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Confirmed ordered cases

Vaught's conjecture holds for:

e theories of coloured linear orders (Rubin, 1973);
e theories of linear orders with Skolem functions (Shelah, 1978);
e o-minimal theories (Mayer, 1988).
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A type p € 51(A) is ordered if there is an A-definable linear order
(D, <) s.t. p(€) < D. An ordered type is weakly o-minimal if every
¢-definable set D’ has finitely many convex components on p(€)
(i.e. D' n p(€) is a finite union of convex subsets of p(¢)).

Facts

1. For a type, being weakly o-minimal is independent of the
choice of the order.

2. Every type in S51() is weakly o-minimal iff the theory is
weakly quasi-o-minimal (every €-definable subset of € is a
Boolean combination of convex and ¢J-definable sets).

3. For weakly o-minimal p and any B © A, 5,(B) is naturally

linearly ordered (by <), and every q € S,(B) is weakly
o-minimal.
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Global non-forking extensions

Let p € 51(A) be weakly o-minimal witnessed by (D, <).
Definition

There are only two A-invariant global extensions of p:

pi [pr] = {p € L(€) | ¢(€) contains an initial [final] part of p(<)}.

These are also only two global non-forking extensions of p over A.

Proof. If p # p;,p, extends p, then there is a bounded in p(€) set
©(€, b), i.e. such that ag < (€, b) < a; for ap = Pi1ap, and

a1 = P,1ap- Take an automorphism f mapping ag to ai, then
f"[o(€, b)] are 2-inconsistent.
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Global non-forking extensions

Remark

Independently on <, p; and p, are endpoints of S,(&); all other
bounded points are forking over A extensions of p.

Remark

Denote p2(x, y) = §2,(x,y); pA(x, y) is equal to p2 4(y, ).
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Theorem

On elements of (J{p(€) | p € S1(A) is weakly o-minimal}, [ , is
symmetric and transitive (as a binary relation).

For weakly o-minimal p, g € 5;1(A), and a |= p:
Tg(a) = {t = q] tj/a}.
A

Since Z4(a) = {9 (€) | ¢’ € Sq(Aa) \ {41142, drtaa}}, itis a
convex, bounded (maybe empty) subset of ().
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Simple types

Definition

Weakly o-minimal type p € S1(A) is simple if:
Dp(a) = {t)=p| tj/a}
A

is relatively Aa-definable on p(€). (Note, it is always relatively
Aa-\/-definable.)

Example
If M = (Z, <), pis the unique type over ¢J and a = p, then Z,(a)

is a Z-copy around a, so p is non-simple.

If M = (Q, <), pis the unique type over ¥ and a = p, then
Pp(a) = {a}, so p is simple.



Definition
A weakly o-minimal type p is convex if (D, <) can be chosen such
that p(C) is a convex subset of D.



Definition
A weakly o-minimal type p is convex if (D, <) can be chosen such
that p(C) is a convex subset of D.

Example

Let M = (Q, <, Pn)n<w Where {P,(Q)}n<w is a dense partition of
Q (by which | mean that between any two points there are points
of every colour). Types over (J are p,(x) determined by P,(x), for
each n, and py(x) determined by {—Pp,(x)}n<w-

Types pn(x) are convex witnessed by (P,(€), <), but py(x) is not
convex.



Definition
A weakly o-minimal type p is convex if (D, <) can be chosen such
that p(C) is a convex subset of D.

Example

Let M = (Q, <, Pn)n<w Where {P,(Q)}n<w is a dense partition of
Q (by which | mean that between any two points there are points
of every colour). Types over (J are p,(x) determined by P,(x), for
each n, and py(x) determined by {—Pp,(x)}n<w-

Types pn(x) are convex witnessed by (P,(€), <), but py(x) is not
convex.

Remark

If p is simple and convex and a = p, then Z,(a) is Aa-definable.



Vaught’s conjecture — binary case (I)

Theorem

Let T be a binary weakly quasi-o-minimal theory. Then

I(T,Rg) < Vo, except if:

(C1) T is not small;

(G,) there are infinitely many pairwise 1" non-isolated types in
51(D):;

(C3) there is a non-simple type in S1();

(Ca) there is a non-convex type in S1(J);

(Cs) there is a non-isolated forking extension of some p € 51()
over 1-element domain.
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Some parts of the proof

By binarity, a sequence 3 is Morley in p, over (J iff every pair in a
is independent pair of realizations of p.

If there is p € S1(&F) which is non-simple, or simple and

non-convex, take a countable Morley sequence 3; = (aj)je/ in p,

over (.

Type p(x) U Ux ¢ Pp(aj) can be omitted in a model M, 2 3.
i€l

Any maximal Morley sequence in p, over ¢J in M contains one

element from each Z,(a;), so its order type is /.

Thus non-isomorphic countable orders / and J give non-isomorphic
models M; and M.



Orthogonality

Definition

Let p, g € S1(A) be weakly o-minimal and p4* g, and a |=p. p
and g are forking orthogonal, pJ_f q, if Z4(a) = &, and forking
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Orthogonality

Definition

Let p, g € S1(A) be weakly o-minimal and p4* g, and a |=p. p
and g are forking orthogonal, pJ_f q, if Z4(a) = &, and forking
non-orthogonal, p Af g, if Dq(a) # .

Example

Let M = (Q, <, P), where {P(Q), —P(Q)} is a dense partition,
and p(x) and g(x) types over ¥ determined by P(x) and —P(X),
respectively. Then p 4% q but p 1f q.

Theorem

Both 4 and 4 are equivalence relations on S;(A).
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Vaught’s conjecture — binary case (1)

Theorem
Assume that (C;) — (Gs) don't hold; in particular, £ is finite
equivalence relation on SJ(&).

e If 4f is infinite on SP'(), then I(T,Rg) = No;

e if Xf is finite on Sfi(g), then I(T,Rg) < Ng, Moreover, there
is a (complicated) formula for /(T,Np).
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Vaught’s conjecture — binary case (Il)

Theorem
Assume that (C;) — (Gs) don't hold; in particular, £ is finite
equivalence relation on SJ(&).

e If 4f is infinite on SP'(), then I(T,Rg) = No;

e if Xf is finite on Sfi(g), then I(T,Rg) < Ng, Moreover, there
is a (complicated) formula for /(T,Np).

Some parts of the proof (Il)

A countable M is prime over maximal Morley sequences of
Af -representatives.
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Trivial types

For the proof that the existence of a non-simple (or a simple and
non-convex) type over a finite set implies many models, triviality
suffices.
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Trivial types

For the proof that the existence of a non-simple (or a simple and
non-convex) type over a finite set implies many models, triviality

suffices.

Definition

A weakly o-minimal type p is trivial over A if for any n,
a1<--<apFpanda | a1 imply (a1,...,a5) F P74
(equivalently, (ap,...,a1) = pfia)-

Remark

If there is a non-simple, or simple and non-convex, trivial type over
finite set, then /(T,Rq) = 2%0.
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Let (D, <) be an A-definable order.
Definition
Let S¢(x) be an La-formula (in variables t and x). It is a (right)
shift (on D) if (a, b€ D):
e 5,(€) is a convex subset of D with minimum a;
e a < b implies sup S;(€) < sup Sp(€);

e SN(¢) < SMTL(@) for all n, where
ST (x) = B)(SE () A Se(x)).
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Let (D, <) be an A-definable order.
Definition
Let S¢(x) be an La-formula (in variables t and x). It is a (right)
shift (on D) if (a, b€ D):
e 5,(€) is a convex subset of D with minimum a;
e a < b implies sup S;(€) < sup Sp(€);

e SN(¢) < SMTL(@) for all n, where
ST (x) = B)(SE () A Se(x)).

Examples
e If (D, <) is infinite and discrete, there is a shift.

e If f is an A-definable strictly increasing function on D s.t.

f(x) > x for all x € D, there is a shift. 13



Theorem (small)

If there exists a shift over a finite set A, then there is a trivial and

non-simple type over a finite extension of A.
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If there exists a shift over a finite set A, then there is a trivial and
non-simple type over a finite extension of A.

Corollary (few models)

There are no shifts over finite sets.
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On the proof

Let S; be a shift on (D, <) (over A) and a€ D.
Let 5° = Un<w 53

Consider any convex completion of

{xe D} U{S] < x| n<w}u{pelL(Aa)|e(SF) =S}

If non-trivial, we find a dense set of isolated types over a finite

extension of Aa, contradicting smallness.

ii5)



How do we find a shift?

Consider the following situation a,b = p, a < b and a J//A b.

Then b belongs to some bounded Aa-definable set D’, and consider
the trace of S, == {te D | (3d' e D')a < t < d'} on p(€).

If for some b = p, be S,, sup(Sa) < sup(Sp), then S, is a shift
(maybe after some modification).

It is not possible to have b = p, be S, and sup(S,) > sup(Sp),
and this is by weakly o-minimality.

So if there are no shifts, (x <y Ay e S) v (y<xAxeS))
relatively defines a convex equivalence relation on p(€).

16



If there are no shifts

Corollary

Pp(a) is the union of E-classes of a, for all (non-full) relatively
A-definable convex equivalence relations on p(€).
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If there are no shifts

Corollary

Pp(a) is the union of E-classes of a, for all (non-full) relatively
A-definable convex equivalence relations on p(€).

Corollary

a L b

dcl®?(a) ndcl®(b)

Theorem (few models)

Every type over a finite set is convex.
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