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Abstract. This paper is devoted to study the similarity of birth-
and-death processes with a discrete and continuous time. We discuss
some relations between the measures of orthogonality of the associa-
ted polynomials and the first return probabilities of two a-similar
random walks and two v-similar birth-and-death processes. We give
the necessary and sufficient conditions for a-similarity of two random
walks both in terms of the corresponding spectral measures. We con-
sider analogous conditions for v-similarity of two birth-and-death pro-
cesses.
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1. INTRODUCTION

This work was intended as an attempt to study the similarity of birth-and-
death processes with a discrete and continuous time. In Section 1 we are
interested in a random walk with similar transition probabilities. We introduce
a brief summary of such a process and its well-known properties. We recall the
definition of a-similarity. Moreover, we give necessary and sufficient conditions
for measures of orthogonality of the associated polynomials of the correspon-
ding random walks & and & such that & is a-similar to % For such random
walks we establish the relations between their first return probabilities. Sec-
tion 2 contains a discussion of a birth-and-death process with a continuous time.
We introduce the notion of v-similarity and we obtain the analogous theorems
but for the birth-and-death processes % and %, where % is v-similar to %.

This work was inspired by the results of the papers by Schiefermayr (2003),
Dette (2000) and Lenin et al. (2000).

* The research was supported by Bialystok Technical University under Grant no W/IMF/1/04.
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2. RANDOM WALKS WITH SIMILAR TRANSITION PROBABILITIES

Let  ={X(n),n=0,1,...} denote a random walk on the nonnegative
integers {0, 1,2, ...} and let

P;(n)=Pr({X(m+n) =ji{X(m) =1i}), i,j=0,

be the n-step transition probabilities. We will use the notation p; = P ;.4 (1),
gj+1 = Pjr1;(1), r;=Pj;(1), j >0, and P;;(1)=0 for |i—j| > 1, i,j > 0. We
assume that p; >0, ¢;41 >0, r;20, >0, and p;+q;+r;<1, j> 1. The
inequality p;+q;+r; < 1, j > 0, corresponds to a permanent absorbing state j*
which cdn only be reached from state j with probability 1—(p;+q;+7).

Karlin and McGregor (1959) have shown that the n-step transition proba-
bility can be represented in the form

Pim=rm; | x"Q:(x)Q;(x)dy(x), i,j=0,n>0,
S

where

mo=1, m=PCl B oy,
419z ... 4;

¥ is a unique Borel measure with total mass 1 and infinite support in [—1, 17,
called the random walk measure of &, and Q;(x) is a random walk polynomial of
degree j defined recursively as follows:

Q-1(x)=0, Qolx)=1,
xQ;(x) = q;Q;—1 (X)+7;Q;(x)+p; Q1 1(x), j=0.

The polynomials Q; are orthogonal with respect to the random walk measure,
Le.

(1)

1
Ty .f 0:(x) Q; (x) dy (x) = 0y,
-1

-where d;; denotes Kronecker’s symbol. ;

Given the random walk, polynomials Q; define the corresponding sequence
of first associated polynomials Q§" by replacing p;, q; and 7; by p;41, g;4+1 and
rj+1, respectively, in the recurrence relation (1). Therefore the first associated
polynomials satisfy the recurrence relation

09 (x)=0, QF(x)=1/po,
X0 (%) = qj+1 O () +741 OV () +pj+ 1 QR (x),  j=0.

It follows from the arguments of Karlin and McGregor (1959) that there exists
a random walk measure Y on the interval [—1, 1] such that the first
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associated polynomials are orthogonal with respect to this one, ie.

1
Ti+1Pod1 _’. le)(x) Q$~1’(x) dl,b(l)(x) = 511
-1

In the proofs we will use the monic associated polynomials
R =popips... p; 00 (%), j=0,
which satisfy the recurrence relation
? - -RY(x)=0, RPx)=1,
R§1+)1(x) = (x‘"rj+1)R§'1J(x)—Pij+1 R{2;(x), j=0.

DEerINITION 1. For a > 0, we call a random walk &' a-similar to & if there
exist constants C;; > 0, i, j > 0, such that

Pjy(m)=a""CyPy(n), i,j=0,n>1.
In the following we will consider the random walk &, a-similar to &
(@ > 0), with parameters p;, §;, #;, j = 0, its first associated polynomials Q("
orthogonal with respect to the measure ™M and the n-step transition probabili-

ty P;;(n). We will use the same letter to denote the measure and its distribution
function.

THEOREM 1. The random walk & is a-similar to % if and only lf the dis-
tribution functions of the random walk measures satisfy

PO () =yP(@x), xeR,

and o = sup(supp (JV)). In the case where & is a-similar to %, we have the
equalities for the first return probabilities to the origin:

Pom)y=a "t m_(/ficy P(m), i1, n21,
Poo(n)=0a""Poo(n), n=2.

Proof. Schiefermayr (2003) showed that the necessary and sufficient con-
dition of w-similarity of & is the connection between parameters -

_ -1 L. g .
Fi=a "1, Pidiv1 =0 "piqj+1, J=0.

Necessity. From the above remark and (2) we conclude that R{" (x) =
~J R{Y (ax), which gives the equality

0P (x) = /mif7; O (ax).
We proceed to show that J(x) = YV (ax). We have

1
0i; = Tj+1Poq1 __{ le) (x) Q&l) (x) d'p(l) (x) =

2 — PAMS 252

P é"‘;a"_
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= Mj+1Po4d: } O (ox) Q) (ax) Y (o)
-1

~ ~ 1
N /ﬂi T A 5 i
=Tj+1Pod1 LE Y fu 2 jQﬁl)(x)Q?)(x)dl//(”(x)
Tiv1 N Ti+1 21

1
=f;11Pod1 j‘ Qﬁ”(X)Q"}”(x)dlﬁ‘”(x)-

Since supp (f") = [~1, 1], the parameter o has to satisfy o > sup (supp W)

‘Sufficiency. Let Y4 (x) = y§" (ax), « > sup (supp(¥V)) and R{V be the
corresponding system of monic orthogonal polynomials of & satisfying the
recurrence relation (2). Define

(3) ﬁgl’(x) =g Rg-l)(ocx).
Hence, for i #j,

0= jR‘”(x)R(”(x)dl,(l(” -~ ij(ax) RV (%) dy (ax)

— o | RO () R (1) ) ().
-1

Thus R{ is the corresponding system of monic orthogonal polynomials of #.
Using (3) we obtain the equivalent recurrence relation of R{(x), ie.

RY1 () = (ex—aFy 1) R () — o F; 41 R (x).
Consequently, it is obvious that the parameters of & and £ satisfy the con-
ditions 7j=a"'r; and P;§;+1 = o 2pjg;+1. This completes the proof of
o-similarity.
Using the results of Dette’s (2000) work we can show the connections of
the first return probabilities to the origin of ¥ and . We have

Pio () = Podi f X1 G, (1) d (x) -

=a"?poqs [ IX" 1O (ox) Ay (ox)

22‘]

I (0x)"™* Q2 (ex) Ay (ax)

11—1

[m;—
= "1 —_ﬁl L Py (n)
i-1

=a """ 1poqy
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and

1 1
Poo() = Pody § X" 2df'V(x) = 2 poq, § x""2dy (ax)
-1 -1

=0a "poq; —j1 (0x)" "2 iV (ax) = " Py (n).

This is our claim. =

The criterion of a-similarity does not depend on the initial transmon
probability Tor a sufficiently small population.

The kth associated orthogonal polynomials fulfil the recurrence rela-
tion ‘

0%, (x) =0, oy () = 1/pg-1,

xQW (x) =g;41 Q% 1 () +7;4. Q8 () + P QM1 (), 720, k>0,

and the corresponding measure of orthogonality y* plays a similar role in the
consideration of connection between the first return probabilities P;;(n) and
Pin), i>j, of & and %, respectively.

COROLLARY 1. The random walk & is o-similar to & if and only if the
measures satisfy

VP () = y®(ax), xeR, k>0,

and a > sup (supp (Y®)). In this case the relation between the first return proba-
bilities to the state k of the systems & and & is the following:

D - T . .
Py(n)=a" "1 nl L pa(m), i>k i=0.
i—k—1

>Proof. éonsider the random walk 2* with one-step probva.bilities
u;? = Uj+k, rf =Tjtks ng = q]+k -
and the first associated orthogonal polynomials
e (x)=0, @’ (x)=1/pk;

xo$ (%) = gk 1 2 )+ P )+ P R (x), j=0, k>0.

We can build the monic associated polynomials for the above ones, and proceed
analogously to the proof of Theorem 1 to give the conclusion for the systems
&* and a-similar £* and the measures {" and V. The assertion of Corolla-
ry 1 follows from the recursive relation for the (k+ 1)st associated orthogonal




216 . A. Poskrobko

polynomials. Using again results of Dette’s (2000) work we can obtain the
relation between the first return probabilities to the state k of & and Z:

Pa) = Bedies | 2 O30, (94544 ()
-1

_ Ti—k—1
=07 P G+ nl _[ nmloEsl, (ocx)d|//("+1)(cxx)
i~-k—1 —1

. ) _- . oy
= g [ (- IQ<k+1>1<ax)dn//<k+”(ax)
i~-k—1 —1

e T;
=o " ! n_l ua 1 lk (n)
i—k—1

This completes our proof. m

By proving Theorem 1 and Corollary 1 we have also shown that Y® (ax) is
a measure of orthogonality if and only if a > sup (supp (™)), k > 1.

ExampLE 1. Let us consider a random walk & with constant parameters
pi=p 4=4q, r;=0,j>0, and p+q=1. In this case the first associated
polynomials are of the form

(M (x) = gjU-( - > >0,
@) (xﬁ) om) 17°

where U;(x) denotes the Chebyshev polynomials of the second kind. In such
a situation sup (supp (') = 2\/— Since «>2./pq, let b>1 such that
o= 2b\/ﬁ .

’ SchJefermayr (2003) showed that for & as in this example there exists
a unique a-similar random walk & with parameters Pj» d;, F; given by

N g1 2it1\%) Q1+1(°‘) ~ -1 Qi@ '- p 1.

dj+1 = & dij+1» ¥;
d 0@ P Qi1

where g = 0. In our example #; = (Q; (oc)) -m; and

1
Py (m) = poqs _[ X"~ 1O (x) dy (x)
-1

b () N
=—pq | x" = Uij| —==) [1—— dx
T —I1 q ' 2./pq 4pq
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2 p)i—l( 1 )1—» 1 ( x )n—l ( x ) x2
o B) (e ) U (=) [1-2 ax
n ( q 2./pq jl 2./prq "\2/pq 4pq

2 i-1 1-n 1
=—P£I( 2) <;> fx"‘lUi_l(x) 1—x?dx

L q 2./pq -1

=2a((2)" (i) w o)
~ Py N TV

if i+n is even. For odd i+n, Py =0. See Dette (2000) for more details.
Using the results of Theorem 1 we can calculate the first return probability
to the origin for &:

« 1 : *
Pio(n) = U,_,(b) n(2b)y*T ((n - i)/2)

_ sin(arccosh) i ( n )
~ sin(iarccosb) n(2by'tI\(n—i)2/)

3. BIRTH-AND-DEATH PROCESSES WITH SIMILAR TRANSITION PROBABILITIES

We will deduce analogous criterions of the similarity for the birth-and-
death processes, relations between their measures and first return probabilities.

Let % = {Y (t), t = 0} denote a birth-and-death process, i.c. a stationary
Markov process whose transition probability function

Py() = Pr({Y () = }1{Y ©) = 1})
satisfies the conditions
P;ivi(t) = Ait+o0(1),
P () =1—(4; + ) t+0(),
Pij-1(t) = pit+o(t)

as t — 0. Constants A; (birth rates) and y; (death rates) may be thought of as the
rates of absorption from state j into states j +1 and j— 1, respectively (4; > 0,
u;>0,j=0,1,..., yo = 0). Karlin and McGregor (1957) have shown that the
transition probabilities P;; can be represented as

Py()) = x; | €7 Gi () G;(x) de (),
0
— 11011 lj—l

=0t BTl s,
T sy

K0=1,
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{G;(x)} is a sequence of birth-and-death polynomials defined recursively:
4) G-1(x)=0, Go(x)=1,
—xG;i(x) = p; Gj— 1 (X)—(A;+ 1) Gi(X)+ 2;Gj41 (%), j=1,

and orthogonal with respect to the spectral measure g, ie.
K; I G;(x) G;(x)do(x) = d;;.
0

It is shown in the paper of Karlin and McGregor (1957) that there is at least
one such measure with total mass 1 on [0, o).
In the proofs we will use the monic polynomials

W) = (=1 igdy oo yos Gi(0),  J2 1,
which satisfy the recurrence relation
W_i(x)=0, Wylx)=1,
Witi () =(x—4;—p) W;(x)—A;— ;W1 (x), j=0.

DEFINITION 2. The birth-and-death process 4/ is said to be v-similar to the
birth-and-death process % for some real number v if there are constants c;;,
i,j =0, such that

®)

P’ij(t)=cije"Pij(t), 1,120, I}O
See Lenin et al. (2000) for more details.

47 is the process with parameters Z;» fj» j >0, and polynomials G’,- or-
thogonal with respect to the measure g.

THEOREM 2. The birth-and-death process ¥ is v-similar to % if and only if
"the distribution functions of the spectral measures satisfy

§)=e(x—v), xeR,

and v < inf (supp (@)).
Proof. Necessity. We claim that

(6) Wi(x) = Wy (x—v).

This is implied by the fact that for the birth-and-death processes % and %,
where % is v-similar to %, their rates are related as follows:

™ LA ==V, Al = Aitien,  j20.
We conclude from (6) that G (%) = /x;/R; Gij(x—V).
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Next we claim that g(x) = g(x—v) since

5=, | Gi(¥) G;() da () = & | G(x—9) G (x—v) de (x—v)

2

i Ki

i K,

:ij

609Gy d3(x) = &; [ G:(x) G;(x) d3 ().
0

Oty 8

R

Since supp (@) = [0, o], the parameter v has to satisfy v < inf(supp ().

Sufficiency. Let ¢ and ¢ be the spectral measures of % and @, respec-
tively. Let ¢(x) = g(x—7), v < inf (supp (¢)), and W, be the corresponding sys-
tem of monic orthogonal polynomials of % satisfying the recurrence rela-
tion (5). :

Let W; be defined by (6). Hence, for i # j,

0= [ W () Wi(x)de () = | Wi(x—v) W (c—v) do (x—)
0 0
= [0 W) dg ).

It follows that W is the system of orthogonal polynomials of #. From the
equation (6) we obtain the recurrence relation of W, ie.

] I/Vj+1(x)=(x—(j"j‘l_ﬁj_v))u/j(x)_j:i—lﬁjm—l(x)‘

Comparing (5) and (8) we obtain the equalities for rates of % and # as in (7).
Such connections of rates prove the v-similarity of %, as shown by Lenin et al.
(2000). =

We can formulate the analogous theorem for measures of the orthogonali-
ty o and g of the first associated polynomials G{» and G$"), where

_ GY()=0, G§(x)=—1/ko,
—xGM (x) = py41 Gy () —(Ays 1+ 4+ ) G () + 4541 G (%), j= 0.
The- monic form of these polynomials is -
W (x) =(—1¥* 1Ak ... 4,;GP(x), j=0,
and satisfies the recurrence relation 7
W) =0, W) =1,
O W0, ) = = Ay =y ) WO = iy W09, 530,

THEOREM 3. The necessary and sufficient condition of the v-similarity of
% when considering % is the equality of measures

V(x) =M (x—v), xeR,




“and v < inf (supp (™).
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and v < inf(supp (¢™)). If % is v-similar to %, we have the following relation for
the first return probabilities to the origin:

Ki-1

ﬁio(t)=e_vt Py, iz1,t=0.

o~

Ki-1

Proof. The proof of the equivalence is analogous to the one of Theorem 2,
but with using the polynomials G{"(x) and G{"(x) and their monic forms
W (x) and WM (x). Next we use the well-known formula for the probability of
the first return to the origin (see van Doorn (2003)):

Pio(t) = Ao 71 [ e 012, (x)da™ (x)
0

= dovy [2E [ e QD (x—v)dg™® (x—)
i—1 0
_ - [Ki-1 J) 2 —(x—t n(1) (1) _ -t |Ki-1
=e ~ 0V1Ie 0”1 (x—v)dg'M(x—v)=e — Py (1).
Ki-1 0 Ki-1

This is the desired conclusion. =

taY]

This result can be generalized. Let us consider the kth associated polyno-
mials ,
G¥(x)=0, GPx) = —1/ 1,
—xG{ (x) = Bi+k G821 () —Ajsrt i+ GP )+ 4,1 G 1 (%), j=0, k=0,
orthogonal to the measure o™ (x). Our extension deals with the v-similarity and
relation between such measures.

COROLLARY 2. The birth-and-death process % is v-similar to % if and only
if the measures satisfy

0® =o®(x—v), xeR, k>0,

Proof. We can proceed analogously to the proof of Corollary 1 from the
previous section. We can build the birth-and-death process #* with parameters

#? = Hj+k» /155 = Aj+i
and with the corresponding monic associated polynomials orthogonal to the
measure g{!’(x). The assertion is obtained by Theorem 3. =

Remark. The proofs of Corollary 2 and Theorem 3 yield an additional
information. It follows that ¢® (x —v) is also a measure of the orthogonality of
the kth associated polynomials if and only if v < inf(supp (¢®)).

S
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