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ON THE KOLMOGOROV QUASIMARTINGALE PROPERTY

BY

BERNARD HEINKEL (STRASBOURG)

Abstract. Let (X,) be a sequence of real-valued random variables
(r.v), which are centered, squarc integrable and independent.
A well-known result, due to Kolmogorov, states that if
2
) y Eg")‘c +00,
k21
then (S,/n) converges almost surcly (a.s) to 0, where §,=X,+ ...
e+ X,
This paper is devoted to the interpretation of condition (i). For
_instance, it is shown that if the r.v. X, are weighted Rademacher r.v.,
then (i) is equivalent to the fact that ((S,/n)?, 4,) is a quasimartingale
(%, being the natural filtration associated with the sequence (X,)).
The problem of the interpretation of (i) for Banach space valued
r.v. X, is also studied.

0. Kolmogorov’s theorem is the most famous strong law of large numbers
(SLLN) for a sequence of not identically distributed r.v., it is stated as follows:

THeOREM 0.1 (Kolmogorov [7]). If (X)) is a sequence of real-valued random
variables (r.v.), which are independent, centered, square integrable and such that
E(X?
©.1) - y —5{2—") < +00,

kz1
then (X,) satisfies the SLLN:
S, X+..+X,

0.2) —=—"-0 as.
n n

Hypothesis (0.1) appears as a tool which measures how fast the sequence
(S,/n) converges to 0; this can — for instance — be seen by applying the
Hajek—Reényi inequality [4] for bounding

—| >ty
n

0,@)=P <sup

nzk

8 — PAMS 16.1
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From this point of view, (0.1) seems only to be a — rather technical and
rough — bound for 0,(f). A more satisfactory interpretation of assumption
(0.1), as, say, an intrinsic property of the sequence (S,/n), would be welcome!

Intuitively, as (S,/n) is derived by Kronecker’s transform from the
martingale (S,, 4,), where 4, = o(X,, ..., X,), the expected “intrinsic proper-
ty” would be that (S,/n) has some “generalized martingale” property. We are
going to try to guess which one, using a few informal lines and naive discussion.

Suppose that the assumptions of Theorem 0.1 are fulfilled. For every
integer n, we denote by ¥, the o-field generated by X, ..., X,. First observe
that(S,/n, %,) is not a martingale. The first classical less restrictive “generalized
martingale” property is the quasimartingale property (see, e.g., [2], p. 323). We
recall briefly its definition:

DerintTION 0.2. Assume that (X,) is a sequence of integrable r.v., and ()
is an increasing sequence of g-fields. Then (X,, 5,) is a quasimartingale if the
following hold:

(i) VrneN*, X is #,-measurable;

(i1) supE|X,| < +o0;

(i) ' o BIEXus1|56)—X,| < + 0.

Remark. Notice that if the r.v. X, are positive, then property (ii) follows
from (iii). A very small amount of information on quasimartingales we will need

in the sequel can be found in [1] or [2].
If (S,/n, 9,) were a quasimartingale, we would have

0.3) Y n2E[S,| < + 0,

nz1

which is more restrictive than (0.2). However, an easy computation shows that

1 E(X2
(0.4) vn, Y —SEIS)<2/1+lnn | Y (Xi)

2 2
1$k$nk 1<k<n k

b

and so (0.3) scems closer to (0.1) than we would think at first glance!

This remark makes reasonable the hope that for some p > 1 the sequence
(IS,/nl") — which for large n is small with large probability — will have a good
“generalized martingale” property.

From this naive discussion we will now get an intrinsic explanation of
assumption (0.1), the explanation which will be complete for scalar valued r.v.
and partial in the infinite-dimensional setting.

Before stating the main definition we need some notation.

We denote by (B, || ||) a real separable Banach space, equipped with its
Borel o-field 4. In the sequel, (¢,) always stands for a sequence of independent
Rademacher r.v. (P(g, = 1) = P(g, = —1) = 3). For every integer n, by %, we
denote the o-field generated by e, ..., &,.
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DerNITION 0.3. (1) We say that the Banach space (B, || ||) has the property
K1 if, for every sequence (x,) of elements of B such that

09 5 I

< + 0
2 2
k=1 k

(IS,I1>/n*, #,) is a quasimartingale, where S, =) _. . &X;.

(2) We say that the Banach space (B, || |) has the property K2 if for every
sequence (x,) of elements of B such that (||S,/n||?, &,) is a quasimartingale
(0.5) holds true. -

(3) A Banach space (B, || ||) having both the properties K1 and K2 is said
to have Kolmogorov’s quasimartingale property (in short, Kqm-property).

The present paper is devoted to the study of these three properties, which
shed a new light on the nature of hypothesis (0.1). In Section 1, it is shown that
the real line has the Kgm-property. In Sections 2 and 3, the case of
infinite-dimensional space valued r.v. is considered; for instance, it is shown
that a Banach space has the property K1 if and only if it is of type 2 and that
an infinite-dimensional Hilbert space does not have the Kqm-property.

Finally, in the Appendix, an exponential lower bound (which will be
a crucial tool in Section 1), due to Ledoux and Talagrand [10] and
Montgomery-Smith [11], is recalled.

1. The real line has the Kqm-property. In this section we will give

a complete explanation of Theorem 0.1 in the case of weighted Radema-
cher r.v.:

THEOREM 1.1. The space R of the real numbers has the Kqm-property.
Proof. Let us start with the easy part:
LeMMA 1.2. The space R has the property Kl.

For showing that if }’, . xi/k? < 4 oo, then (IS,/n|*, #,) is a quasimartin-
gale, we have to verify that

8

< +c0.

(1.1) y E‘E(

nz1

§,._+_12| F _.‘ﬁ
n+1 "] n?

It is easy to see that

2
_E S"+1 zlg'," _ 22n+12S’2'_ x,%.‘.lz'
n+1 n*(n+1) (n+1)
Thus, by the assumption made on the sequence (x,), it remains only to show

12) Y n3E(S2) < + 0.

nz1

S,

n
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An easy computation gives
Y n3ES)<C Y, xE/k* < +o0,
n>1 k> 1
and this completes the proof of Lemma 1.2.
For the proof of Theorem 1.1, it remains to show the following more
interesting lemma:
LemMA 1.3. The space R has the property K2.
~ Let (x;) be a sequence of real numbers such that ((S,/n)*, #,) is a quasi-
martingale. The first technical tool that will be needed later is the following
LEMMA 1.4. There exist a sequence (8,) of positive numbers and a positive
constant C, such that
() sy 0 < +0;
(i) Vk, x2/k* < C,sup(1/k, 8,).
Proof of Lemma 1.4. For every integer n, we denote by u, a median of

(2n+1)8?
n?(n+1)7°

By the quasimartingale convergence theorem (see [1], § VI1.38), the sequence
((S,/n)*) converges a.s. to a random variable Z, which, according to Kol-
mogorov’s 0-1 law, has to be a constant. Consequently, there exists a positive
constant C, such that, for all n, y, < C;/n. By assumption, we have

@n+1)8: x2, |
1.3 E — ;
(9 L E [ iy iy <
so, by a well-known property of the median,
(2n+1)8?
El—F——F5—ul< ,
| PO P I
and also '
(1.4) 5 | e <+
. n=1 (”'I‘l)z o .

Thus Lemma 1.4 follows immediately from property (1.4).
Let us define

t=[2,/2C+1],

where, as usual, [ ] denotes the integer part of a real number, and C is the
constant involved in Theorem 4.2 below. Denote by M the integer 2.
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The next step in the proof of Lemma 1.3 is the following

LemMa 1.5. For every integer n > ny = sup (M, 3) we define the following
sets of integers:

Um ={1,...,n},
U, () = Umn{k: sup(l/k, 8) = Uk}, U, () = U@\U, (0.
Denote by o, (n), ..., ay (n) (respectively, B,(n), ..., By (n)) the non-increasing

rearrangement of the sequence (x|, ke U, (n)) (respectively, (x|, ke U, (n))
stopped at the index M. Then the following conditions hold:

@ X5 2@+ ... +aii() < +oo;
) Y5, (BT + ...+ () < +o0.

Proof of Lemma 1.5. Let us first prove (i). By the definition of U, (n), we
have
n~3aim)+ ... +aj(n) < Cy/n?,
so (i) holds.
To see (ii) observe that

Y a3 B+ ... +B4M)<Cs ¥ n72 Y K25,

nzngo nzZng keU(n)
Property (ii) then follows easily from the inequalities
Y2 Y k26, < Y K6, Y nT < Cq ) & < +o0.

nzng 1<k<n kz1 nzk kz1
From Lemma 1.5 we get

LemMA 1.6. For every n we denote by z,(n), ..., z,(n) the non-increasing
rearrangement of the sequence (|x,|, ..., |x,). Then for every n = n, we have

2n+1 2
. 2 <u,
: nz(n+1)21sstM <)

where u, is the general term of a convergent series.

By the application of the Ledoux and Talagrand and Montgorﬁery-Smith
exponential lower bound (see the Appendix), we get

' (/2n+1 ' 1 1 .
(15) P(n(n——{-l)1$zk:sn8'ka > EKI’Z (x, t)) = Eexp(—ctz).

From Holmstedt’s result (4.2) recalled in the Appendix and from Lemma 1.6 it
follows that

1 t 2n+1
_R 2_ - @ 2_ A
( 1.2 (X, t) ('<\/n2 (n+1)2 " Z Xk LV un)

<k<n
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Now we consider two cases.
Case 1. We have

t 2n+1 2x2+ 1
1.6 - 2./ > [l
(16 C(\/”Z (n+1)* 1szk'snxk un) (n+1)
Then it follows from (1.5) that
2n+1
P
: ( n(n+1)
Denoting by I the set of integers n for which (1.6) holds, we get from (1.3) the
relation

2x2+1 1
n > — 2 .
> (n+1)2) Cexp( Ct?)

Z &y Xy

1<k<n

2
Xn+1

< 4+ 00.
,é(n+l)2

Case 2. First observe that, by the choice made for ¢, for each nel° we
have

2n+1 X201
g —_— 22 _n*l
(.7 Earlp L, St e e
Now denote by A the set of clements of I° for which

u < x3+1
" 8(n+1)%

and by B the set I°\A. It follows immediately from (1.3) and (1.7) that

Z x3+1 <+
neA(n+1)2 )

Finally, u, being the general term of a convergent series, we also obtain

xf+1
Y 5 < +o.
HEB(n+1)

This completes the proof of Lemma 1.3 and, consequently, the real line has the
Kqgm-property.

_ Several authors have extended Theorem 0.1 to r.v. taking their values in
a real separable Banach space (B, || ||) equipped with its Borel o-field # (see
[5], [8] and [10], Chapter 7 and the references given therein). Their results
incite to study the connection between the geometric properties of a Banach
space (B, || ||) and the properties K1, K2 or Kqm-property! The sequel of this
paper is devoted to that connection.
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2. The type 2 property and the property K1. In this section we will study the
connection between the property K1 and the type 2 property. Let us recall
the definition of the type 2 (and also that of the cotype 2, which will be used in
the next section):

DEerFINITION 2.1. Let (B, || ||) be a real separable Banach space and let, as
above, (g) be a sequence of independent Rademacher r.v.

(1) The space (B, || ||) is of type 2 if there exists a constant Cgz > 0 such
that

VneN*, Y(x;, .o x)eB E| ¥ axfP<Cs 3 Inl?
=

1<k<n 1<k=n

(2) The space (B, || |)) is of cotype 2 if there exists a constant Cy > 0 such
that

VneN*, V(x;, ... x)eB, E|| ¥ ex)’=Co ¥ Ixl?

1<k<n 1<k<n

We refer the reader to [10] (Chapter 9) for further information on type
and cotype; we only recall the Hoffmann-Jargensen and Pisier theorem [5], on
which the property K1 will shed some new light:

THEOREM 2.2. Let (B, || ||) be a real separable Banach space and let (g,) be
a sequence of independent Rademacher r.v. The following two properties are
equivalent:

(1) B, I 1) is of type 2.

(2) For every sequence (x,) of elements of B such that

2
@.1) y ”x’;" <+,
| R

the sequence S,/n = Zl<k<n£k x,/n converges a.s. to 0.

This famous result can be precised in the following way:

THEOREM 2.3. For a real separable Banach space (B, | |), the following two
properties are equivalent:

(1) (B, | |I) has the property KI.

() B, Il 1) is of type 2.

(2)=(1). Suppose that (x,) is a sequence of elements of B such that (2.1)
holds. As above, we denote by S, the sum ), _, . & X, and by %, the o-field
generated by (g, ..., &,). Then, by the conditional Jensen inequality,

E(ISn+11171F) = 15,17




120 B. Heinkel

Consequently,

2 2
E{M,gﬁ}_”%" P 2"“)2 15,12+

. {ns,.HuZ—uS"nZ' g,}

(n+1)? nt | T nt(n+1 (n+1)?
_ _2n+1 s "2+E(HS..+1II2I9"..)—IIS.,IIZ
nn+1)20" (n+1)?
Therefore, for every fixed integer N we have
<« gl (18l 182 2(2n+1) E [|Sy+.]?
Y g8ttt g} < ———ZE|S, |24+ .
15%?1\7 ((”+1)2| " n? 1<§s~"2(n+1)2 15,07+ (N+1)?
Applying now the type 2 property, we obtain easily
ISn+111? 15,112 EA
EE| ———— —— <C ,
n§1 ((""‘1)2 s n lokgl k?

which completes the proof of the implication (2)=>(1).

(1)=(2). Let (x,) be a sequence of elements of B such that (2.1) holds. By
the property K1, (||S,/n|?, #,) is a quasimartingale; therefore the sequence
(IIS,/n]l?) converges a.s. to a random variable Z (see [1], § VI.38). It follows
easily from (2.1) that there exists a non-decreasing sequence of strictly positive
numbers (o), with lim,_, , , o, = + 00 and such that if we put

Y1 =X
Vnz0, Vkel(n)={2"+1,...,2""}, y, = a,x,,
then

22) v Il o

2
kz1 k

Here again the sequence (| T, /n||?, #,)— T, = 21 <x<n € Vi 18 @ quasimartingale,
and so there exists a constant C;; > 0 such that

&:Y;
> 5

Jel (k)

supE
k

< Cyq;-

Let us notice now that, for every integer n > 1,

2.3) E San SE“t‘hxl" 2kc11’
2" 2 osk<n—1 2 O
which implies
. San
lim E =0,
Jm Elo| =0
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and therefore Z = 0 a.s. So we have shown that if (2.1) holds, then the SLLN is
fulfilled for the sequence (g, x,). By Theorem 2.2, this implies that (B, | [|)is of
type 2.

3. The cotype 2 property and the Kqgm-property. Now we will study the
connection between the cotype 2 property and the Kgm-property.

THEOREM 3.1. A real separable Banach space (B, | ||) having the
Kqm-property is of cotype 2.

Proof. Let (B, | |) be a real separable Banach space having the
Kqgm-property, but which is not of cotype 2. Then for every integer k > 1 there

exists a sequence (u%, ..., uk,,) of elements of B such that
2 _
(3.1 E|| ¥ & <k™® ¥ 3,
1< j<n(k) 1<j<nk)

where, as usual, the (g,) are independent Rademacher r.v. Since there is no loss
of generality in assuming that

2 lgr=1,

1<j<n(k)

we work on this assumption in the sequel. Let us put
Vk > 1, m(k) =sup(n(1), ..., n(k—1), n(k)),
and consider the following sequence of integers:
co =0,
¢, =2m(1),

¢, =¢;+2m(2),

Cp = Cy—1+2m(k).
We associate with the sequence (c,) two sequences of sets of integers:
Ak = {Ck—l + 1, eery Cg—1 +m(k)}, Bk = {Ck_l‘l‘m(k)'f‘ 1, ceey Ck}.

Using the (u%), (4,) and (B,) we define now, for every integer k > 1, a remarka-
ble sequence (x;) of elements of B in the following way:

VieA,, x;=0;

Vi=c1+m@+1, ..., oo +mk)+nk), x; = cuufi—c,_ —may>

VieBin{cio1+mk)y+nk)+1, ..., ¢}, x;=0.
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Let us examine the properties of the sequence (x;). From the definition of the x;
we get immediately

62) y P

iz1 ]

Let us now consider the sequence

2

S,

n

3kxk'2
1<k<n I

2

and show that (|S,/n||%, &,) is a quasimartingale. The same computation as in
the proof of Theorem 2.3 shows that

=E\E{”Sk+1”2|,,-}_IISkIIZI<(2k+1)E||sk||2 ElSeil® ElS,I?

(k+1)? k2|7 kE(k+ 1) (k+17?  (k+1)*
Therefore
1 1 E|[|Sq+1/?
3.3 w;<C —— E|IS,|?+——2211
6y x. AZ(; o+1)2> I8+ e+ 12

Observe that ¢, < 2(cy—; +m(k)+1). Consequently, by (3.3), we have

E|S 2 E|S, 2
Z st C13 " (::Z(k—l)" +C14 " ck+12”
jediuBre Ck-1 (¢, +1)
E|S.._.I? E|S,|?
< ElSucul” ¢ EIS.I
Ck-1 - Ci

Thus, showing that (||S,/n||%, #,) is a quasimartingale reduces to proving the
following

Lemma 32. ), (EIS,[1%)/ci < +oco.

Since B having the property K1 is of type 2 (see Theorem 2.3), for every
integer k > 1 we obtain

2
E IS, 12 E|[X e, & ¢
< Cye ————<Cy5 PV
i 1<%k Ci 1sj<k ) Ck

(this follows from (3.1)). Notice that, by the definition of m(k), if j < k/%, then
¢ = (k**—1)c; Consequently,

C? C17 1 C18
Vk =2, Z sjz\k3/2+ Z _s<k3/2
1sjseJ € kA< <k J
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The last inequality implies Lemma 3.2. Hence (||S,/n||?, &,) is a quasimartin-
gale; it follows from (3.2) that B has not the property K2. Therefore our
hypothesis on the geometry of B is wrong, and so (B, | |) must be of cotype 2.

A famous result due to Kwapien [9] states that if a Banach space (B, || )
is both of type and cotype 2, then it is isomorphic to a Hilbert space. According
to Theorems 2.3 and 3.1, if there exist spaces other than the real line having the
Kgm-property, these spaces are necessarily isomorphic to Hilbert spaces. The
following result makes more precise the relationship between being a Hilbert
space and having the Kqm-property:

THEOREM 3.3. An infinite-dimensional Hilbert space does not have the
Kqm-property.

Proof Let (H, {, >) be a real separable infinite-dimensional Hilbert
space. Being of type 2, it has the property K 1. Giving a counterexample we will

check that the space does not have the property K2.
Let (e denote the basis of H. Define

Vk=1,2,3, x,=0;, Vk=>4, x, = /ﬁek.

As above, forn > 4weputS, =) &, X;. Let us check that (||S,/n||?; #,) is

a quasimartingale. Write

1<k<n

k 1 k

ISl pfISed? JY 1 K 5
" n? m+1? " n?, Gk (n+1)? 05, Ink
2n+1 k 1 Y 1
" (n+1)In(m+1)
An obvious comparison between an integral and a series shows that

2n+1 "t ox
S gx,
S 1) £ x>

T2 (+1Y G Ink (14 Din(r+1)

2n+1 " x

34) T [ axg
34 nZ(n+1)2£1nxdx

From (3.4) we deduce immediately that there exist two positive constants
C19 and Czo Such that

2n+1 + C19 <v 2n+1 + CZO
2(n+1)2Inn n(nn)? " 2n2ln(n+1) n(nn)*

Consequently,

BRI IR S G S o
ntlllnn In(r+1)f 2@m+1)%Inn n(nn? "

< 1 l 1 + 1 + Cio
SInn+1)|n n+1{ 2n2In(m+1) n(nn)?
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and, finally,

] < Ca
~ n(lnn)*

Therefore

11,112 [1Sn+11° _
2E E{< w7 1 Ff| = Ll < e

nz4 I

Thus (||S,/n|?, #,) is a quasimartingale. But

g Il

2
iza K

so the Hilbert space (H, <, >) does not have the property K2; this completes
the proof of Theorem 3.3.

4. Appendix: A lower exponential bound for the tail of the distribution of
a weighted Rademacher sum. In the proof of Theorem 1.1 we used a very
powerful exponential bound for the tail of the distribution of a weighted
Rademacher sum. This bound is due independently to Ledoux and Talagrand
([10], Lemma 4.9) and Montgomery-Smith [11]. We will give the statement of
this result in Montgomery-Smith’s language.

First we have to recall some definitions and properties related to the
I,-space.

Let t > 0 be given. We will consider the following norm K, ,(, t) on [,,
associated with ¢, arising in the theory of interpolation of Banach spaces:

41) Vxel,, Ky (x, ) =inf {|x'|, +t[x"]l,: x'€l,, x"€ly: X' +x" = x}

(see, e.g., [6]). Holmstedt ([6], Theorem 4.1) proved the following

PROPOSITION 4.1. There exists a universal constant ¢ > 0 such that for all
xel,:
1 % *)2 .
4.2) —Ky (x, )< ), xF+ty Y () <Kiax, t),
¢ 1<k<2] k2[21+1
where [ ] stands for the integer part of a real number, and (x}) denotes the
non-increasing rearrangement of the sequence (|x.}).
The announced exponential lower bound is as follows:

THEOREM 4.2. For every element x = (x,) of l,, we define X (x) = Zk? 1 & X
where, as usual, (¢,) denotes a sequence of independent Rademacher r.v. Then
there exists a constant C >0 such that

@3) Vxel,, ¥Vt >0, P(X(x)> C 'Ky, (x, 1)) = C " 'exp(—Ct?).
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5. Some concluding remarks and some problems. As a conclusion to this
paper, we will make some comments suggested by the above results.

1. The first natural question which raises is the following: Does Theo-
rem 1.1 extend to R"? A positive answer to this question would — with the help
of Theorem 3.3 — give a characterization of finite-dimensional spaces.

2. A second natural question, connected with Theorem 3.1, is the one of
the relation between the property K2 and the cotype 2 property. Intuitively,
one expects that Godbole’s characterization of cotype g spaces in terms of the
SLLN for symmetrically distributed r.v. [3] would play a role for answering
this question as the Hoffmann-Jergensen and Pisier theorem does in the proof
of Theorem 2.3.

As the convergence of the Kolmogorov series

2
x

Y | 'f?” < 4w

=1 Kk

is more restrictive than Godbole’s assumption

(Y Ixy-o,

nY 0y <k

it is probable that the property K2 does not hold in every cotype 2 space.

3. From the Hoffmann-Jargensen and Pisier theorem we know also that
(B, || 1) is of type p(1 < p < 2) if and only if the following implication holds:

P S £ X
(5.1) V(x)eBY, ¥ I +oo=—"=2ﬁi—"—>0 a.s.
k1 KF n n

Therefore, an idea similar to the one developed in this paper is to compare (5.1)
and the fact that (| S,/n||?, &,) is a quasimartingale. By the same proof as for
Theorem 2.3 we get

THEOREM 5.1. Let (B, || ||) be a real separable Banach space, and pe]1 2[.
Then the following are equivalent:

(i) Y(x)eBY, Y, ., Ix|?/k? < + 00 =(|IS,/nll?, #,) is a quasimartingale.

(i) B is of type p.

A natural question, which relates Theorem 1.1 to Theorem 5.1 is the
following one: Is the implication converse to (i) of Theorem 5.1 also true (of
course, in the scalar setting)? The answer to this question is negative. This can
be seen as follows:

Using the above notation, we get immediately

pr
.
» &

E|S,[* Sn
Z np+1 < +CO=>(;

nz1

) is a quasimartingale,
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which, by Khinchin’s inequalities (see [10], Lemma 4.1), is equivalent to

(Zl skSHx%)plz

e

(5.2) y

nzl

It is easy to construct sequences (x,) of real numbers such that the series having
the general term k™7 |x,|? diverges, but for which (5.2) holds. Thus Theorem 1.1
has no analogue for p # 2.
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