In fact, consider a
single source on-off fluid model with on time denoted by T,, with a distribution function
U(-) and exponential distributed off time Tog 2 Exp(/3). Let r be the input intensity and
¢ the output intensity. We denote by p = IETon/(IETon 4+ IETog) the probability that the
stationary on-off input process is in the state on. Assume also that stability condition

pr < ¢ < r holds. Then we have the following lemma.

Lemma 3.3 Let in the single on-off fluid model off time is exponential distributed and on
time has distribution function fulfilling:

1-Uz)=U(z) m a7 re)e (3.18)

for some o > 1. Then

*

Proof. For a r.v. Y with distribution F(-) and finite mean we denote by Y* a r.v. with

F(z)=P(Y*>2) = W .

distribution:

By [22], p. 139, we have

Us(z) = g7 (r=o)z

Hence
P((r— )T, >z)ma e ", (3.19)

Let W be the virtual waiting time in G|G|1 queue with service time (r — ¢)T,, and
interarrival time ¢Tog. If the BSNE has no solution, then

Ee(r—c)Ton—cToﬁ <1.
In this case by Th. 12 of [5], p. 132:
PW > a2) =P ((r —¢)Ton — Tog)® > a) a7, (3.20)

There exists the following relation between probability of the buffer overflow W(z) in the
single on-off model and the virtual waiting time W:

U(z)=P(X >z)= Ep]P(W + (r—oT5 > z)(14+0(1)) (3.21)
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as © — +o00; see [7, 17, 20]. From (3.19)-(3.20) and Theorem 2.1 of [23] (see also [24]) we
have that the tail of distribution function of W + (r — ¢)T?, is asymptotically equivalent to
the tail of distribution function of variable (r — ¢)T,. This completes the proof in a view

of (3.19) and (3.21).
a

We consider now the case of K sources. Let n* be the biggest § > 0 fulfilling

K(BFG, PO <1 (k=1,...,K)
(3.22)

257:1 Ck(‘S) =c.

Remark 3.2 Note that following the argument from the proof of Prop. 5.1 of [30], there
exists the unique solution of system (3.22) (see also Figure 2).

FIGURE 2.
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Like in the single source case we define new kernel distributions G"
(k=1,...,K) in the following way. Let

T+ = {i: fj(n*—l—, () = 40 for some j € {1,...,0;}}
and 65 > 1 be the solution of the equation
LT *
K@ (0" cH ("), 05)) = 1,
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where

00k (%, cF(n*))  foric IF
ko(ox Jkioox — ¥ ’
¥ (77 y € (77 )7 0) { (bfj(n*? Ck(n*)) otherwise.
Consider the distribution function L¥(z) such that L¥(0) = 0 and LE(n*(rf = c* (*))) = 65.
Then o .

. Li+«Gi(x) foriel

k() = R
Giij (@) { G () otherwise. (3.24)
“ v k

For matrix sﬁk(n*, () =[G (n*(rF — ¥ (17%)))] there exists the solution of the BSNE
and the input process is stochastically larger in the new fluid model. Hence we get the
following theorem.

Theorem 3.4 Let n* be the biggest § fulfilling (3.22). Then
U(z) < Ce™

where C'is given in (2.10) calculated for kernel distributions functions {ij(x)}i7j:17...7gk
(k=1,...,K) defined in (3.24).

4 Effective bandwidth

A fundamental problem in a design of multi-service communication networks is an admis-
sion control. Networks providers would like to develop a good way in which to decide
whether or not to satisfy each successive connection request. Due to the diverse traffic
that may be carried by these networks, the different sources can be expected to make very
different demands on the network. Consequently, it is natural to accept the notion of the
effective bandwidth associated with each kind of source in the following way. We say that
K sources with ’bandwidths’ 5;, ¢ = 1,..., K, can be regarded as feasible if and only
if conditipn E1‘< ¢ implies that the probability of the buffer overflow is less than

v. Typically v is of the order 107?. The output intensity ¢ can be thought as the total
available "bandwidth’. The concept of effective bandwidth has been studied extensively in
the literature; see e.g. [15, 18, 19, 13].

Suppose that we are free to choose the number K; of sources of ¢th type from the finite

set £; and let & = (Ky,...,K,) € L = X, L;, where n is the number of different kinds
of sources. Denote by Ws(z) the probability of the buffer overflow if we choose K; sources
of the ith type. Define K =577 K;. Let

v
To =4S € L :limsup s

- <1
3400 exp{—mnoz} }

for a constant 79, which we call an adjustment coefficient. The function eb*(8) of § is called
effective bandwidth of kth source if
TCT, (4.25)

where

T={SeL:> Kieb'(n)<c}.
=1
Thus heuristically, choosing 7y in such a way that v = 7% for small v and the large
buffer content z, if

ZKiebi(no) <c,
=1
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then we can expect that
Us(z) <v.

The following theorem gives the way of calculating of the effective bandwidth.

Theorem 4.1 The effective bandwidth ebk((S) of the kth SMP source is the solution of
equation

K(BF(S,eb" () =1, (4.26)

provided the solution exists, otherwise, eb® () solves
K(DF (5, eb*(5))) < 1, K (BF (54, eb™(8))) = +o0 . (4.27)

Remark 4.1 Note that the quantity ebk((S) depends only on the governing process of the
kth source.

Proof. Suppose that BSNE has no solution and (3.22) holds. Let for some kg

{ k(BP0 (1, cko ;577*)1) < +oo (4.28)

It
K(B™ ("4, ¢ (7)) < 1

for ki # ko, then we can decrease c®'(n*) and increase ¢* (*). Thus there exists § > n*
fulfilling (3.22), which is contrary to the definition of n*. It implies that there are only two
possibilities (see Figure 2):

R(S" (7, (7)) = 1 (4.29)

or
KB (7, ) <1 and k(M ("4, F () = +oo (4.30)

From Theorems 2.1 and 3.4 we have that
Ug(z) < Ce™ s (4.31)

for given constant C'. By (2.6) and (4.29)-(4.30) quantity 7, is the solution of the following
equation

Zn: Keb'(ns) = ¢, (4.32)

=1
where eb!(§) is given by (4.26)-(4.27). We have

\IIS($) _( _
— 2 < e nsmmo)e 4.33
exp{—nor} ~ ¢ ( )

To get & € Ty we want the above to be less than 1 for large sizes of buffer z. Hence
ns > no. By [27] the function eb’(4) is increasing. Thus by (4.32) it suffices to assume that

ZKiebi(no) <c,
i=1

which completes the proof.
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Remark 4.2 If the BSNE has the solution, then by Theorem 2.1 there exists also a lower
bound and by similar considerations we can prove that

ToC T,

where

T=1{SeL: ZKiebi(nO) <c}.

=1
Note that there exists extended real quantity v** such that
k(DF (v9F ebk (v F))) = 1, k(DF (v, eb® (v*F))) = 400

or k(P*(8,c¥)) is finite for all § (in this case we take v** = +o0). The function eb*(4)
is increasing. Hence, the first case (4.26) of calculating the effective bandwidth holds if
§ < v*F and the second (4.27) if § > v**.
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