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Abstract. A four-parameter fractional integral transformation A%, of
measures on RY \ {0} is introduced and a systematic study of its proper-
ties depending on the values of the parameters is made. Descriptions of its
domain, range, and effect on behaviors of measures near or far from the ori-
gin are found. A non-commutative relation with a two-parameter Upsilon
transformation Y ¢ is established in the form Y59 ALY, = AL, Ys o
for some 8’ and @’. Then the class of infinitely divisible distributions having
Lévy measures of the form A&7, p is discussed. It is represented as the class
of laws of improper stochastic integrals with respect to Lévy processes if
—00 < a < 1.For1 < a < 2, itis the class of laws of essentially definable
improper stochastic integrals.
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1. INTRODUCTION

Let R¢ = RY\ {0}. We study a four-parameter fractional integral transforma-
tion

(L) (ALLp)(B) = ¢ [ u™ du [ 1p(ua/|a])(2]” — u®)" p(dx),
0 Rg

B e B(RY),

of a measure p on RY, where p, ¢, 7 > 0 and o € R. Here B(RE) is the class of
Borel sets in Rg, cp = I'(p)~!, s =sV0,and 0 = 0 when a < 0. In our pa-
per [9] we studied (1) two transformations .4; and .42 based on arcsine density
and (2) the class of infinitely divisible distributions with Lévy measures being in
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the common range of A; and As. These two transformations are identical with
A%il /2 and AQ_’il /29 respectively, up to constant factors. Main results of [9] were
a stochastic integral representation of the range and a new representation of the
class G(R?) introduced in [11]. (G(R?) reduces in the symmetric case to the class
of distributions called type G in [10]. In one dimension, type G means the dis-
tribution of Z'/2G, where G is the standard Gaussian random variable, Z is a
nonnegative infinitely divisible random variable, and G and Z are independent.) In
this paper we will extend some of the results in [9] to the transformation A%", with
general parameter values. In the representation of G(R?) in [9] we observed the
importance of the composite transformations A1 Y _; 1 and T_5 2.4, where T _1 1
and T _ 5 are special cases of the transformation T g ¢ defined as

(1.2) (Toop)(B) = [ p(t™'B)0t""e"dt, B e B(RY),

S

with 8 € R and 6 > 0, which was already used in [8] up to a constant factor.
We will study A&7, Y39 and Y 5.A%", and prove a non-commutative relation ex-
pressed by the identity

(1.3) Yp0AL, = AL r(p-14(8-a)/a), 0r /-

This is an identity between two composite transformations. It implies that the do-
mains of both sides coincide. The domain of a composite is defined as usual. For
instance, the domain D (Y ¢A%),) equals the class of p € D(AL),) satisfying
A&p € D(Yp,). Thus our first problem is how to define the domains of A%,
and Y. It is too narrow for application if, as in [9], we merely consider Lévy
measures. We will define the domain as the class of all locally finite measures p
on Rg such that the right-hand side of (1.1) or (1.2) is a locally finite measure on
R¢. We can characterize the domains by behaviors of measures near or far from the
origin. Then the effect of A%, and Y3 on behaviors of measures will be exam-
ined. This makes it possible to determine the domains of Y5 9. A&, and ALY 5.
The range (A%, is described by the use of fractional integral of measures de-
veloped in [16] and the range 2(Y g ) is by the notion of complete monotonic-
ity. Together with the one-to-one property, these results constitute Section 2. We
will prove in Section 3 the identity (1.3). A necessary and sufficient condition on
the parameter values in order that A%}, and Tgy commute is given. Sections 2
and 3 can be seen as a study of properties of functions expressible as fractional (or
Riemann-Liouville) integrals of measures, which are not yet well understood.

Let I(R?) be the class of infinitely divisible distributions on R%. Let A% ,(R%)
be the class of distributions ; € I(R?) such that the Lévy measure of ; belongs
to R(AZL’), which is shown to be independent of r. Section 4 is devoted to the
study of the class A% ,(IRY). The central problem is whether it is expressible as the
range of an improper stochastic integral mapping. For a function f locally square-

integrable on [0, 00) and for a Lévy process {X. W s> 0} on R? with distribu-
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tion p at time s = 1, the improper stochastic integral lim;_, . fo s)d X" ( )

f OOO_ f(s)dX § ), is defined whenever the limit exists in the sense of convergence
in probability, and its distribution is denoted by ® ¢(1:). The transformation from

the Lévy measure v of j to the Lévy measure v of i = ®f(y) is expressed by

(1.4) fdsf 15(f(s)z)v(dx), B € B(RY).

This is written as

(1.5) v(B)= [ 7(du) [1p(uz)v(dz), B € B(RY),
R\{0} R4

for some measure 7 on R \ {0}. We call the transformation v +— v in (1.5) the
Upsilon transformation associated with 7, denoted by Y(7). This is an extension of
the Upsilon transformation studied by [5] (see also [3]), where T is a measure on
(0, 00). Further we introduce a transformation p — Y (") p for b € R by

1.6) (YD)(B) = [ 7(du) [ 1p(ua) [2’p(dw), B € BRY),
R\{0} R¢

and call it the generalized Upsilon transformation associated with 7 and b. We
will give a necessary and sufficient condition, in terms of the parameter values,
for A%L', to be equal to Y(7) with some 7, or to Y(™) with some 7 and b. Then
we will show that the class A% ,(R?) can be expressed as the range of some @ if
—oo < o < 1 and as its slight extension called the range of essentially definable
improper stochastic integrals with respect to Lévy processes if 1 < o < 2. The
relation of A% ,(R?) to the class L(R?) of selfdecomposable distributions is given
at the end of Section 4.

Let us mention related works. Special cases of the three-parameter class
A% ,(R?) appear in several papers. The class Al (]Rd) is treated in Sato [16] in the
notation K, , for —oo < o < 1and K , for 1 < a < 2. Itis deeply analyzed in
[14] and [16] within the framework of the study of the ranges of a class of explicitly
given stochastic integral mapplngs ® related to extensions of selfdecomposabil-

ity. The transformation Al appears also in Arizmendi et al. [2] in relation to

—1,1/2
the study of free type GG distributions. Lévy measures of distributions in Ag,p(Rd)
extend those of the tempered stable distributions of Rosifiski [12], where the frac-
tional integral is replaced by completely monotone functions vanishing at infinity.

The original Upsilon mapping is the mapping @y with f(s) =19 1)(s) log s
introduced by Barndorff-Nielsen and Thorbjgrnsen [6], [7] as a connection be-
tween free and classical infinitely divisible distributions. The transformation of
Lévy measures associated with this mapping is equal to Y_1 ;. The original Up-
silon mapping is further studied in [4] and generalized in [5]. The transformation
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Tpg,1 is the transformation of Lévy measures associated with some ®; given in
[14] and [16]. This ® is denoted by W and its range is known. If 0 < 8 < 2 and
Gaussian part is absent, then this range is exactly equal to the class of tempered
stable distributions of Rosinski [12]. He made a deep study of probabilistic prop-
erties of those distributions. The two-parameter T g ¢ was introduced and analyzed
in [8]. A special attention was given by [1] to T _g 4.

2. TRANSFORMATIONS A%’ AND g g

2.1. Definitions. A measure p on Rg is said to be locally finite on ]Rg if
p({z: a < |z| < b}) < oo for 0 < a < b < oo. Let My be the class of locally
finite measures on Rg.

DEFINITION 2.1. Letp, ¢, 7, § > 0 and o, 3 € R. Given a measure p on RY,
let p be the measure on Rg defined by the right-hand side of (1.1) (resp. (1.2)).
Let @(Ag;;;) (resp. D(YTp0)) be the clarss off € My such that p € M. For
p € D(ALYL) (resp. D(Yp,)), define AL,p = p (resp. Y9 p = p).

Fora, b€ Rand 6 > 0, let

M, ={peMy: [ |z|*p(dr) < oo},
|z|>1

M= {peMy: [ |z’p(dz) < oo},
a1

mgo,e = {p € My | |f e=<lel™ p(dx) < oo for all ¢ > 0}.
z|<1

Ifa < d, then 9%, DML Ifb < b and 0 < 0 < @, then
my Y c m? c m?

Let S = {¢ € R?: [¢] = 1}, the unit sphere in R if d > 2 and the two-point
set {—1,1} if d = 1. A family {p¢: £ € S} of measures on (0,00) is called a
measurable family if p¢(E) is measurable in & € S for every E € B((0,00)).If p
is a o-finite measure on R? satisfying p({0}) = 0, then there are a o-finite measure
A on S with A(S) > 0 and a measurable family {p¢: £ € S} of o-finite measures
on (0, c0) with p¢((0,00)) > 0 such that

p(B) = JS" A(d€) ( f )1B(u5>pg<du>v B € B(R).
0,00

We call (), p¢) a polar decomposition of p; A is called the spherical component of
p. and pe the radial component.
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If p € M with a polar decomposition (A, p¢) and if p is the right-hand side
of (1.1) or (1.2), respectively, then

(2.1) p(B) = cpf)\(df)oflg(uf)u_a_ldu( | )(ST - uq){flpg(ds),
0,00

2.2) ] A(d€) ] ot e dt [ 1p(tst)pe(ds),
(0,00)
respectively.

2.2. Domains. Let us describe the domains of A%, and Y3 .
THEOREM 2.1. D(AL),) = gmggpfl).

Proof. It follows from (2.1) that D (AZ%7,) does not depend on « nor g. Let
p €My . Letpbeasin(2.1) withaw = —landg=1.Let0 < a < b < oo. Then

b
[ pldx)=c, [AE) [ pelds) [(s" —w)P™ Ldu
a<|z|<b S (b1/7,00) a

s”

+op [AdE) [ ds) [(s" —u)P"'du=: T + L.
S (al/r7b1/r] a

Since f b T —w)P~tdu < s"(P=1) a5 s — o0, I is bounded by a constant multiple
of fS (d€) fbl/T s (p_l)pg(ds). The term I is always finite. It follows that if

pE 9)122” 1), then p € 9N, - Similarly we can prove the converse. m
THEOREM 2.2. D(Y3,4) = M5, NP,

Proof. Use (2.2). Note that, for 0 < a < b < oo,

et {~<1/6)<a6—bﬁ>u5, B#0,

as u — 00,
a/u - log(b/a)a g=0,

b/u )

[t BLe~t gt ~ (1/60)(aju) PPe=(@/"  BeR, asul0.
a/u

The assertion follows from this. =

2.3. Effect on behaviors of measures. Comparison of the behaviors of A%, p
and Y gp with those of p is important. The following two theorems are basic in
our discussion.
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THEOREM 2.3. Suppose that p € D(AL)).

() Letb € (a,00). Then AL, p € ML, ifand only if p € QJ?T(pflJr(b*a)/q).
(i) AL, p € M if and only sz| 51 |z
(iii) Foranyb € (—oc,a), AL p € MY,

(iv) Let c € (o, 00). Then ALY, p € MG if and only if p € mg(pflﬂcfa)/q).

(v) Let c € (—o0, a. Then AL, p §Z MG for any p # 0.

(vi) Let § > 0. Then AL),p € M ifand onlyifp € 9318°’9"/q.

"= log || p(dz) < oe.

Proof. We have

1

I 2P AL p(de) = cpg ™ [AE) [ 5" pe(ds) [ (1 —v)p ol a Mdy
|z|>1 S (1,00) 5T

with &' = r(p — 1 + (b — @) /q). Since fo v)P~Lyp(b=e)/a=1qy is finite for
b > a, (i) is true. Letting b = o, we obtain (ii), since fs,r(l —v)P o ldy ~
rlog s as s — oo. Letting b < «, we have

1
[(a- )Pty a)/a=lgy (—q/(b— a))s_(b_o‘)r/q as s — 00

and we obtain (iii) by Theorem 2.1. We notice that

[ |2]°ALY p(dx) =: I + Iy,
o<1

where with ¢ =7(p — 1+ (c — @) /q)
S—T‘

flchq”gf Mdg) [ s pe(ds) {(1_U)p—1v<c—a>/q—1dv’
(1,00)

1
Iy = Cpq_lf)\(dﬁ) f s¢ Pg dS f 1 72} p 1 (c— a)/q_ldv.
S (0,1] 0

If ¢ > «, then I7 is finite, since f057r<1 — U)P*IU(Cfa)/qfldv — g T(c—a)/q 44
r(p—1)

s — oo and p € My . Hence (iv) follows. If ¢ < «, then we see that [} = oo

when p({|z| > 1}) > 0and I, = oo when p({]a:\ < 1}) > 0, which concludes (V)
Let us prove (vi). We have A%,p € M™ % if and only if A p € smo

Therefore, it is enough to show (iv) for &« = —1. We have, for any a > 0,

f efa|x\_0A‘£71",p p(d;c) =0+ I,
lz|<1
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where

— 1 —av—91 _ —
(1—8 rv)p 16 av qq 11]1/q 1dv,

O%»—A

L =cp, [MdE) [ s"PVpe(ds)
S (1,00)

r(p—1)

which is finite, since p € Mo 7/, and

_[2 = cpf)\ d& f q—l r(p—1+1/q) g(ds) (1 . U)p_le_a(sr”)_e/qvl/q—ldv.

(0,1]

ot—

Note that

(1-— v)p_le_“(srv)ie/qvl/q_ldv = o(e_asigr/q), s | 0.

o—

If p € Smoo’gr/ 7, then I < oo and A} oPE 93?80’9. Conversely, suppose that p &
my” /4 Then, for some ag > 0, fr|<1 _“("I‘_er/qp(dx) = 00. Choose a such
that a2%/9 = ag/2. Then av=%/9 < ag/2 for v > 1/2 and

1
f/\ ) [ q s+, (ao/2)s*9”qp£(d8) [ ep(1 = v)P~tut/a gy,
(0,1] 1/2

There is sp € (0, 1] such that sT(P=141/q) g=(a0/2)s™/1 5 g=ans™1 g4 g)] g €
(0, so]. Thus
Iy > const [ e_“°|x|79T/qp(dx) = 0.

lz|<s0

Hence |z|<1 e*alx\*GA‘fip p(dx) = oo. This means that A‘fipp ¢ mgo,e' .

THEOREM 2.4. Let p € D(YTpy).
(i) Letb € (8,00). Then Y9 p € IMb_ if and only if p € MY

(i)) Ts,0p € Mes if and only if [,

(iii) Foranyb € (—o00,3), Ygop € MY
(iv) Let ¢ € (3,00). Then Yg g p € MG if and only if p € M.
(v) Letc € (—o0, 3]. Then Yg g p ¢ MG for any p # 0.

|z|? log || p(dx) < oo.

Proof. Foranyb € R,

f |y|bT5’9p(dy) (f + f )|x\pdw f gtv—B—1=t gy
ly|>1 lz|<1 Jz[>1 1/|z]

=: I + I,
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where I; < oo from p € smg“e, since
Q 0 —0
f Ot P Le " dt ~ S0 asu | 0.
1/u

If b > B3, then I < oo is equivalent to [, |2|®p(dx) < oo, since

lz|>1
s 0
ftb*ﬂfle*t dt < oo.
0

If b = j3, then I3 < oo is equivalent to f e|>1 |z|® log |z|p(dz) < oo, since

oo
f t~ e " dt ~ logu aswu — oo.
1/u

If b < B, then Is < oo follows from p € zmoo, since
Q 6
S/ B ledt ~ (B—b) WP asu — oo
1/u
Hence we obtain (i)—(iii). For any c € R,
1/|=|

[ 1wl Ys0p(dy) = [ |z|°p(dx) [ pteb-1e~1" gt
lyl<1 Rd 0

If ¢ > 3, then fol/u te=B=le=t" 4t ~ (c — B)~'uP~¢ as u — oo and we obtain (iv),

using p € M2, For ¢ < 5 we obtain (v), since fol/u te=B=1e=t" 4t = oo for all
u>0. m

Theorems 2.1, 2.2, 2.3, and 2.4 combined enable us to describe the domains
of Tg,eAgj;, and Agj;Tﬁjg. See Section 3.

2.4. Ranges.
THEOREM 2.5. R(AL,) does not depend on r.

Proof. Letr’ > 0. Given p, define p? by

#(B) = [ (|| 2)p(de).
R

Then, we can see that p € D (A%Y) if and only if p* € @(AZ;;/) and that, in this
case, AL, p = ALY pf. Hence KAL) = R(ALL). =
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REMARK 2.1. Let p = 1. By Theorem 2.5, R(AL")) = R(ALT). By (1.1),
ALY does not depend on q. Thus, A7, | (R?) does not depend on q.

We use the fractional integral mapping I% of order p > 0 in the notation
of [16]. For a measure ¢ on (0, co) let

g(du) = (¢p [ (s— u)’~lo(ds))du.

(u,00)

Let ©(I%) be the class of locally finite measures o on (0, c0) such that & is locally
finite on (0, 00). For o € D(I%) we define If o = &. Properties of I* are studied
in [16]. One of them is that a locally finite measure o on (0, 00) is in © (1% ) if and
only if f(l,oo) uP~to(du) < oo. Using the mapping I”, we can show the following

description of R(AZL). This gives an alternative proof of Theorem 2.5.

PROPOSITION 2.1. A measure p is in R(AE)) if and only if p € My and
there are a measure \ on S and a measurable family {o¢: £ € S} of measures on
(0, 00) such that o¢ € (1) for M-a.e. £ and

(2.3) p(B) = é)\(df) [ 1) u= 1Y (1} o¢) (du)
(0,00)

for B € B(RY).

Proof. Suppose that p € D(A%L},) with a polar decomposition (), p¢) and
p = A&’ p. Then, it follows from (2.1) that

FB) = cpq™ [ MdE) [ Lp(uMIeu 1" du [ (s —w)) ol (ds),
S 0 (0,00)

where f(O,oo) 1C(s)pg(ds) = f(Opo) Lo(s")pe(ds) for any C. Since p, p € My,
the measures pg, pg, and (c, f(o 00) (s—u){flpg(ds))du are locally finite on (0, co)
for M-a.e. £. Hence pg € @(Iﬁ) for A-a.e. £ and we obtain (2.3) with o = q_lpg.
Proof of the “if”” part is similar. m

The following description of 93(Y g ¢) is essentially given in [8].

PROPOSITION 2.2. A measure p is in R(Ygg) if and only if p € My with
a polar decomposition ()\, u_fg_lgg(ue)du), where g¢(v) is measurable in § € S
and completely monotone and vanishing at oo in v > 0.

2.5. One-to-one property.

THEOREM 2.6. The transformation AZ}ID is one-to-one.
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Proof. Assume that p,p’ € D(AL),) and AL}, p = ALY, p'. Let (X, p¢) and
(N, p’é) be polar decompositions of p and p’, respectively. Then, as in the proof of
Proposition 2.1,

e}

0 [ ] Lp(uM9€)u™ T (pf) (du)

o0

=q ! [N(d) [ 1p(u)u I (pF) (du)
S 0
for B € B(RE). Hence, for any B € B(R),

it ) ? Lp(u€)u~/1 117 () (du)

SCAFRLCS ? 1 (u€)u~/1 L1 () (du).

It follows that there is a positive finite measurable function ¢(£) such that X' (d€) =
c(&)A(d¢€) and, for A-ae. &,

e()a w1 R () (du) = g Hu” I () (dw)
(see [4] and [16]). Hence, for A-a.e. £, we obtain ¢(§) péﬁ = pg from the one-to-one
property of I} in [16], and thus c(§)p; = pe. Hence p=p'. =

THEOREM 2.7. The transformation Y g ¢ is one-to-one.

Proof. Similarly to the above, use the representation of Yggp and the
uniqueness of polar decomposition in the sense of [4], [16], and then use the
uniqueness theorem in the Laplace transform theory instead of the one-to-one prop-
erty of I m

3. NON-COMMUTATIVE RELATIONS OF A%, AND Y34

THEOREM 3.1. The identity

3.1) Y0 AL, = AL Yoo
holds with
(3.2) B=r(p-1+B-a)lg), 0 =0r/q

The common domain of Y g g AL, and ALY g ¢ equals:
33) MFT ALY ifr(p-1)> 6

B4 {oemP?: [ |z[PVlog(1 + |z|)o(dz) < 00} ifr(p—1) = 3,
|z|>1

3.5 M nml ifr(p—1) < B
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Proof. Step 1. Let us show that D(Y 9 AL)) = D(AL, Y s ¢/) and that
itis described as asserted. First, note that (p — 1) > ' (resp.r(p—1) = 3/, < ')
if and only if 8 < o (resp. 8 = o, > ). If ¢ € D(AL")), then write p = AL)0.
If o € ©(Tp ¢), then write n = Y gro. It follows from Theorems 2.1-2.4 that

o € D(Tp0ALl) & 0 € DALL), p e D(Tsy)

& [ 2" Vo(de)+ [ |2)°p(da)

|| >1 |z|>1
+ [ e‘“'m‘_ep(dx) < 00, Ya >0
|lz|<1

&0 € (3.3)~(3.5)
and further
0 € DAL Y o) o oecD(Tpg), neD(AL)
& [ |l oldn)+ [ e o(dx)

|z|>1 lz|<1
+ [ |2|"P~ Y (dz) < oo, Va > 0
|z|>1

& o € (3.3)=(3.5).

Step 2. Let 0 € D(YpgAL)) = D(ALL T s o). Write p = AL',o. Then
p(B) equals the right-hand side of (1.1) with o in place of p. Hence it follows from
(1.2) that

Ts00(B) =
:cpfet B-le—t! dtf ~ gy [ 1p(tuz/|z])(|z]" — u?)? o (dx)
Rd
=c f@’ prig—1g—s dsfso”/qv *ldv [1p(vz/|z))(|=]"— )J:la(dx)

Rd

= cpfﬂlfﬂlflefsglds [ o(dz)
0 Rg

v Up(va/|z))(|sz|” — v dv.

o3

This shows that

Yp0p(B) = ¢, [ Yo go(dz) [v p(vz/|z])(|jz]" —v?)  dv
R 0
= (AL Yy gr0)(B),

completing the proof. m
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The application of Theorem 3.1 will be found in the proof of Theorems 4.1
and 4.2.

THEOREM 3.2. Yg g AL" p = Ag’;’,"r@g if and only if
(3.6) g=r and q(p—1)—a=0.

Proof. Define 8’ and 6’ by (3.2). Notice that (3.6) is equivalent to 5’ = f3
and @’ = 6. Thus the “if” part is a consequence of Theorem 3.1. To show the “only
if”” part, suppose that Y59 A&), = ALY 56. Since we have (3.1) with (3.2), it
follows from Theorem 2.6 that Yz g0 = Y g0 forall o € D(YAL}). As the
delta distributions belong to this domain, we have, for e; = (1,0, ...,0),

fet B 1=t 1 p(ter)dt = f@t B1e=1"1 p(tey )dt.

Hence for any ¢ > ' V 3 we have fooo gree—B'—1o—t" gy — fooo gre—B-1Le—t" gy
thatis, I'((c — #')/0') = T'((c — B8)/6). Hence (c — 3')/¢' = (c — 8)/6 for any ¢
satisfying (¢ — ')/0' > 2 and (c — ) /60 > 2. Therefore ¢’ = ¢ and 3’ = (. =

It is noteworthy that condition (3.6) does not depend on 3 and 6.

4. CLASS A% ,(R%)

4.1. Definitions. As in Section 1, let A% ,(R?) be the class of distributions
1 € I(R?) such that the Lévy measure of y belongs to R(A%",). Let us recall that
R(AL’) does not depend on r (Theorem 2.5). We discuss the problem what re-
lation the class A% p(Rd) has with (improper) stochastic integrals of non-random
functions with respect to Lévy processes. A related problem is whether v — A&, v
represents the transformation of Lévy measures associated with an (improper)
stochastic integral.

Any p € I(R?) is uniquely represented by the Lévy-Khintchine triplet
(£, v,7). By this we mean that the characteristic function 7i(z), z € R%, of p is
expressed as

fi(z) = exp <2z 2 +ﬁ{[d ( izm) 1 — 1i<j’|z’>2) v(dx) +z’<%z>],

where X is the covariance matrix of the Gaussian part of yu, v is the Lévy measure
of i, and -y is the location parameter of . Let Z)ﬁL(Rd) denote the class of Lévy
measures of all 4 € I(R%). That is, 90t (R?) = 92 N 9N,

Let ;1 € I(RY) with triplet (3, v,~). Let f(s) be a locally square integrable
function on [0, 00). If ¢ € (0, 00), then the stochastic integral fo s)dXs ) with
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respect to a Lévy process {Xﬁ“ )} is definable for any p and its distribution is
infinitely divisible with triplet (3, 7y, 7;) expressed as

t

4.1) Y= [ f(s)*2ds,
0
4.2) n(B)= [ds [ 1p(f(s)x)v(dx), Be€ B(RY),
0 R4
7, —t s)ds T 1 — 1 v(dx
R N G o e R

The improper stochastic integral fooo_ f(s)dX ) and its distribution ® #(p) are
defined as in Section 1. The domain D (®) is the class of y € I(R?) such that the
improper stochastic integral is definable. If 1 € ©(®), then ®f(y) is infinitely
divisible with triplet (3, 7,7) expressed as the limit of (3, 7, 7;) as t — oc. In
particular, 7 is expressed by (1.4). We also use the following modification of im-

proper stochastic integrals. We say that fooo_ f(s)dX W) i essentially definable

if, for some R%-valued function A (t) on [0, oc), f(f f(s)ngu) — h(t) is conver-
gent in probability as ¢ — oo. The class of u such that fooo_ f(s)dX ) is essen-
tially definable is called the essential domain of ®; and denoted by D°(® ). The
class of the resulting limit distributions is called the essential range of ®; and de-
noted by R®(® ;). See [13], [14], and [16]. If we define the T-measure of f by
7(E) = [, 16(f(s))ds for E € B(R) as in [15], then 7({0}) is irrelevant, and
(1.4) is written as (1.5), the right-hand side of which is denoted by Y(™) y. The
domain D (Y(7)) is understood to be the class of v € M ¢ such that the right-hand
side of (1.5) is a measure in 9);s. The generalized Upsilon transformation asso-
ciated with 7 and b € R is defined by (1.6) as in Section 1. Again the domain
D (T (™) is understood to be the class of p € M ¢ such that the right-hand side of
(1.6) is in 9 ¢. The definition of Y5 shows that it is an Upsilon transformation
associated with some 7.

4.2. A%" and Tg o producing Lévy measures. Theorems 2.3 and 2.4 imply

the following two propositions.

PROPOSITION 4.1. The class {p € D(AL}): ALY p € ML(RY)} equals:

mg(P—1+(2_a)/Q) N mg((}pflfa/q) if a <0,
{pe smg(p‘l“/”: i 2"V log | x| p(dz) < oo} ifa=0,

|z|>1
mg(p—l-‘r(Q—a)/q) N mggpq) if0<a<2,
(0} ifa>2
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Hence, if o > 2, then the study of A% ,(R?) is meaningless.

PROPOSITION 4.2. The class {p € D(Lpp): Tpop € ML (RY)} equals:
MR if B <0,

{peM®Y: [ loglelplda) <o} if B =0,
|z|>1

{pe Mz (RY): i 2P p(dzx) < oo} if0<B<2,

|z|>1

0y ip>2

4.3. The question when A%’ is a (generalized) Upsilon transformation. This
question is answered by using Theorem 3.1 on the non-commutativity with T g.

THEOREM 4.1. If ¢ = r, then AL, is the generalized Upsilon transformation
associated with 7(du) = ¢,1(0 1y(u)(1 — w?)P~ru=*tdu and b = q(p — 1) — .
If ¢ # r, then ALY, is not a generalized Upsilon transformation.

Proof. Assume ¢ =r and let p € D(ALY). Using (1.1), we have

1
AL9p(B) = { 7(du) [ 1p(uz)|z|’p(dx)
R

for B € B(RZ) with 7 and b as in the statement of the theorem. Hence we have
p € D(TTY))and ALY p = Y0 p, Similarly, if p € D (YY), then p € D(ALY).
This proves the first half of the theorem.

To show the second half, suppose that A%, = T(™) with some 7 and b. Let
o €D(YTppALYy) and p = AL,0. Let 8’ and 0 be as in (3.2). Then, from Theo-
rem 3.1,

Yp0p(B) = AL g po(B) = YT go(B)

=/ T(du)f@’tfﬂlflefteldtf 1p(utz)|tz|’o(dz)
R\{0} 0 RY

= Tﬁ/,b’QIT(T’b)O‘(B) = Tﬁ/,bﬁ/p(B)

for B € B(RZ). Thus

J oot dt [ Jtalop(de) = [ 007" dt [ Jtal®p(dr)
0 RY 0 R
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for all ¢ € R. Choose o = J,, where e; = (1,0,...,0). Then o € D(Y59AL})
by Theorem 3.1. Let ¢ > oV SV (' — b). Then

1
'O(B) = Ag;,;)éel (B) =Cp f 1B(U€1)u_a_1(1 — uq)p_ldu’
0

[ |zl°(dz) = ¢, [u " 1 —u)P " du = 2B ( 7p) < 00.
R 0 q q

Hence I'((c — 8)/8) = T'((c + b — 3)/¢). It follows that (c — B8)/6 =
(c+b—p")/0 for all large c. Hence § = ¢’ and 3 = 3’ — b. Therefore ¢ = r
andb=gq(p—1)— . =

THEOREM 4.2. If (3.6) holds, then AL, is the Upsilon transformation asso-
ciated with T(du) = ¢y1(9 1y (u)(1 — u?)P~ u=*" du. If (3.6) does not hold, then
ALY, is not an Upsilon transformation.

Proof. The first half of the theorem follows immediately from the first half
of Theorem 4.1. The second half is proved as in the proof of the second half of
Theorem 4.1 withb = 0. =

4.4. Representation of Ag’p(]Rd) by stochastic integral. The following theo-
rems reduce the study of A% ,(R?) to the study of the range of a stochastic integral
mapping, usual or essentially defined.

In view of Theorems 4.1 and 4.2, it is natural to use the function

(4.4) g(t) = ¢ [(L—uD)P lu*Ndu, 0<t<L,

and its inverse f(s). We have g(0) = ¢ 'TI'(—aq™!)/T'(—aqg~! + p) if a <0,
and g(0) = oo if @ > 0. Let t = f(s) for 0 < s < g(0) be defined by s = g(t)
for 0 < t < 1. Define f(s) = 0 for s > ¢(0) if g(0) < oco. The function f(s) is
continuous and decreasing from 1 to 0. This f(s) is denoted by fo p4(5).

THE.OREM 43. If —0o < a < 1, then A% »(R?) equals R(®y, ), the range
of @ with [ = fapq-
Proof. Let f = fupq Let i € AL ,(R?) with triplet (3, 7, 7). Let us show

that i € R(®;). It follows from Theorem 2.5 that 7 € R(ALS) N My (RY). We
can find a measure p € D (A&Y) such that 7 = ALY, p. Theorem 4.1 shows that

1
4.5) AL9p(B)=cp [(1 - u?~lu du [ 1p(uz)v(dz), Be€ B(RY),
0 Rg
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with v(dz) = |2|9P~D=p(dz). Using Proposition 4.1, we see that v € 9ty (R%).
Moreover, ‘x|>110g\x|y(dm) < oo if @ =0, and f\w|>1 |z|“v(dx) < oo if
0 < a < 1. It follows from (4.5) and the definition of f that v satisfies (1.4).
If a =0, then f(s) ~ ce TP, s — oo, with some ¢ > 0. If 0 < o < 2, then
f(s) ~ cs™1/® s — oo, with some ¢ > 0. These asymptotics follow from Propo-
sition 4.6 of [16], as f(s) = (fpya/q(qs))l/q in the notation of [16]. Therefore, a

result of [14] or Theorem 4.2 of [16] says that

{peI®RY: [ log|z|u(dz) <oo} ifa=0,

1
4.6) D(Pf) = o> ,
(@) {peI®RY: [ |z|*u(dr) < oo} if0<a<l.
|z|>1
If 0 < @ < 1, then, noting that fo s)ds and fo st are finite, determine -
and v from 5, v, and v in such a way that Y= fo )2%ds and ¥ = lim; o0 ¢

with 4, of (4.3). If & < 0, then we can simply determme > and v from 5, v, and
v, using (4.1) and (4.3) with ¢t = g(0). Let u be the infinitely divisible distribu-
tion with triplet (3, ,v). Then u € D(®¢) and ®;(u) = fi. Hence A% ,(R?) C
R(Dy).

Conversely, let i € R(Py), that is, 1 = P y(p) with some € D(Py). Let
v and v be the Lévy measures of i and p. Then they satisfy (1.4). Let p(dx) =
|z|*~9P=Vy(dz). Then fan |2]2) || 1P~ D= p(dx) < oc. It follows from (4.6)
that p satisfies the condition in Proposition 4.1 with ¢ = r. Hence p € D(A%Y%)
and AL%p € M (R?). Since we have (4.5), we see that AL%p = U. Hence i €
A% p(R?). This means that R(®) C A% ,(R?). =

THEOREM 4.4. If —oo < a < 2, then AL (R?) = R(®y, ), where
R(®y, ) is the essential range of ®y, . If 1 < o <2, then AL p(R?) 2
R(Ps, )

Proof. Let f= fopqand — oo<a<2Thenf0 5)2ds < oo, and hence
Me(Dy) is the class of 7 € I(R?) with Lévy measure satlsfylng (1.4) for some
v e Z)J?L(]Rd), as Proposition 3.27 of [16] says. Now, the first five lines of the
proof of Theorem 4.3 show that A% ,(RY) C 9R¢(®). The converse inclusion is
established in the same way as in the last paragraph of the proof of Theorem 4.3.
Hence A% ,(R?) = (D).

As in the proof of the preceding theorem, we can show that, as s — oo, f(s) ~
(aI‘(p)s)fl/a and further f(s) = (F(p)s)fl(l +O0(s) +0(sh)) ifa=1
and ¢ # 1,and f(s) = (F(p)sf1 (1+O(s!logs)) if a = ¢ = 1. Hence we can
use Theorems 4.2 and 4.4 of [16] and conclude that A%, ,(R?) = Re(®) 2 R(Py)
fl<a<2 n
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EXAMPLE 4.1. Let o = —q. Then (4.4) gives g(t) = (cp+1/q)(1 — t9)?,
0 <t <1, with g(0) = ¢p41/q. Hence, we obtain an explicit expression

f-apa(s) = (1- (QS/CpH)l/p)l/q, 0<s<cpi1/q.

REMARK 4.1. It is an open problem whether or not A% ,(R?) with 1 < a < 2
is equal to R(P ) for a locally square-integrable function f on [0,00). A relevant
question is whether the class R(AL%) N My (RY) is related to YY) for some
(7,b) other than the one described in Theorem 4.1.

4.5. One-to-one property of &, . A stochastic integral mapping is not nec-
essarily one-to-one, as Barndorff-Nielsen et al. [5] show. So the following result is
meaningful.

THEOREM 4.5. Let —00 < a < 2. The mapping ®y,, , . is one-to-one.

Proof. Lety € ®(®y, )andp =y  u. Let(¥,v,v)and (3,7,7) be
the triplets of p and [, respectively. It is straightforward that . determines X.
Recalling the proof of Theorem 4.3, we see by Theorem 2.6 that v determines v.
Then ~ is determined by 7 and 7 as in the proof of Theorem 4.23 of [16]. =

4.6. Comparison of A% (R?) with L(R?). Let L(R?) be the class of selfde-
composable distributions on RY. A distribution z € I(R?) belongs to L(R?) if and
only if the Lévy measure v of p has polar decomposition ()\, hg(u)du), where

h¢ (u) is measurable in (&, u) and uhe (u) is decreasing in u > 0. The class of Lévy
measures v of u € L(R?) is denoted by 9tk (RY).

THEOREM 4.6. The following inclusions are true:

4.7) AL RN DS LRY if0<p<landa <0,
(4.8) AL RYCL®RY ifp>landd<a<2.

Proof. (4.7): Assume that 0 < p < 1 and a < 0. To show (4.7), it is enough
to prove ME(RY) € R(AL,). Let v € ME(RY) with polar decomposition
(A, he(u)du). We can and do assume that, for each £ € S, uhg(u) is right-continu-
ous in u and decreases to zero as u — oo. Let j¢(u) = ul®1)/ahg (u!/7). Then
Je(u) is also right-continuous and decreasing to zero. If we define &¢ by
g je(u)du = (f(u,oo) oe(dv))du, then o¢ € D(IL) and ¢ 'je(u)du =
(I16¢)(du). Letog = I _fp G¢ with the understanding that 19 is the identity. Then
{o¢} is a measurable family (Propositions 2.15 and 2.16 of [16]). Since I%, i

I_pﬁp, for p, p’ > 0 (Proposition 2.4 of [16]), we have o¢ € D(I) and ¢~ *jje (u)du
= (1% o¢)(du). Hence Proposition 2.1 applies and v € RR(AZLY,) for any 7.
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(4.8): Assume that p > 1 and 0 < a < 2. Let v € R(AL}) N ML (RY). To

prove (4.8), it is enough to show v € zmﬁ (RY). We have v = AL p for some p.
Let (), p¢) be a polar decomposition of p and let (t) = (1 — t9)?~1¢~. Then
©(t) is decreasing on (0, 1). Using Theorem 4.1 we have

fAdg f1Bs§ “he(s)ds,

where

he(s) = cp [ u® D (s/u)pe(du).

(8,00)

Now, we see that k¢(s) is decreasing in s and measurable in (§,s) and that
(X, s ke (s)ds) is a polar decomposition of v. Hence v € MMF(RY). =

REMARK 4.2. It follows from (4.7) and (4.8) that A&I(Rd) = L(RY). Since

fo1,4(s) = €%, Theorem 4.3 gives the well-known stochastic integral representa-
tion of L(RY) as a special case.

(1]

(2]
(3]
(4]
(5]
(6]

(7]
(8]
(9]
[10]
[11]
[12]

[13]
(14]

REFERENCES

T. Aoyama, A. Lindner, and M. Maejima, A new family of mappings of infinitely divisi-
ble distributions related to the Goldie—Steutel-Bondesson class, Electron. J. Probab. 15 (2010),
pp. 1119-1142.

O. Arizmendi, O. E. Barndorff-Nielsen, and V. Pérez-Abreu, On free and classi-
cal type G distributions, Braz. J. Probab. Stat. 24 (2010), pp. 106-127.

O. E. Barndorff-Nielsen and M. Maejima, Semigroups of Upsilon transformations,
Stochastic Process. Appl. 118 (2008), pp. 2334-2343.

O. E. Barndorff-Nielsen, M. Maejima, and K. Sato, Some classes of infinitely divis-
ible distributions admitting stochastic integral representations, Bernoulli 12 (2006), pp. 1-33.
O. E. Barndorff-Nielsen, J. Rosifiski, and S. Thorbjgrnsen, General Y transfor-
mations, ALEA Lat. Am. J. Probab. Math. Statist. 4 (2008), pp. 131-165.

O. E. Barndorff-Nielsen and S. Thorbjgrnsen, A connection between free and classi-
cal infinite divisibility, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 7 (2004), pp. 573—
590.

O. E. Barndorff-Nielsen and S. Thorbjgrnsen, Regularising mappings of Lévy mea-
sures, Stochastic Process. Appl. 16 (2006), pp. 423-446.

M. Maejima and G. Nakahara, A note on new classes of infinitely divisible distributions
on R?, Electron. Comm. Probab. 14 (2009), pp. 358-371.

M. Maejima, V. Pérez-Abreu, and K. Sato, A class of multivariate infinitely divisible
distributions related to arcsine density, Bernoulli 18 (2012), pp. 476—495.

M. Maejima and J. Rosinski, Type G distributions on R?, J. Theoret. Probab. 15 (2002),
pp. 323-341.

M. Maejima and K. Sato, The limits of nested subclasses of several classes of infinitely
divisible distributions are identical with the closure of the class of stable distributions, Probab.
Theory Related Fields 145 (2009), pp. 119-142.

J. Rosinski, Tempering stable processes, Stochastic Process. Appl. 117 (2007), pp. 677-707.
K. Sato, Additive processes and stochastic integrals, lllinois J. Math. 50 (2006), pp. 825-851.
K. Sato, Two families of improper stochastic integrals with respect to Lévy processes, ALEA
Lat. Am. J. Probab. Math. Statist. 1 (2006), pp. 47-87.



Lévy measures involving fractional integrals 63

[15] K. Sato, Transformations of infinitely divisible distributions via improper stochastic integrals,
ALEA Lat. Am. J. Probab. Math. Statist. 3 (2007), pp. 67-110.

[16] K. Sato, Fractional integrals and extensions of selfdecomposability, in: T. Duquesne et al.,
Lévy Matters I, Lecture Notes in Math. 2001, Springer, Berlin—Heidelberg 2010, pp. 1-91.

Department of Mathematics Department of Probability and Statistics
Faculty of Science and Technology Centro de Investigacién en Matemadticas CIMAT
Keio University Apdo. Postal 402, Guanajuato
3-14-1, Hiyoshi, Kohoku-ku Gto. 36000, Mexico
Yokohama 223-8522, Japan E-mail: pabreu@cimat.mx

E-mail: maejima@math.keio.ac.jp

Hachiman-yama 1101-5-103, Tenpaku-ku
Nagoya 468-0074, Japan
E-mail: ken-iti.sato @nifty.ne.jp

Received on 17.10.2012;
revised version on 8.2.2013



