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VC-classes and NIP

Definition

Let X be a set and F C P(X). We say that A C X is shattered by F if for
every S C A there is F € F such that FNA = S. A family F is said to be
a VCclass on X if there is some n < w such that no subset of X of size n
is shattered by F. In this case the VCdimension of F is the smallest
integer n such that no subset of X of size n + 1 is shattered by F.

Let T be a theory. A formula ¢ (x,y) has the independence property or IP
if the set-system {¢ (M, b) | b € M } is not a VC-class for any (some)

M E T. The negation is NIP: a formula is NIP if this class is a VC-class
(for any M).

T (or any M E T) is NIP if every formula is NIP.



A question about cofinal subsets of R

Question

Is there a cofinal* family F C P (R) of finite subsets such that F is a
VCclass?

*Cofinal = every finite set is contained in a set in JF.

Note that there is a tension between two things: being a VC-class
removes sets from JF while being cofinal adds sets to F.



A question about cofinal subsets of R

Question
Is there a cofinal* family F C P (R) of finite subsets such that F is a
VCclass?

*Cofinal = every finite set is contained in a set in JF.

Note that there is a tension between two things: being a VC-class
removes sets from JF while being cofinal adds sets to F.

If F is stable, then no such cofinal family exist, even for subsets of N:
Inductively choose a; € N, F; € F such thata; € F;iffi <j. In stage j,
choose a; ¢ |J{F;|j < i} and F; containing {a; |i <j}.



Motivation

A set X C M is definable if there is some formula 1) (x) over M such that
X =y (M).

A set X C M is externally definable if there is some elementary extension
N > M and some formula 1) (x) over N such that X = ) (M).

Fact

T is stable iff every externally definable set over any model is definable.
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Example

A cut Cin a linear order is externally definable.

Example

(An independent example) Let M a model of the theory of the random
graph then any S C M is externally definable.

Fact (Shelah)

Suppose that M is a structure and M3 is an expansion given by adding
predicates for all externally definable subsets in any number of variables. If
Th (M) is NIP, then Th (MSh) has quantifier elimination and is NIP.
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Clearly if T is stable this is true.
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Due to the example of the random graph we cannot hope to get much
information in case of IP.

In fact the situation is worse: for any cardinal x there is a random
graph N of size k and an externally definable subset X C N with no
infinite definable subset.

Indeed, let N be the Skolem hull of an indiscernible sequence
I={a;|i<k).{ai|i <k even} is externally definable but every
definable subset is finite.



A question of Chernikov and Simon

Question
Does every infinite externally definable set contain an infinite definable subset?

Clearly if T is stable this is true.

Due to the example of the random graph we cannot hope to get much
information in case of IP.

In fact the situation is worse: for any cardinal x there is a random
graph N of size k and an externally definable subset X C N with no
infinite definable subset.

Indeed, let N be the Skolem hull of an indiscernible sequence
I[={a;]i<k).{ai|i < Kk even} is externally definable but every
definable subset is finite.

Example
Consider M = (N + Z, <) whose theory is NIP. Then N is an

externally definable subset with no infinite definable subset.
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A question of Chernikov and Simon

Question

Suppose that T is NIP. Is there a cardinal & such that if X is externally
definable of size > K then X contains an infinite definable set?

Fact (Chernikov-Simon 2013)

Yes! One can take k = 3.

Question (Chernikov-Simon 2013)

Can we choose K to be N1?



Honest definitions

Definition

Suppose that ¢(x,y) is a formula, N = M and ¢ € N. Say that a
formula ¢ (x, z) (over () is an honest definition of tp . (c/M) if for every
finite Ag C M there is some b € M? such that

QO(A07C) §¢(Mab) - @(M’C)'

Fact (Chernikov-Simon for NIP theories, Bays-K-Simon for NIP
formulas)

If ¢ (x,y) is NIP then there is a formula 1 (x, z) that serves as an honest
definition for any ©°PP-type (over any M).



Honest definitions

Suppose that M is NIP. Let c € N > M and let X = ¢ (M, ¢) be
externally definable.

Let ¢ (x, z) be an honest definition of ¢ (M, c).
Then for every finite Xg C X, there is some b € M? such that

Xo C ¥ (M,b) CX.
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definable subset. So suppose none of them is infinite.
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Honest definitions

Suppose that M is NIP. Let c € N > M and let X = ¢ (M, ¢) be
externally definable.

Let ¢ (x, z) be an honest definition of ¢ (M, c).

Then for every finite Xg C X, there is some b € M? such that

Xo C ¥ (M,b) CX.

If we show that one of those ¥ (M, b)’s is infinite, we found an infinite
definable subset. So suppose none of them is infinite.

Let F = {¢p (M, b) | b € M3, ¢ (M, b) C X}.

We get that F is a cofinal family of finite subsets of X.

F is a VC-class since M is NIP.

Chernikov-Simon’s proof of the 3, bound was through:

Fact (Chernikov-Simon, 2013)

There is no NIP cofinal family of finite subsets of 2.
(The proof uses alternation rank and 2, was used for the Erdés-Rado coloring
theorem.)



Better bounds

Theorem (Bays, Ben-Neria, K., Simon)

Suppose that F is a cofinal family of finite subsets of N,,. Then F has IP: it is
not a VCclass.

More precisely, if F is a cofinal family of finite subsets of 8, then F has
VCdimension > n.

Corollary

Suppose that M is NIP. If X is an externally definable set of size > N, then X
contains a definable subset.



Better bounds

Theorem (Bays, Ben-Neria, K., Simon)

Suppose that F is a cofinal family of finite subsets of N,,. Then F has IP: it is
not a VCclass.

More precisely, if F is a cofinal family of finite subsets of 8, then F has
VCdimension > n.

Corollary

Suppose that M is NIP. If X is an externally definable set of size > N, then X
contains a definable subset.

Going back to the Nj-question, we get:

Question

Suppose that F is a cofinal family of finite subsets of 1. Does it follow that F
has IP?
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is some A C B C « such that B is closed under I-: if v, 5 € B and
v,0 < fand § <% 7y then § € B.

Let F be the set of finite subsets of wy which are closed under F.
Then F is NIP: for every ag, a1, g, there is some permutation o of
10, 1,2} such that a(g), @y(1) F g(2)- This means that there can be
no C € F containing aq(g), (1) but not ag(g).



Better bounds

Theorem (Bays, Ben-Neria, K., Simon)

The answer is NO: there is a cofinal family F of finite subsets of 81 which is
NIP (in fact of VC-dimension 2).

Proof idea:

Define inductively on o < wq an w-order <%,

Write «r, 8 F v to mean that 8,7 < aand v <% .

The inductive condition on < is that for every finite set A C « there
is some A C B C « such that B is closed under I-: if v, 5 € B and
v,0 < fand § <% 7y then § € B.

Let F be the set of finite subsets of wy which are closed under F.
Then F is NIP: for every ag, a1, g, there is some permutation o of
10, 1,2} such that a(g), @y(1) F g(2)- This means that there can be
no C € F containing aq(g), (1) but not ag(g).

Question
Is there a cofinal family of finite subset of Ng of VC-dimension 3?
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A surprising undecidable statement

Corollary

The following statement is independent of ZFC: there is a cofinal family
F C P (R) of finite subsets such that F is a VC-lass.

Proof.

By Godel, ZFC is consistent with CH: R; = 280 so that it is consistent
that there is such a family.

By Cohen, ZFC is consistent with 280 > R, implying that such a
family does not exist. O
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Better bounds

Theorem (Bays, Ben-Neria, K., Simon)
Let X be an uncountable set. If F is a cofinal family of finite subsets of X,
then the two-sorted structure (X, F; €) has IP.

Recall the setting:

MisNIP.c € N > M and X = ¢ (M, ¢) is externally definable.
Let ¢ (x, z) be an honest definition of ¢ (M, c).

Then for every finite Xg C X, there is some b € M? such that

Xo C ¥ (M,b) CX.
Let F = {¢ (M, b) | b € M*,¢p (M, b) C X}.
Then (X, F; €) is interpretable in M,

Corollary

If M is NIP, every externally definable set of size > Ry contains an infinite
definable subset.



General k

In fact we get more:

Theorem

Let K be any cardinal and let X have size > k. If F is a family of subsets of
X such that every finite subset of X is contained in a set from F (we call such
families w-cofinal) and each set in F has size < K, then the two-sorted
structure (X, F; €) has IP.

Corollary
If M is NIP, every externally definable set of size > k1 contains a definable
subset of size > K.



A lemma

Lemma
Let k be any infinite cardinal. Assume that:

L |X| > &

2.RCX"and1 <n.

3. Foreveryay,...,an—1 € X, | {ao € X|R(ap,a1,...,an—1) } | < k-

4. For every set A C X of size |A| = n, for some a € A and some tuple
ac (A\a)" ! R(a,a) holds.
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partitioned formula ¢(x,y) := R(xp,x1, - . .,x,—1) has IP.



A lemma

Lemma
Let k be any infinite cardinal. Assume that:
L |X| > &
2.RCX"and1 <n.
3. Foreveryay,...,an—1 € X, | {ao € X|R(ap,a1,...,an—1) } | < k-

4. For every set A C X of size |A| = n, for some a € A and some tuple
a€ (A\a)" ! R(a,a) holds.
Then, there is some partition of {1,...,n — 1} into nonempty disjoint sets
u, v such that letting x := (x; | i € uU {0} ) andy := (x; | i € v), the
partitioned formula ¢(x,y) := R(xp,x1, - . .,x,—1) has IP.

Example
Choose, for each ordinal o < wy, an w-order <® on a. Let R (o, 3,7)
hold iff o, B < v and av <7 3.
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A lemma

From the proof of the lemma, we get that R (x, y; z) has IP.

Question
Does R (x;y,z) have IP? Note that letting

F={{a|R(a,,7)} 8,7 €Ewr},

F is a cofinal family of finite subsets of w1.



Idea of the proof, using the lemma

Suppose that |X| > T and that F is a cofinal family of subsets of X,
each of size < k. Suppose that ve(F) = n. Forany 0 < k < n and any
m < k, let R, k(x0, - . ., xi) be the relation defined by:

GreF A\ e =MaMe F(( N\ xeni=m)—xeq).
1<i<k 1<i<k



Idea of the proof, using the lemma

Suppose that |X| > T and that F is a cofinal family of subsets of X,
each of size < k. Suppose that ve(F) = n. Forany 0 < k < n and any
m < k, let R, k(x0, - . ., xi) be the relation defined by:

GreF A\ e =MaMe F(( N\ xeni=m)—xeq).
1<i<k 1<i<k

Let R(x0,x1, -, %) = V, <<, Rmk(x0, - - -, xk). Then R satisfies the
conditions of the lemma on X.
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we can define ext(T, ¢, k) as the minimal A (if exists) such that
whenever M T and X € MF is externally definable by ¢(x, ¢), then X
contains a definable subset of size > k. If T is NIP then

ext(T, ¢, k) < k7. If the honest definition of ¢ is NIP and k = N,
ext(T, ¢, k) < Ry If we assume only that ¢ is NIP, it is not even
clear that ext(T, ¢, Xg) exists.
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What is ext(T, ¢, k) when ¢ is NIP?



Some open questions

Question

Suppose that M is a structure and X = ¢(M, c) is externally definable of size
> Ny. Suppose that ¢ is NIP. Does it follow that X contains an infinite
definable subset?

More generally,

we can define ext(T, ¢, k) as the minimal A (if exists) such that
whenever M T and X € MF is externally definable by ¢(x, ¢), then X
contains a definable subset of size > k. If T is NIP then

ext(T, ¢, k) < k7. If the honest definition of ¢ is NIP and k = N,
ext(T, ¢, k) < Ry If we assume only that ¢ is NIP, it is not even
clear that ext(T, ¢, Xg) exists.

Question
What is ext(T, ¢, k) when ¢ is NIP?

Question
Does ext(T, Rg) = 00 hold whenever T is [P?



Thank you!



