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Abstract. The main purpose of this paper is to establish the asymptotic
properties of the expectation and variance of periodogram for nonstationary,
almost periodically correlated time series. We expand our consideration to
the whole bifrequency square (0, 2]%. We show the exact form of asymp-
totic covariance between two values of periodogram which are calculated
at different points. This result implies that periodogram is not consistent
in mean square sense for any point from bifrequency square (0, 27]>. Fi-
nally, under the moment and a-mixing condition, we prove the consistency
of smoothed periodogram.
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1. INTRODUCTION

The concept of a class of periodically and almost periodically correlated (PC
and APC) stochastic processes and time series was firstly introduced by Gladyshev
[9], [10] and Hurd [12]-[14]. Such a class of stochastic processes and time series
occurs in many fields including telecommunications (see [6], [7]), meteorology
(see [1], [17]), finance (see [2], [4], [20]), econometrics (see [21], [22]) and many
other fields (see [8]). Therefore, in the last years this field is a topic of the intensive
research.

It can be stated that the spectral theory of continuous time APC processes was
more broadly investigated than its discrete-time counterpart. Hurd [13] has shown
that a smoothed periodogram is consistent (in mean square sense) for a PC Gaus-
sian stochastic process. Leskow [19] has shown that for ¢-mixing APC stochastic
processes observed in continuous time a smoothed periodogram is consistent and
asymptotically normal. However, these results have not been applied yet to the time
series context. It is well known that the theory of PC and APC stochastic processes
observed in continuous time and the theory of PC and APC time series must be
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considered separately (for more details see [8]). This difference leads to other as-
sumptions concerning theorems for these processes and other techniques in proofs.
In the literature the PC and APC time series are often called cyclostationary (CS)
and almost cyclostationary (ACS). The definition of PC and APC time series is
the same as the definition of cyclostationary and almost cyclostationary ones in
the wide sense, respectively. The review of the theory of cyclostationarity for time
series and stochastic processes can be found in [8].

This paper is devoted to a study of properties of bias and variance of smoothed
and non-smoothed periodogram for APC time series { X; : ¢ € Z}. In Section 3 we
focus our attention on the bias of a periodogram for all points from bifrequency
square (0, 27]%. We show the rate of convergence of bias of periodogram for points
which belong to spectral mass location and beyond this set.

On the other hand, Section 4 is devoted to a study of second order properties of
periodogram and consistency of smoothed periodogram. We show the exact form
of asymptotic covariance between two values of periodogram which are calculated
at different points. Moreover, this result holds for a more general class of time
series than the APC case. The asymptotic form of variance of periodogram sug-
gests inconsistency of the periodogram on the whole bifrequency square (in mean
square sense). Finally, we show consistency (in mean square sense) of smoothed
periodogram in the APC case. Recall that in the literature the asymptotic properties
of the periodogram and its modification were considered only for points from spec-
tral mass location. It was done under the ¢-mixing condition in the PC and APC
case (see [13], [16]) and under the a-mixing condition in the stationary case (see
[25]). It is innovative in this work that all results in Sections 3 and 4 are presented
for all points from bifrequency square (0, 27]2. Moreover, in our considerations
we use the a-mixing condition instead of the ¢-mixing condition. All proofs are
contained in the Appendix.

2. BASIC DEFINITIONS AND ASSUMPTIONS

In this section we recall basic definitions and introduce the notation that is
helpful for subsequent work. Let us start with the definition of an almost periodic
function taken from [3]. It will be used to introduce the definitions of PC and APC
time series (see [9], [14]).

DEFINITION 2.1. A function f(t) : Z — R is said to be almost periodic in
t € Z if for any € > 0 there exists an integer L. > 0 such that among any L, > 0
consecutive integers there is an integer p. > 0 such that

sup [f(t +pe) — f(t)] <e.
tez

Notice that any periodic function is also almost periodic. A simple example of
an almost periodic function is f(¢) = sin(wt), where the argument ¢ € Z and w is
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a frequency from the interval (0, 27]. If we take an w such that w/27 is a rational
number, then easy calculations show that f(¢) is a periodic function. If we take, for
example, w = /2, then we get an almost periodic function which is not periodic.

DEFINITION 2.2. A second order real-valued time series {X; : t € Z} is
called almost periodically correlated (APC) if both mean p(t) = E(X;) and auto-
covariance functions B(t,T) = cov(Xy, X¢4-) are almost periodic functions at ¢
for every 7 € Z. We say that the time series is periodically correlated (PC) if the
mean and autocovariance functions are periodic in ¢ for every T € Z.

In this paper we are interested in the second order structure of APC time series,
so it is assumed that our time series is zero-mean, i.e. u(t) = 0.

Take any 7 € Z. Then the autocovariance function B(-,7) has the Fourier
representation (see [14])

2.1 B(t,7) ~ 3 a(\ 7)e,
)\GAT

where a(\, 7) are Fourier coefficients of the following form:

n

1 N
a(\ ) = lim = 3" B(j,r)e
j=1

and for fixed 7 the set A. C [0,27) is the set of all frequencies A for which
a(A,7) # 0. Let A denote the sum A = | J__, A-. Below we formulate some
assumptions regarding the set A and the summability of the Fourier coefficient
a(\, 7). These assumptions are used in the next sections.

ASSUMPTION 2.1. Assume that for the APC time series {X; : t € Z}

(a) the set A is finite;

(b) there exists a real number Cy < oo such that > > |a(X, 7)| < C for
any A € A;

(b') there exists a real number C; < oo such that > |7[la(), 7)] < C4
for any A € A.

Notice that under Assumption 2.1 (a) the Fourier representation (2.1) becomes
equality and the set A, can be replaced by A. Moreover, it is easy to see that
Assumption 2.1 (b’) implies (b).

Let us introduce the frequency domain theory for APC time series. We start
from the assumption that our APC time series { X; : ¢ € Z} is harmonizable, so it
can be represented as a stochastic integral

2m
Xt = felth(dé.)a
0

where {Z(§) : 0 < & < 27} is a zero-mean complex-valued random process. Then
a signed measure defined on the bifrequency plane (0, 27]? as R((a,b] x (c,d]) =



308 L. Lenart

E[(Z(b) — Z(a))(Z(d) — Z(c))], where 0 < a < b < 27,0 < ¢ < d < 2, has
a support contained in the set S of parallel lines:

S=U{(& &) 0,21 : & =6 — A}

A€A

Gladyshev [9] has shown that all PC time series are harmonizable. Moreover,
for the PC case the set A is finite and is contained in the set {\ = 2k7 /T, k =
0,1,2,...,7 — 1}. But this property does not hold for the APC case.

The Fourier coefficients {a(\, 7): A € A} are Fourier transforms of complex
measures 7 (+):

2T
a(\,7) = [ €“Try(d€)
0

(see [13]), where the measure r) can be identified with the restriction of the signed
measure R(-,-) to the line £&, = & — A. Assume in addition that for any A € A
there exists a spectral density function g, (+) such that

[e.9]

2w
22)  a(\7)= [€gr(€dé  and  gi(v) = L > oa(hT)e ™.

0 2m T=—00
Notice that, under Assumption 2.1 (b) there exists a complex density function sat-
isfying (2.2) for any A € A.

Let us recall definitions of Fourier transform and periodogram for APC time
series. Assume that we have a sample { X7, X»,..., X,,} from APC time series
{X; : t € Z}. Denote by I,(v) = (27n) "2 3" | Xye~™! the Fourier transform
at point ¥ € R. Then the bifrequency periodogram Pn(l/,w) computed at point
(v,w) € R? takes the form P, (v,w) = I,,(v)I,(w), where Z denotes the conjuga-
tion of the complex number z. Denote by P, (v,w) the expectation value of bifre-
quency periodogram. It will be shown later that for any point (v,w) € (0, 27]? the
limit lim,,,~, P, (v, w) exists. Denote such a limit by P(v,w).

Notice that the periodogram Pn(y, w) is a periodic function at v and at w with
the same period equal to 27. Therefore, we study the properties of periodogram
for (v,w) € (0,272

Now we introduce the well-known definition of a-mixing sequence. The the-
oretical background for a-mixing time series can be found, for example, in [5].

DEFINITION 2.3. The time series { X (¢): t € Z} is called a-mixing (or strong-
ly mixing) if a(s) — 0 for s — oo, where

a(s) = sup sup |P(ANB) — P(A)P(B)|
t€Z AeFx(—oo,t)
BeFx (t+s,00)

and Fx (t1,t2) stands for the o-algebra generated by { X (¢): t; < ¢ < t2}.
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In the remark below we show the connection between Assumption 2.1 and
the a-mixing sequence, which corresponds to our time series {X; : ¢t € Z}. The
appropriate summability of the a-mixing sequence is assumed in Section 4 instead
of Assumption 2.1 (b) and (b').

REMARK 2.1. Let a(-) be an a-mixing sequence for the time series { Xy : t €
Z}. If we assume that there exists a real number § > 0 such that sup,cy, || X¢|l245<
A < oo and

(2.3) S o) (k) < oo,
k=1

then the assumption (b) holds. If instead of the condition (2.3) we assume that
[o.¢]
3 ka9 (k) < oo,
k=1

then the assumption (b") holds.

This follows from the inequality
24) la(A, 7)] < 8A%a® ) (|r),

which is given by the estimation

I S\ —iNj N .
la(A, 1) = lim | = 37 B(j,7)e™| < lim — 37 |B(j,7)]
j=1 j=1
1 n
< lim =3 feov (X, Xjar)l,
=

and Lemma 6.1 in the Appendix.

3. ASYMPTOTIC PROPERTIES OF THE BIAS OF A PERIODOGRAM

In this section we study asymptotic properties of the bias of a periodogram
for APC time series. We start with showing that for any point (v,w) ¢ S the ab-
solute value of the expectation of periodogram is bounded by O(n~!) times some
function that depends on point (v, w).

THEOREM 3.1. Let {X1, X2, ..., Xy} be a sample from zero-mean APC time
series { Xy : t € Z}. Suppose that Assumptions 2.1 (a) and (b) hold. Then for any
(v,w) € (0,27)? such that (v,w) ¢ S we have

D(w —v)Cy|A|

P <
Pal,w) N
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where |A| is the power of the set A and D(-) is a function which is defined on the
complement of the set A and has the following form:

D(a) = IilGaX({Q/\/Q —2cos(A —a)}.

The result above shows the rate of convergence to zero for expectation of a
periodogram on the complement of the support set .S. For our subsequent consid-
erations it will be also important to examine the convergence of P, (v, w) for points
from the support set S. The result below provides the answer to such a question.

THEOREM 3.2. Assume that we have a sample { X1, Xo, ..., X,,} from zero-
mean APC time series { Xy : t € Z}. Then, under Assumptions 2.1 (a) and (b), for
any |\ € A and (v,v — \) € (0,27]?

Pn(lj,lj - )\) = 'g)\(y) + 0(1)
If Assumptions 2.1 (a) and (b') hold, then for any |\| € A and (v,v — \) € (0, 27]?

Pu(v,v —\) = ga(v) + O(n"1)Cy.

4. ASYMPTOTIC VARIANCE OF THE PERIODOGRAM AND CONSISTENT ESTIMATES

The first theorem in this section concerns the exact form of asymptotic co-
variance between two values of periodogram. This form suggests inconsistency of
periodogram in mean square sense for a wider class of time series than APC, that is,
those mentioned in Remark 4.1. Consistency is proved for smoothed periodogram
in Theorem 4.2. All results hold under the mixing and moment condition.

THEOREM 4.1. Let {X; : t € Z} be a zero-mean, APC and a-mixing time
series for which Assumption 2.1 (a) holds. Assume that there exists a real number
& > 0 such that

(i) supsez | Xill64+35 < A < o0

(i) Yopo, K2a(k)/ ) < K < oo

Then

4.1) lim cov(Pn(yl,wl), P, (s, w3))

n—oo

= P(v1,v2)P(wi,w2) + P(v1,2m — we) P(v2, 21 — wy)

for any (v1,w1), (va,wp) € (0, 27]2.

Now we formulate the corollary concerning the asymptotic variance of the
periodogram.
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COROLLARY 4.1. Assume that all the assumptions of Theorem 4.1 hold. Then
for any (v,w) € (0,27]? we have
lim Var(Pn(u,w)) = go(V)go(w) + | P(v, 21 — w)[%.

n—oo

If we assume that
go(V)go(w) + |P(v, 21 — w)[* >0  for some (v,w) € (0,27,

then the above corollary implies inconsistency of the estimator Pn(u, w) in mean
square sense. If we assume that

go(§) >0 forany ¢ € (0, 27],

then the estimator P, (v, w) is inconsistent for any point (v, w) € (0, 2x]2.

To obtain the consistent estimator of P(v, w) we use the well-known technique
based on smoothing operation. Let { X7, Xo, ..., X,,} be a sample from the APC
time series {X; : t € Z}. Consider the following class of smoothed estimators of
P(v,w):

R 1 nn o
4.2) G (v,w) = e - Z S Ku(s — 1) X Xee ™tes
t=1s=1

where K, (-) is a lag window function such that K,,(7) = K, (7) = 0 holds for
|7| > Ly, 7 € Z, and L,, is a sequence of positive integers tending to infinity
with n. Moreover, we assume that L,,/n — 0. This estimator was first introduced
by Grenander and Rosenblatt in [11] for stationary time series in case v = w. The
first and second order properties of this estimator in stationary case can be found
in [24] and [25].

To prove consistency for the estimator (4.2) we take the following assumption
in this work:

ASSUMPTION 4.1. Assume that

(Al) |Ky(7)] < M < oo, where M is a constant which is independent of n
and T;

(A2) there exists a sequence {a,} of positive integers such that a, < Ly,
a, — oo and

sup |K,(r)—1] — 0.
ITI<an

The following theorem concerns consistency (in mean square sense) of the
estimator (4.2) for APC case and for any (v, w) € (0, 27]2.

THEOREM 4.2. Let{ X1, X2, ..., Xy} be a sample from zero-mean, APC and
a-mixing time series {X; : t € Z}. Assume that there exists a real number § > 0
such that:
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(i) supiez [|Xtllat2s< A1 < o0

(i) Yo a(k)¥CH) < Ky < occ.
Let K, (+) be a lag window such that Assumption 4.1 holds. Assume that the se-
quence Ly, corresponding to the lag window K, (-), has the property L3 /n — 0,
where L, — oo and n — oo. Then for any point (v,w) € (0,27]? the estima-
tor (4.2) is consistent for P(v,w) in mean square sense, which means that
E|Gn(v,w) — P(v,w)|? — 0 forn — oc.

REMARK 4.1. Notice that in Theorem 4.1 it is sufficient to assume that the
limit lim,, oo Py (v, w) exists for any (v,w) € (0, 27]?, instead of the assumption
that we have in the APC case (see the proof of this theorem). Corollary 4.1 is
also true under this weaker assumption. We need only write P(v,v) instead of
go(v). Therefore, these results can be used for the class of time series which are
not APC. One of the examples of such time series is the class of time series which
are harmonizable but not APC.

REMARK 4.2. Notice that Assumptions 4.1 (A1) and (A2) hold for the fol-
lowing windows:
— Bartlett’s window

Kn(1) = (L= [7]/La)I(|7] < Ln),
— “truncated periodogram” window
Kn(7) = I(|7] < Ln),

— rectangular window

Kor) = { Wl(m <Ln), T#0,

1, T =0,
— general Tukey window
Kn(t) = (1 = 2a+ 2acos(n7/Ly))I(|7| < Ly), a€R,

and other windows which are presented in [24] for stationary time series. Easy
calculations show that for the above lag window functions K, (-) the condition
(A1) holds for M = 1 and the condition (A2) holds for a,, = [\/L,], where [z]
denotes the integer part of a real number .

5. CONCLUSIONS

In this work we were focused on consistency of the periodogram and its mod-
ification in mean square sense. The theorems contained in Section 3 state about the
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rate of convergence of the bias of a periodogram in two cases. First we concentrate
attention on convergence beyond the support .S and then we supplement consider-
ations to the case of points from the support S. Section 4 presents inconsistency
of the periodogram in mean square sense for all points from bifrequency square
(0,27]2. We show that this result holds for a more general class of time series
than APC case. Finally, the consistent form of the estimator is considered for an
a-mixing APC time series. Notice that the problem of consistency of resampling
methods is not applied yet for PC and APC time series in frequency domain. If
we use bifrequency square for testing if time series is stationary, then we need to
know the properties of periodogram on the whole square (0, 27]2. Therefore, the
results from Sections 3 and 4 play an important role for considering theoretical
background of these graphical tests.

6. APPENDIX

LEMMA 6.1 (Politis et al. [23]). Let {X, : t € Z} be a random sequence with
corresponding a-mixing sequence o). Let the random variables & and ( be F" -
and F3< . -measurable, respectively, with |||, < oo and [|(|l; < oo for some
p,q > 1 such that 1/p+1/q < 1. Then

[cov(€, Ol < lIEllpli¢llqat /P14 (k).

LEMMA 6.2. Let {X; :t € Z} be a zero-mean, APC time series such that
Assumptions 2.1 (a) and (b) hold. Then for any m € N and 7,q € 7Z we have the
following inequalities:

qt+m .
(i) | > B@:m)e ™[ < D(a) 3 |a(A 7)| < D(a)ColA| < o,
j=q+1 AEA

where a & A and D(a) = maxyep{2/+/2 — 2cos(A — ) };

1 am o 1 B
() |a(a,7)—— > B@,1)e | <B— Y |la(\7)| < —=Coh|A| < o0,
M j=g+1 M \ea m

AFa

where o € A and

B= max {2/y/2—2cos(A\ — \2)}.
M #A2
(A1,A2)EAXA
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Proof of Lemma 6.2. For & A easy calculations give

q+m q+m N q+m -\ .
’ZB], za]’—|z > al )\T’]em”’—|z )\7261(_0‘)3’
Jj=q+1 Jj=q+1 X eA AEA Jj=q+1
ei()\—a)(q+1)(1 _ ei()\foz)m)
=Y a(\ 1) 0 ‘ < Y la(A\ 1)|Cn (A — ),
AEA —-¢ AEA

where C,,, (A — @) = |(1 — e/A=®)™) /(1 — ¢/A=®))|. The sequence C, (A — a) is
bounded by

< D(a)

< <
V2 —2cos(A — a)

1— ei(/\—a)m 2
Cnlr =) = [y

for any A € A. This completes the proof of the inequalities (i).

If we assume that o € A, then similar steps as before give

1 m-+q 1 m-+q

ala,7)—— > B],)_w‘j > Y a(A7) N e
M j=q+1 M j=q+1 AEA
Ao
=1 a Zez(ka <—Z|a>\T|C( < Z]a)\T
AEA m] =q+1 M yea M yea
Ao Py e Ao
where
B= max {2/4/2—2cos(A\; — \2)}.

1#£A2
(A1, A2)EAXA

This completes the proof. =
LEMMA 6.3 (presented without proof in Kunsch [18] for stationary case). Let

{X: : t € Z} be a zero-mean and a-mixing time series. Assume that there exists
a real number § > 0 such that

(i) supyez [[Xelloss < A < o0;
(i1) EZO:O kzaé/(2+6)(k) < K < oo
Then forany s <t < u < v
|E(X: X: XuXy) — BE(Xs Xy) E(XyXy) — E(X: X)) E(Xi X))
— B(X:X,)E(X:X,)| < 324%% 9 (k),

where k = max{t — s,u — t,v — u}.
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Proof of Lemma 6.3. Notice that using repeatedly the Holder inequal-
ity we get

(6.1) X X1 Xull2 s = (B( X201 X, X, [2H0)) /G0

)
< | X635 (E!XtXu|3<2+5>/2)2/(3(2+ )

< |1 Xsllow3s )1 Xell 6235 1 X ullor3s < A3,

and
(6.2) | Xs Xt]|24s = (E(’Xs\2+6|Xt|2+5))1/(2+5)

<N Xsllavas | Xellavas < [ Xsllosasl| Xelloras < A?
for any s, t,u € Z. Moreover,

(6.3) lcov(Xs, Xi)| = |E(XsXy)| < B[ X Xe| < || Xsll2]| Xill2
< [ Xsllosssl| Xelloras < A?

for any s,t € Z, which follows from the Jensen and Holder inequalities. From the
definition of a-mixing sequence we get

(6.4) a(k)) < a(ky) <1

for any integers k1, ko such that 0 < ko < k;. Let us consider the following cases:

Case 1. Assume that £ = |t — s|. Then using Lemma 6.1 and the inequalities
(6.1), (6.3), (6.4) we get

|E(Xs X XuX,) — B(Xs X)) E(XuXy) — B(XsXo)E(X:X,)
— BE(XsX0) E(X: Xu)|
= [cov(Xs, Xi Xu Xy) — BE(Xs X)) E(XuXy) — B(X X)) E(X: Xy)
~ B(X,X,)E(X:Xy),
< Jeov(Xs, X4 X0 X0)| + |cov(Xs, Xp)| [cov(Xy, Xy)|
+ |cov(Xs, Xu)| lcov(Xe, Xy)| + |cov(Xs, Xy)| [cov(Xy, Xu)]
< BI|X o4l X XuXollors /P (k) + (81 Xsll245 1 Xilla4s ¥+ (k) A2
+ (81 Xll2 451 Xull2 s a0 (k) A
+ (8I1Xll2+s 1 Xull2rs o/ FH (k) A2
< 32A%%/ ) (k).
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Case 2. Assume that k = |u — t|. Then using Lemma 6.1 and inequal-
ities (6.2)—(6.4) we get
|E(X: X: XuXy) — BE(Xs Xt) E(XuXy) — E(X:X0)E(X: X))
— E(XsXo)E(X¢X,)|
= Jeov (X Xy, XuXy) — E(X Xy) E(Xe Xy) — E(Xs X)) E(X: X))
< Jeov(Xs Xy, XouXy)| + |cov(Xs, Xy)| |cov(Xy, Xy)|
+ |cov(Xs, Xy)| |cov(Xy, Xu)|
< 8 XXill24 sl XuXoll25 @/ (k) + (811 Xll246 ] Xull24s PO ()) A2
+ (81Xl sl Xo 25 @/ PH () A < 24A%a EHO) (k).

Case 3. Assume that £ = |v — u|. Using analogous steps to those in Case 1
we obtain

|E(XX: XuX,) — B(X X)) E(Xu X)) — BE(X.X,)E(X:X,)
—B(XX,)E(X, X,)| < 320%% 20 (k).

This completes the proof of lemma. =

Proof of Theorem 3.1. Changing the variables and using a simple de-
composition we get

n n
2mn Py (v, w)| = | Z Z (X Xy)em s “"t‘

-1 n . . n—1ln—u ' '
:‘ Z Z B(U’u)efwuel(wfl/)v_{_ Z Z B(U’u)efwuel(wfy)'u
u=—(n-1) v=—(u-1) u=1 v=1
+ > B(U,O)ei(“’_”)”‘
v=1
! . n n—1 n—
<[ X e Y Buwe® T e S B, )|
u=—(n—1) v=—(u—1) =1

+ | i B(v, O)ei(“’_”)”‘
v=1

-1

< X | X B<u,u>ei<w—”>“!+§|§ w)e' |

u=—(n—1) v=—(u—1)

+|ZBUOZ( )“‘.
v=1
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Hence, using Assumptions 2.1 (a), (b) and Lemma 6.2 (i) we get

-1 n—1
2P (v,w)| S Dlw—v) > 3 la(Au)l+ D(w—=v) > 3 [a(A u)

u=—(n—1) A€A u=1 €A
n—1
+D(w—v) > la\0)=Dw-v) > > |a(A\u)| < Dw—r)ColAl,
AEA u=—(n—1) A€A

which completes the proof. m

Proof of Theorem 3.2. Notice that

1 n o n ) )
P,(v,v—\) = Py SN E(XSXt)e*”\te*“’(s*t)
s=1t=1
1 A
= LS Y Blme e
2mn 3 S
1
_ Z Z a(,y’ 7_)61(’\{ )\)je—wr
2mn j=l7=1-j5~€A
1 n,ond i 1 non-j N i
=5 Y al(\T)e Z”T+% ST Y aly,m)et TN emT
j=lrt=1—j YEN j=1T1=1—j
1 . 1 no n—j . o
— 5 (1 _ ‘T|) a(}\77_)€—zur + 5 Z Z Z a(,y’T)el(’Y—)\)Je—zm-.
T rl<n n T j=1r=1—j

Denote the first and the second term of the last equality by ¢, and ¢,,, respectively.
Notice that ¢, is a Cesdro means for the patrial sum s,, = ZM na(XT)e T
Therefore, under Assumption 2.1 (b), ¢, goes to gy(v). If we assume in addition
that Assumption 2.1 (b") holds then the term ¢, goes to gy (1) with the rate O(n~!),
which follows immediately from the decomposition

, 1 ,
=Y, a\T)e T — = > |Tla(A, T)e™™T

|T|<n [T|<n

=) = X e =1 S [rla(\r)e

|T|=n |T|<n
and the inequalities

1 C

1
> a7 < X Irllath 1)l < 2,

IT|=n IT|>n

| > a(\7)e 7| <

I7|Zn



318 L. Lenart

1 : 1
LS e e | < 1 5 frlla(a, )l <

[T|<n [T|<n

The second term ¢, is equal to O(n 1), which follows immediately from Assump-
tions 2.1 (a), (b) and the same steps as in the proof of Lemma 6.2 (i). This remark
completes the proof. m

Proof of Theorem 4.1. Notice that

(27T77,)2‘C0V (Pn(yl,wl), Pn(yg,ng)) — P, (v1,v2) Py (w1, ws)
— Py (v1,27 — wo) P, (12, 2m — wl)‘

Z COV(XPS)(,:7 XUXU)e*i(lllsfwltfugquwgv)

v=1

Il
M=
M=
NE

v
Il

—_

~

|
M=
= 1
o

i
L

(XSXu)e—i(V1S—V2u) E(XtXU)e—i(—wlt-‘rwg’U)

M=
NE

»
Il
—_
g
I
—_
-
Il
—
S
Il
—_

E(XtXu)efi(fwltfljgu) ‘

M=
M=

E(XSXv)efi(l/lerwgv)

|
NIE
NIE

vl
Il
i
S
Il
i
~~
Il
—
<
Il
—

(B(X.XXuX,) — B(X.X0)E(X,X,))e 0t vauten)

Il
M=
NE
M=
M=

V)
I
i
-+
I
—
<
I
—
@
I
—

E(X,X,)E(X X, )ei015-ert-vautn)

|
M=
NE
M=
M=

»
Il
—
~
Il
—_
IS
Il
—
S
Il
—

E(X,X,)E(X;X,)e (s-wit—rautw) |

|
M=
M=
M=
M=

_.
-
Il
-
<
I
R
S
Il
-

|B(X, X1 XuX0)— E(X. X)) E(XuX,)—E(X, X)) E(X, X))

VA
Mzﬁ
M=
M=
M=

s=1t=1u=1v=1
—FE(X:X,)E(X:X,)|
<4 Y |BE(X X XuX,)— E(X X)) E(Xu X)) — B(X X0 E(X: X))
1<s<t<usvsn
—B(X,X0)E(X: Xy)|-

Using now Lemma 6.3 we get

Up(v,w) = (27rn)2‘cov (Pn(Vl,W1),pn(V2,WQ)) — P, (v1,v2) Py (wi,ws)
— Py (v1,2m — wo) Py (v, 21 — wl)‘

< 4132A1 > o/ ) (max{t — s,u — t,v — u})
1<s<t<usvn

n—1
<A132AY Y ap ] /T (k),
k=0
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where |a,, ;| is a power of the set a,, ;, and
an )y = {(s,t,u,v) e Nt 1<s<t<u<v<n, max{t —s,u —t,v —u} = k}
It can be shown that |a,, ;| < 3(n — k)4k4k for k > 0 and |a,, | = n for k = 0.

Therefore,

n—1
Up(v,w) < 41324 Y 3(n — k)dkdk o/ CH) (k) + 4132A%
k=1

n—1
< 411536A% 3 k2 o/ (k) 4 41 32A% < 4132 A*n(48K +1).
k=1

Hence,

(6.5)  lim | cov (Pu(v1,w1), B(vo,ws)) — Pu(vi1, v2) Po(wi, w2)

— Pn(V1,27T — wg)Pn(IJQ,Q?T — w1)| =0.

Notice that, by Remark 2.1, all the assumptions of Theorems 3.1 and 3.2 hold. So,
the limit of the sequence P, (11, v2) P, (w1, w2) — Py (11, 21 — we) Py (12, 21 — w1)
exists. Therefore, we may conclude that

(6.6) lim cov (pn(yl,wl),ﬁ’n(yg,wg))

n—oo
= P(v1,v2)P(wi,w2) + P(v1,2m — we) P(v2, 21 — wy).

This completes the proof. m

Proof of Corollary 4.1. The corollary follows immediately from The-
orem4.1. m

Proof of Theorem 4.2. Let us consider the following decomposition:

(6.7) Gh(v,w) = Gy, (v,w) — Ry (v,w),

where

R 1 Ln n , o
(6.8) G;(V,M)IT SN K1) X X et vm@igmivr

™

7=—Ln j=1
and
: = -
(6.9) R,(v,w) = y— > Z Ko (1) X Xy pe i) gmivT
7=—Ln j=1
1 LIn n 4 .
+ . > Kn(T)XjXHTe—z(u—w)Je_wT'

T7=1j=n—7+1
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By the inequality |21 + 22]? < 2(|21|% + |22/?), which is true for any complex-

valued numbers 21, 22, we get

(6.10) E|Gn(v,w) — P(r,w))? = E|G%(v,w) — P(v,w) — Ry(v,w)|?
2(E|G;(v,w) — P(v,w)[* + E|Ry(v,w)|?).

Therefore, to show the convergence G, (v, w) L2 p (v,w) it is sufficient to prove
that G (v, w) L2, P(v,w) and R, (v,w) L2,0. We split the proof into two steps.
Step 1. In the first step we show that R, (v,w) L2, 0. Notice that from the

Minkowski inequality, the equation |z|> = |2Z|, which is true for any complex
number z, and from Assumption 4.1 (A1) we have

1

-1 —r
E|R,(v,w)]* < ’ — Y Kn(1) Y XXy e i vm@iemivT

2mn 27, j=1

2

n
H n(T) Z Xij_i_Tefz(z/fw)jefzuT
j—n—T—H

2

—T1 —T2

1/2
< 7( Z Z Z Z E‘ 1+T1Xj2Xj2+7'2‘) /

27Tn Tl——Lnjl 17'2——Lnj2 1

M Ln n Ly n 1/2
+%(Z Y Y EXp X XpXjnl)

T1=1j1=n—714+1 12=1 jo=n—"o+1
In the next step we use the inequality
4
E‘leXj1+T1Xj2Xj2+T2| < HleH4HXJ'1+T1H4||Xj2H4HXj2+T2H4 <A

which is true for any j1, j2, 71,72 € Z and follows from the Holder inequality.
We get

~ MA? 2 Ln  Ln
Pl < 5o (2 > )4 (53 m)?)
m =—Ly 9=—L, T1=171=1
MA2 Ln MA2L, (L, + 1
2> |7 = ( +)—>0 as n — oo.

2tn T 2m™n

Consequently, R, (v, w) L2, 0.

. ~ L .
Step 2. In this step we show that G (v,w) —= P(v,w). To see this we prove
that the absolute value of the bias term and the variance of the estimator G}, (v, w)
tends to zero as n — oo. This follows from the equation

(6.11) E|Zy — 2 = var(Z,) + |E(Zy,) — 2I?,
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which is true for any complex-valued random sequence Z, and a complex num-
ber z. Let us consider two cases for the bias term.

Case 1. Take any (v,w) € (0,27]? such that v — w = X and A € A. Then we
obtain

Ln n N ) 0 )
= > Kn(T)<717/ZB(j,T)6Mj>EWT— > a(\T)e T
T=—Ln 7j=1 T=—00
Ly, 1 n L , Ln .
<| 8 (Kar)h 3 Bl e S apune |+ 5 o)
T=—Lp, j=1 T=—Lp |7|>Ln
S T 1 S e N ) —a(\, 1) Je T a(\, T
<) 2 (K0 3.7 ) —aum) )] S faa7)
Ln n .
< ¥ K0 (5 8GN ) a0
T7=—Ln Jj=1
Lnp
+ > ‘(Kn(T) — 1)a()\, T)’ + > Ja(\ 7).
7=—Ln 71>Lan

Using Lemma 6.2 (ii) and (2.4) for the first term of the last inequality and (2.4) for
the second and third term we get

2W‘E(@Z(V, w))—gr(v)|

8AZB(|A| —1) In
< SRBRIZD 2k (1009 )

T=—Ln
Ly 0o
+8A2 S [Kn(r) — 1o @(7]) 41642 S af/@H)(7)
T=—L, 7=Ln+1
A2B(|A] — 1) M 2K Ln
< 2l ‘n IM2EL 4 6n2 S K(r) — 1104 (7)) + 16A20(1)
T=—Ln
Lp,
—o(1) +8A2 S |Kn(r) — 1]a®/@H)(|r))
T=—Ln
—o(1) +8A2 S |Kn(r) — 1]a®/ @) (7))

+8AT Y | Ka(r) — 1o (7))

an<|7‘§Ln
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o(1) + 8A2 sup [Kn(r) —1] 3 o¥/@)(|7))

|T‘<an T=—0n
+8AT(M +1) X ()
an<|T|<Lp
o(1) 4+ 8A? sup |K,(r) — 1| 2K; +8A3(M 4+ 1)o(1) -0 as n — oo,
IT|<an

where the last convergence follows from Assumption 4.1 (A2).

Case 2. Take any (v,w) € (0,27]? such that (v,w) ¢ S. Then using Lem-
ma 6.2 (i) and inequality (2.4) we have

Ly
[E(Gh(r,w))[ < X |Ka(r ZBJ, i)
T7=—Ln
MZ(DV— Z|a)\7‘>
T=—Ln AEA

2 _ Ly 2 —

< BMMDO )N £ i) SMATDL =)Ao
2™ 2m™n

T=—Ln

as n — oo. This completes the proof that the bias term tends to zero. Therefore, to
prove consistency in mean square sense for the estimator G (v, w) it is sufficient
to show that variance of this estimator vanishes when n — co. Notice that

A M2 Ln n
lvar(Gn(u,w))’ < m Z Z Z Z ‘COV X]lXJ1+T1vXJ2X]2+7'2)|'

T1=—Ln To=—Ly j1=1 j2=1

Define the following sets:
An = {(j1,j2) € N*: [j1 = jo| < 2Ln, 1 <1 <, 1< j2 <},

A, ={(j1,52) € N: [j1 — ja| > 2L, 1 <1 <m, 1< ja <n},
and write ¢(71, 72, j1,j2) = |cov(Xj, Xj, 4, Xj» Xjotr)|. Notice that using re-
peatedly the Jensen and Holder inequalities we get
(6.12)  c(71,72, 41, J2)
< E‘XJIX]1+T1X]2X]2+7'2’ + E‘leX]1+71’E’X]2XJ2+T2‘
< j1H4|| j1+T1H4” j2”4H j2+Tz”4
X5 2l Xm0 X 21 X ot [l2 < 247

for any integers ji, 71, j2, 2. If we assume that |71| < Ly, || < L, and (j1, j2) €
A;L, then using successively (2.4), the Holder inequality and properties of a-mixing
sequence we get

(6.13) c(1, 72, j1. J2) < 8ATQY CH(|j1 — fo| — | 71| — |72)).
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Simple decompositions and the inequalities (6.12) and (6.13) give

lvar(éfm(w))\wgﬁ SRS (X + X )elrmii)

Ti=—Ln 2=—Ln (j1,j2)€An (j1,jo)€A.,

M2 Ly, Ly 4
Siew XX 2 A
T1=—Ln T2=—Ln (j1,j2)EAn
M* & 4 §/(2+0) ,
s > Y. 8Aja (i1 — g2l = || = |72l)

m=—Ln 12==Ln (j,,j2)€A],

M?2A1  En

T1=—Ln, Tg—an

M28A4 Ln n—1
t e X Z > X e

T1=—Lyn To=—Lpn k=2L,+1 |j1—j2‘:k

lj1 — j2| — |71| = |72])

M22A4(2L +1)3n

< 42n?
M28A4 Ly n—1
rcncaliDY SN S ae (gl - oL,
T1=—Lp To=—Ln k=2Ln+1|j1—j2|=k
M28A4 Ly L, n—2L,—1
<o+ 55 X X % > oY)
TN e Lpmo=—Ln k=1 |j1—j2|—2Ln=k
M28A411 Ly Ly, n—2Ly,—1 5/(246
\0(1)+W Z_L Z_L Z nao /( )(/{7)
T1= n T2= n
M28A4 n—2L,—1
<o(l) + Wn?l(%" +1)%n Y oY (k)
k=1
M?28A%
<o(l) + ———L(2L, +1)°K; — 0 as n — oo.

472n
This completes the proof of Step 2. =
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