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Abstract

In this paper we consider a Cox process driven by a Markov process. We markovize
this Cox process by adding supplementary governing component and find the extended
generator A of such constructed process and its domain D(A). As an example we dis-
cuss a risk process with Coxian arrival process generated by a diffusion process. For
this process we derive Lundberg inequality for the ruin probability.
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1 Introduction

Denote by L the space of measurable functions on a Banach space E. By extended gener-
ator A of a process {Z(t),t > 0} (the notion introduced by Stroock and Varadhan (1969))
we mean

A={(g.f) €LXL: MIt) € My} ,

where M. is a family of local martingales and

t
M9(t) = g(Z(1)) —/0 f(Z(s))ds . (1.1)

We identify all versions of functions f up to the sets of potential zero and we denote all
these versions by Ag if (g, f) € A. By domain of the extended generator D(A) we mean
the set of measurable functions g € £ such that M9 € Mj,.. Although it is rather easy
to determine the operator A (it is a infinitisimal generator if it exists) but it is often quite
difficult to characterize the domain D(.A). Davis (1993) find the necessary and sufficent
conditions for membership of D(A) in case of piecewise deterministic Markov process
(PDMP). In most cases it is only possible to determine some subset of the D(A) (for
instance in case of diffusion), which is often also denoted by D(.A).

We consider a cddlag processes {Y(¢),t > 0} and {X(¢),¢ > 0} with values in Ba-
nach spaces Ey and Ex respectively. Denote by AX the extended generator of process
{X(t),t > 0} and by D(AYX) its domain. Let {Y(¢),t >0} be a Cox process driven by
{X(t),t > 0}. That is, for a given realization z(t) of {X(¢),t > 0} process {Y(¢),t > 0}
has the same law like a given process {Y("L’) (t),t > 0} with generator A(®*) and domain

D(A@®). Define operator (AYg)(r) in the following way. If the realization of the process
{X(t),t >0} is z(t), then
(AVg)(r) = (AWg)(r) . (1.2)

By D(AY) we denote a collection of all functions
g(r) € D(A®) for all z € Dg, [0, +00). (1.3)

In section 2 we prove that under some additional assumptions process {(Y (¢), X (t)),t > 0}
has the following extended generator

A=AY ¢ A~

and D(AY) ® D(AX) C D(A), where closure is in a uniform convergence topology.
Bjork and Grandell (1988) derived by a martingale approach an exponential upper
bound for the ruin probability 1(u) when the occurrence of the claims is described by the
Cox process with an intensity process having Markovian piecewise constant realizations. In
section 3 we apply our general theory of extended generator of Cox process to get (infinite
time) Cramér-Lundberg inequality, when occurrence of the claims is described by the Cox
process with general (not necessary Markov) intensity and also the distribution function
of the claim size depends on a state X (¢) of the governing process at time ¢. In particular,
we consider diffusion intensities and in section 4 we calculate directly upper bound for the
intensity being square function of Ornstein-Uhlenbeck process. Similar considerations are
in Embrechts et al (1993) (finite time non-Markovian intensities), and Grigolionis (1992a).



2 Generator of Cox process

Denote by {X(t),t > 0} the underlying canonical cddlag process with values in Banach
spaces Eyx. That is, {X(t),t> 0} is defined on the following probability space
(Qx = Dg,[0,+00), .7-"X {FX},PY), where F7} is generated by the sets {z € Qx :
Tj0,) € A} for A € B(Dg[0,1]) and zo, being a restriction of function = to [0,1].
Cadlag process {Y (t),t > 0} with values in the Banach space Ey is a Cox process driven
by the {X(¢),¢ > 0}. That is, for a given realization z(t) € Dg,[0,+00) of process
{X(t),t > 0} process {Y (), t > 0} behaves like a given process Y (*)(£) on probability space
(Dgy [0, +00), F¥ {F}, P@). Here, F), is generated by the sets {y € Qy : Y|, € B}
for B € B(Dg, [0,%]). We assume that Y (0) = u, that is Y(*)(0) = u for all realizations
of {X(t),t > 0}. Let @ = Qy xQx. By .7-",5(3:’)() we denote the o-field which consists of sets
{(y,w) eN: T, € A} = {(y,.’lﬁ) eN: T, € Aa?/\[o,t} S DEy [U,t]}. Similarly, by .7:%(}:’*)
we mean the o-field which consists of sets {( ) € Q:yjoy € B}, where B € B(Dg, [0,1]).
Let FX) = Vizo ft+ )a = VizoF ¥ and FOX) = £y FX),

On probability space (€2, F(YX) ,IP) we deﬁne canonical process {(Y (¢), X(t)),t > 0}
(see Parasarathy (1967), Th. 8.1, p. 147, Brémaud (1981), Grandell (1976) and Grandell
(1991)) by the following equality:

dP(y,z) = dP® (y) dP¥ (z) . (2.4)

In analysis of extended genarator the most convenient filtration on (€2, F' (X, IP) is natural
filtration {.7-}(}:’)()} of process {(Y (¢), X(¢)),t > 0}; see Grandell (1991), p. 114. The o-
field .7-"8:’)() is generated be the sets

{(y:2) €Q:yjo € A1, z)0, € A2} =
= {y €Oy : Yo, € Al} X {ZB €Oy : T4 € A2} ,

where Ay € B(Dpg, [0,t]) and As € B(Dg, [0,t]). Thus
FYO 7Y« £ = AV

We now find the extended generator of process {(Y (t), X (t)),t > 0}. We define AY
and D(AY) by (1.2) and (1.3) respectively.

Lemma 2.1 If g(r) € D(AY), then
t
M) = gV (1) = [ (AT gV (5)) ds
is a local ({Féj’x)},]P)—martingale.

Proof.  Let {Tn } be a fundamental sequence of {]-'Y(z)} = {F}.} stopping times for
local martingale { M®9(t) = g(Y ®)(t)) — [{(A®)g)(Y (I)( ))ds}. Tt can be for instance the

jump epochs of process {Y( )( t),t > 0}, that is T,(L )( ) = inf{t > 7- cy(t) # y(t—)}
Define 7Y (y,z) = o (y). Then

{(y,2) € Q: 1) (o) <t} = {(y,2) € Q: 7P (y) <t} e Y c FYY . (25)



It means that 7, is a ffY’X)—stopping time. The sequence of stopping times {7} } will be

also the fundamental sequence for {MY*9(¢),¢ > 0}. In fact,

EMY(tAT)) = EXEOM™(t A1)
=EYg(Y?(0)) = glu) < +o0,

where EX is a expectation with respect to IP~X. Thus it suffices to prove that
EMY9 (AT FE) = M9 nr))  ae.
for g € D(AY) and s < t. That is, that for A € f§I’X) we have
/AMY’g(t/\Tfl/)d]P = /AMY’g(s ATY)dIP . (2.6)

It suffices to prove (2.6) for the set A = A; x Ag, where A; € .7-"5_ and A5 € fs)i_. Let

t
m™9(t) = g(y(t)) —/0 (A(m)g)(?/(s))ds .
We have
/ MYI(t AT ) dP = / m®I(t ATy ) dP(y,z) =
A A
= [ [ meste n o) aP @) 0¥ (2
2 J A1
= / m*I(s A T,Sm)) dp®) (v) d]PX(fE)
As J Ay
:/ m®I(s A 1)) dIP(y, z) :/ MYI9(s AT))dP
A A

which completes the proof.
O

Let AX be the extended generator of the process { X (¢), > 0} and D(AY) its domain.
That is, for f € D(AY)

t
0

MY () = f(X (1)) —/ (AYf)(X(s)) ds (2.7)

is a local (.7-",5)4{_, PX)-martingale. Hence it is also a local
(Ffj_’X),]P)—martingale and finally a local (FéY’X),IP)—martingale. By {7,*} we denote
its fundamental sequence. Let

t
0

m S (#) = f(@(8) ~ [ (AT ) (a())ds

We assume that X (0) = w.

Lemma 2.2 Process {MY9(t)MX/(t),t > 0} is a local (F,g’x),]P)—martingale for

g € D(AY) and f € D(AYX).



Proof. Consider sequence of stopping times 7, = 7,X A 7). We prove that process
{MY9(t A1 )MXF(t A1), t > 0} is a martingale. Note that by Lemma 2.1 we have

EMY9(t A7) M5 (E A1) = EXMXT (A7) E@ MBIt A T,) =

- w5 (t A ) / m®9(t A 1) dP@ (1)) dP (z) =
DEy[0,400) Dy [0,+00)
_ / XS (A7) / m®9(0) dP@ () AP () =
EX [0 +OO DEY [0,+OO)

= g(u)BX MM (£ A 1) = g(u) F(X(0) = g(u) f(w) < 400 .
We now prove the martingale property, that is that

B (MY A m) M (¢ A7) | Y] = MY Am) MY (s A), e

Note that for A = A1 x Ay € fg’x), where Ay € FX sy and Ay € .7-"5+, by Lemma 3.1 we
have

/ MY9EAT)IMSTEAT) AP = [ m™S (@t nr) [ m®It A7) dP® (y) dPY (z)
Az

Ay
= [ m® @A) [ mT(s AT dP (y) dPY () /MY’g s A ) M (A ) dIP
A‘) Aq

Thus
B [MY9 (A7) MY (A7) | FEEY] = B (M9 (s A ) MY (87| FEY]
:MY’g(s/\Tn)]E[MXf(t/\ )| £ }:My’g(s/\Tn)MX’f(s/\Tn), a.e.

which completes the proof.

We now can prove the main theorem.

Theorem 2.1 Assume that AYg € C(Ey) and AXf € C(Ex) for g € D(AY) and
f € D(AY), where C(Ex) and C(Ey) are spaces of continuous functions on Ex and Ey
respectively. Then the process {(Y (t), X (t)),t > 0} has the following extended generator:

A=A o A* (2.8)
and D(AY) ® D(AY) c D(A).
Remark 2.1 The equation (2.8) means that

A(f(2)g(r) = g(r)A¥ f(2) + [ (2) A g(r) ,

where AY>* is the operator A", when we put z instead of X ().

Proof. Note that it suffices to prove that for g € D(AY) and f € D(AY), process

MY (t) = g(Y (£) f(X (1)) — /Ot(Afg) (Y(s), X(s)) ds (2.9)



is a local (ﬁr’X),]P)—martingale. From integration-by-parts formula for semimartingales

we have
g(Y (8)) f(X (1)) =
t
= [ FOXD AoV (6 + [ g0 (=) dF X (5) = 7). 9V s

By assumptions of the theorem processes { fg AYg(Y(s))ds,t > 0} and
{ f(f AXf(X(s))ds,t > 0} are continuous processes of finite variation. Hence

H(t) = [f(X),g(Y)]e = [M", M9, .

By Jacod and Shiryaev (1987), Th. 4.50 a), p. 53, and Lemma 2.2 this process is the local
martingale. Moreover,

gV () F(X (1) =
= [ FOX Do () + /tg(Y(s—))df(X(s))JrH(t)
- / F(X (5—))dMY9(s) + / s—)) dM¥ ()
- / (X () (A ) (Y (s)) ds + / gV () (AX ) (X (s)) ds + H (1)
_/ F(X (5—))dMY9(s +/ g(Y (s=)) M4 (s) + H(2)

+ [ (), X)) a (2.10)
Processes { fj f(X(s—))dMY9(s),t > 0} and {[} g(Y (s—)) dM™7(s),t > 0} similarly like
{H(t),t > 0} are local martingales. This completes the proof in view of (2.10).

O

Corollary 2.1 Let {X(t),t > 0} and {Y(t),t > 0} be processes with continuous realiza-
tions and
D(AX) c C(Ex), D(AY) c C(Ey) . (2.11)

Assume also that if k, — k, then Ak, — Ak in the uniform convergence topology. Then
under assumptions of Theorem 2.1 D(AY) @ D(AX) C D(A).

Proof. The domain of the full generator is closed under linear combination. Let
kn € D(AY) ® D(AX) for n = 1,2,... and k, — k in the uniform convergence topology.
Then [} Ak, (y(s),z(s))ds — [y Ak(y(s),z(s))ds for all + > 0 and = € Cg,[0, +00),
y € Cg, [0,+00). Moreover,

M™(t) = kn(Y(2), X (2)) — /Ot Akn(Y (s), X (s)) ds

are local martingales with localizing sequence {7," },,—1 2. each. Note that M"(t) — M(t)
as n — +oo for all realizations of procesess {Y (¢),¢t > 0} and {X(¢),t > 0}, where

M(t) = k(Y (1), X (1)) — /01t AR(Y (s), X(s)) ds .



Process {M(t),t > 0} is the local martingale. In fact, define the following sequence of
stopping times 7, = Ap7), A Ty, where Ty = 0 and T, = inf{t > T),,—1 : |Y(t)] >
m A |X(t)] >m}. Then

E|M(tATy)| < +o00 forallm=1,2,...

This completes the proof by dominated convergence theorem for conditional expectation.
O

3 Risk process

In this section we consider a canonical risk reserve process {R(t),t > 0}:

P(t)
R(t) =u+pt — ZUi ,
i=1

where the rate of income and the probability distribution of the cost of the claim at
time ¢ are the functions of X (¢). That is, if realizations of the process {X(¢),t > 0} is
z(t) € Dg,[0,+00), then for nonnegative continuous function A : Ex — Ry U {0}, we
define a non-homogeneous Poisson process {P("L’) (t),t > 0} with intensity function A(t) =

Az(t)). The claim sizes Up,Us,... are i.i.d. and independent of process {N(t),t > 0}.
We assume that common distribution function Fy(z(t),z) depends on realization z(t)
at time ¢t of the {X(¢),t > 0} and has continuous density fy(z(t),z) and mean v(z(t)).
Assume that R(t) — 400 a.e. In this section we find an upper exponential bound called
Cramér-Lundberg upper bound for infinite horizon ruin probability

h(u) = P(inf R(t) < 0) (3.12)

with initial reserve R(0) =
Let Y (t) = (¢, R(t)) and Ey IR2. Then from Davis (1993) we get following lemma.

Lemma 3.1 The operator AY is given in the following way:

(A9)0,1) = rg(6.1) +pomg(t,r) + K@) [ (9lt.7 =) = gt o (X (0,3 dy

with domain D(AY) consisting of functions g(t,r) : Ry x R — R fulfilling the following
conditions:

i) function t — g(t, pt) is absolutely continuous;
i)

Z\g 0i, R(0:)) — g(oi—, R(0i—))|| < 400 (3.13)

for allm > 1 and realizations x of process {X(t),t > 0}, where {o;} are moments of
Jumps of the process {R(t),t > 0} and the expectation is with respect to P@),



Let h(t,r,z) = f(z)e™%", where f € D(AY), AXf € C(Ex) and f(z) > 0. Similar
derivations like in Rolski et al (1999), p. 459, show that if

Fy(z(t),8) < +00 (3.14)
for all realizations € Dg, [0, +00) of {X(¢),t > 0} and ¢ > 0, then

13- lexp{R(04)} — exp{R(0i-)}
i=1
for allm € N. In that case h € D(AY)®D(AX) C D(A) by Theorem 2.1 and A = AY AX

is the extended generator. Hence by Ethier and Kurtz (1986) and Palmowski (1999)
process

< 400 (3.15)

_ h(t,R(t), X t tAth X(s))
N® =500, 70), x0) P / h(s R(s). X(3)) )
is the local martingale. Assume that

Ah =0, (3.16)
that is that function f(z) > 0 is a solution of
A f(2) = (6 = M=) (Fyr (2,6) = 1)) f(2) =0 . (3.17)
Then process
(N = LEED. XD) o o (3.18)

h(0, R(0), X(0))
is a mean-one positive local martingale. Thus from Dellacherie and Meyer (1982), p. 88,
{N(t),t > 0} is a supermartingale. Let PP(%%%) be a probability under which X (0) = w
and E(") expectation with respect to IP(“%®)  Choose @ such that @ < +oo. Define
7(u) =1inf{t > 0: R(t) < 0} .
Then
P(u) = P(1(u) < +00) .
Consider 7(u) A u, which is bounded stopping time. By Optional Sampling Theorem we
get
EC%) N (0) ECSN (1(u) AT)]
> ECUON(r(w))ir(n) <7 = ECIN(r(w)lr(w) < aPO (r(w) <)
Provided that
BN (7(u))|7(u) < 400] > 0 (3.19)

and letting @ — 400 we get

) (1 . E©uw) N (0)
P (7(u) < +o0) < ]E((]’“’w)[N(T(u))’T(U) < 4o0] .

Note that N(0) = e~ f(X(0)) and R(7(u)) < 0 on {r(u) < 4+00}. Hence assuming (3.19)
and IEN(0) < 400 inequality (3.20) yields Cramér-Lundberg inequality:

P(u) < Ce ™,

(3.20)

where

C= / . f(w) dFO (w)
o BOW (X (7(u)))|r(u) < +oc]
and F(z) is a distribution function of random variable X (0).

In many cases equation (3.17) is difficult to solve. However, we can still can give few
examples, when we can do it.



4 Examples

Example 4.1 (Asmussen and Rolski (1994), Asmussen (1989), Grigolionis (1992b)) Let
{X(t),t > 0} be the stationary Markov process on a state space {1,2,..., ¢} with intensity
matrix @ = AX. If X(t) =i, then A\(X(t)) = \; > 0 and Fy(X(t),x) = Fy;(z). Denote
by v = ;7> x dFy,(z). Let m = (w1, ...,m) be a stationary distribution of {X (t), > 0}.

Assume a net profit condition
l

p> Z"TiAiVi .
i=1

Let K () be diagonal matrix with entries k;;(0) = \i(Fy;(8) — 1) and
f@)=fi>0 i=1,...,0.

Then vector f = (f1,..., fn) and d solve the following equation equivalent to the equation
(3.17):
(Q+ K(6) —psI)f =0 . (4.21)

In this case assumptions (3.19) and IEN(0) < +oo are fulfilled. Moreover,

/+°Of( ) dF (w me1<+oo.

[e.9]

Hence

P(u) < max — Z mif; -

Example 4.2 (Bjérk and Grandell (1998)) Let distribution function of the claim size
does not depend on a state X (¢) of the governing process, that is Fiy (X (t),z) = Fy(x).
Consider a stationary Ornstein-Uhlenbeck process {X (¢),t > 0} with generator

2
(AN)(2) = 5o () — aza f(2)

for some constants @ > 0 and a € R and D(A) C C?(R). That is, {X(¢),* > 0} is defined
by equation
X(t) = VadB(t) — aX(t)dt ,

where {B(t),t > 0} is a Brownian motion. In case of stationary Ornstein-Uhlenbeck pro-

cess X (0) has a normal distribution function F°(x) with mean zero and variance .

2c
Assume that A(z) = 2% and f(2) = exp{K 2%}, for some
0<K<2. (4.22)
a
Note that in that case JEN(0) < +o0o0. Under assumption (4.22) we have
400 2
/ f(y)dF°(y) = L < 400 (4.23)
o0 J1I— K&
Note also that f(y) > 1. Thus condition (3.19) is fulfilled and
2
oo V2 (4.24)

9



Equation (3.17) is reduced to
1 .
EOL(422K2 +2K) — 2a2°K — pd + 2*(Fy(0) —1) =0,

which implies that

"2\ 4a? 2a

and ¢ is a solution of following equation

< \/0‘2 _Fu@) -1 % (4.25)

a—1/a? = 2a(Fy(5) - 1)
pd = 5 .

(4.26)

Note that we must have
§<§, (4.27)

where § is the solution of Fi;(8) = 3‘—2 + 1. In this case assumption (3.14) is obviously

fulfilled. For exponentially distributed claims with mean value y we have that § = %
and for

<Z(u+1)+2 (4.28)
P< g\ o H .

there exists solution of (4.26)

gL tr (1—\/1—M> . (4.29)

2pp (ap + p)?

Note that if (4.28) holds, then assumption (4.27) and hence also (3.14) is fulfilled. Thus,
if occurrence of claims are described by the Cox process with the intensity process being
the function of stationary Ornstein-Uhlenbeck process and claims are exponentially dis-
tributed, then under assumption (4.28) by (4.24) we have the following Cramér-Lundberg

inequality
2
plu) < e

where K is given in (4.25) and ¢ in (4.29).
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