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Abstract. Let {Y,, n > 1}-be a sequence of independent, positive
random variables, defined on a probability space (2, «, P), with the
common distribution function F.

Put Y¥ =inf(Y;, ¥, ..., Y, m= 1, and

S,=Y Y nz228.=0
m=1 .
) The aim of this note is to give the rate of weak convergence of
{S,, n= 11 to the Brownian motion. Moreover, the mixing limit
theorem and the random functional limit theorem for the sums S,, n
> 1, are presented.

1. Introduction and results. Let {Y,, n > 1} be a sequence of independent,
positive random variables with the common distribution function F, such
that

x %2dx <o for some b: 0 <b < 0.

1 - )

0

Let us put Y =inf(Y;, Y,,..., ¥,), m>1 and write

F)—>

=Y ¥* n>25 =0.

The convergence in probability, almost sure and in law, is established in
[5]-[8] for sums S, of infima of independent random variables uniformly
distributed on [0, 1]. The almost sure invariance principle for them has been
obtained in [9]. Weak convergence of sums and of random sums of infima of
independent positive random variables with the common distribution func-
tion F was investigated in [11] and [10], respectively.
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In this paper we examine the relation between the Wiener measure on
the space (C, %) and the distribution of sums {S,, n> 1}, where C = Cy 55
is the space of continuous functions on [0, 1] with the metric

o(x, y) = sup |[x(®)—y@)l, x,yeC,
te(0,1) . )
éé‘c is the o-field of Borel sets in C, and
Z Y , nz2,§8 =0

Let &, be the Lévy- Prohorov’s distance defined as follows: Let, for
Be4: and ¢ > 0,
G,(B) = {x: \49(36, y) <e},
Ye
where ¢ is the metric on C.,y, and let P and Q be two measures on
(C, Bc). Then we say that Zc(P,Q) <e iff P(B)< Q(G (B))+£-: and
Q(B) < P(G, (B))+s for all Bed%,.

Now, let {Y,,n>1} be a sequence of independent, positive random
variables (i.p.r.vs.), with the common distribution function F, such that (1)
holds. Let us define on C(p;, the random function {Y,(t), t€<0, 1)} as
follows:

) ' 7,0=0, n>1,
k+1

Y, () = + ’
_ b /2logn ltk+1— b/2logn
if tedlt, ty+q1), where t, =06 /o,—4, 1 <k <n—-1, t, =0, and
k-’ 1 n .
=Y — k=1, S,=) Y¥n=>2§ =0.
=1Mm m=1 .

Now, we are going to prove the following

TuroreMm 1. Let P, denote the distribution of {Y,0), te(O 1)1 in the
‘space (C, B¢). Then

©)] ZLe(P,, W) = O((logn)~*#),

where W zs the Wiener measure on Cp ;.
' From Theorem 1 we immediately obtain

‘CorotrAry 1! Y, converges weakly to W Y,,=>W as n—>o.
Moreover, we can prove the following stronger
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Tueorem 2. Under the assumptions of Theorem 1 we have Y,=W
(mixing) as n — 0.

Now, let {N,, n> 1} be a sequence of positive integer-valued random
variables, defined on the same probability space (Q &, P). Let us suppose
that

4 | N,/a, 51 as n— oo,

where A-is a positive random variable which may depend only on finite
number of Y,, n > 1, and {a,, n > 1} is a sequence of positive numbers such
that g, - o0 as n —00. Then we can obtain

TueoREM 3. Under the assumptions of Theorem 1 we have YN =W as

n— oo, for every {N,, n =1} satisfying (4).
By Theorem 3 and corollaries 5.1 and 5. 3 in [12] (p. 227 and 230), by
putting

hi(x)= sup x(t), hy(x)= sup |x(),

te{0,1) te{0,1)
we get
CoroLLARY 2. Under the assumptions of Theorem 3, for each x > 0,

limP[ max m<x]= 2
J2m

x .
j'e'“zfzdu
0

n+wo | 1<k<N, b./2logn
and ’
' S,—blogk x two
lim P[ max |k—“9§_|< :I j’ Z ( 1)" —(u~ 2kx)2/1du
n>w | 1sksn, b./2logn \/———xk—-—w

Let us observe that this paper gives a generalization of the results
presented in [10].

2. Proofs. In the proof of Theorem 1 we apply some lemmas given by
Debéuvels [6] and Hoglund [11]. For the sake of completeness we present
them in section 3.

Proof of Theorem 1. Suppose that {X,,, n>1} is the sequence of
independent random variables (i.r.vs)) uniformly d1str1buted on [0, 1]. (In this
case b=1)

Put

X: =inf(X,, X5, ..., X,), m3>1,

Z X::un ~1=03
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and define
X,0=0 n>1,
. - k+1

) -~ _’S '—I
g Solosk -t ("‘“ k0BT )
" JV2ogn L1k 2logn ’

if t€<tk, tk+1) 0~<\k<n—1, Where tk=0'k/0',,_1, 1 <k<n_1, t0=0,
Z (1/m), n= .

Let P denote the distribution of the random function ’X 2(0), t €40, 1>l
in the space (C, %¢). We shall prove that

© - - £ (P, W)=0((logn)~1®).
Let us put s, —\/_ JerU,, n>1, and
= [Tt 1= Tm—E(@Tm+1—Tm)]em)s,, 1<m<n-1,

where the random variables U, and 7,, n > 1, are given in section 3 by (3.4)
and (3.1), respectively (s(n) =n"1).
Let {W(¢), t€(0, 1)) be the random function defined as follows:

)

wh0) =0, n>1,

Uk“‘EUk_I_ -1 (Uk+1_Uk_E(Uk+1_Uk))
Sn ’

W (1) =

Sy Loy — Ik

if tedt,, tys,), where t, are as in (5), 0 <k <n—1.
First we show that

(7 L (PP, W) = 0((logn)™ '),
where P is the distribution of [W®(z)! in (C, #c). To do this, it is enough
to note that the sequence |V,, n > 1] satisfies the conditions of Theorem 1
([3]. In fact, we have EV,, =0, m2> 1,
n k
o o? (Y Va=1, =13 oV,
m=1 m=1
n—1
Write I = Y E|V,|>. By (3.6) and (3.7), '
m=1

iy Sz Z 22 {E(tms1 =)’ 8 (M +E> (11, —74) €% (m)} = O((logn)™ %),

therefore, by Theorem 1 ([3]), we obtain (7).
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Let us now define (W (1), te<0, 1)} as follows:

w20 =0, nx1,

k+1
Upe1—Up—log—— k

J2logn )’ E

t€<tk, tk.*.l),OSkSn_l.

W20 =

/210gn LSS

If a, = s,/(2logn)"/? and

k+1
- 1
logk 1t (E(Uk+1 Uy)—log— k)
+
I

,/210gn lev1— 2ogn

for ety tysy), 0<k<n—1, by(0)=0, 0<k<n—1, n>2 then

nk(t) -

W2 () = a, WP @)+ b (t)  for tedty, tra)
Let P2 denote the distribution of ‘W‘z” in (C, #¢c). We are going to
(®) Zc(P?, Py = 0((logn)~ 1)
By simple evaluations we obtain

PLo(W®, W) = C(logn)~ ']

U,—EU EU,—logk
[|1—a,,| max |—k————"|+ max L—k—]—cﬂ> C(logn)‘““,.
1<k<n Sn 1<ksn (/2logn

By (3.5) there exists a positive constant C; such that

EU,—logk
C(logn)~V*— max IEU, —logkl > C, (logn)~ 14,

1<ksn  /2logn

Thus, by Kolmogorov’s inequality and (3.6), we get

P{ max [U,—EU| > C, (logn)~"*s,|1—a,| ']

1<k<n

202U (logn)”zll a,,l2

O((logn)=%72).

< Cis
Then, by Lemma 1.2 of [13], we get (8).
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Now, let us define the random functions {Z,(z), t€<0, 1)):
Z,(00=0, nx1,

Seo—togk 1t (smﬂ) S(a)—log "+

JAogn ti—te N )
nz2,telty, ), 0Kk<sn-1,

k>1. el

Z,(1) =

© where S(t) = X¥+ X%+ .. S+ XE,

By (34), (3.11), (3.8) and the fact that 7, = 1 as. we obtain

> C(log n)‘”“]

<k<n \/51@

< P[max (S(‘cl)), max |Uy—=U+|S(z)—2| = ¢ 5/5 (logvn)1/4:|

1sksn

P |:(U,,— vys< 5/5 (log n)1/4—~2]

<E(U,~ Uy (CTﬁaog 04=2) " = 0((logn) 1)

" Plo(Z,, W) = C(logn)~14] < P[2 max 15— Ul
. 1

hence, by Lemma 1.2 ([13]), we have
9) (P, PP) = 0((logn)™*4),

where P denotes the distribution of random function {Z,(z), t€<0, 1)} in
(C, #c).

Now, let {X,(2), t <0, 1>, be the random function given by (5) and let
P, be the distribution of {X (D) in (C, B.). We observe that

(IO)P[Q(Xn’ Z,) > C(logn)™ ] < P[ max |5, —S(z)| > C;/_(log n)”‘:l

1sk<n

. 2 -
<P [ max [5,~S@)| > (1°g”)”4J+

1<k<N(n)

+P[ max |§k—S(rk)l>C;/2(logn)"‘*],
Ni

(n) <k<n

where N(n) is a subsequence of integers.
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It is easy to see, that if N(n) =[logn], then

(11) P[ max ls‘k—S(rk)lzC;/ 2(logn)1’4J

1<k<N()

- c./2 _
P[SN(,1)+S(TN(11)) 2 Z (log ")1/4:|

~ c./2
P[SN(n) = _g_/:(]()g ")1/4:|+ P[S(tyw) =

ESN(n) +ES (TN(n))
C f (log n)1/4

Yoy .
w 2 (log n)1/4J

O((log, n)(log n)~ '),

where log,n = log(log n), as ES, = Y 1/(m+1) and ES(z,) ~ logn.
m=1

Now we are going to estimate

P[ max |5, —S(z)| = Cz/i(log n)“‘i'.

N(n) <k<n

Note that for k > 1, we have, by definition (3.1),
inf(Xy, X5, ..., X, ) <e(k) for i=0.

In this case we "ge't

k
Sc=S@)+ Y X* and |S,—S(t) <ke(k)=1.

{"=""k+1
If k <1, then, by Lemma 3.7,
5 & (14 A)log, k
B=S@l = Y XE<(ne—k) Xisy <(rk—k)% as
m=k+1

for sufficiently large k. Therefore, by Lemma 3.6, for sufficiently large n we
have -

e cJ/2.
P[ max |S,—S(z)| = {(logn)”il

I

N(m) <k<n
1+4
<P[ max (s, — kL AD1082Kk C\/_(logn)”“]
N(m) <k <t <n k
1+4 '
SP[ max {(Tk oy it Alogk - A+ Alog,k
N(m <k <t <n k . k
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c2
—(144) logzk} > CZ[ (log n)”‘"]

’ 1+ A)log, k
<P[ max {(‘L’k—‘t,‘_l)#—-l"

N(n) <k <tp<n

C2

kot (1+A)(log2k)2}> (logn)”‘+(l+A)log2N(n):l

klog, k _ 4 A
: 1+ A)log, k : :
_‘<‘- P max (Tk__tk__ I)M 2 CI (log n)1/4],.
N <k <ty <n k

where C, is a positive constant such that

/5 ‘
Z’ (log n)'/*+(1 + A) log, N (n)— (1 + A)*(log, n)? = C, (log n)'/*.

Hence, by a simple evaluation, we obtain

1+ A4)log, k
P[ max  (o—1,_ ) LT 1082k
N(n) <k <tp<n k

<P a e Tk-1 o C, (logn)'/* :l
Y m =z
N <k <y <n (1 +A)klogy k = (1+A)2 (log, 1)

< Y Plu—tw-12(1+A4)k(log, k) 4,],
k=N#n)+1
where A, = C, (log n)**/(1+ A)*(log, n)>.
Now, by (3.3) we have ’

= C,(log n)”‘*J

_ i c./
(12) P[ max |8, —S(r)| = —; 2 (log ”)1/4]
N(m) <k<n 4

nq | 1 \(1 + Ak(log 2614~ 1
< — —_—
2 i(-3)

1
1 ) z": le—(1+A)(log2k)An
k=N(n)+1k

— . 1 n —; ~ e
= (1 +N(n)>k=N%)+1 k (log k)(l +_A)An = 0((10g n) )

Hence, by (10)(12) and Lemma 1.2 of [13], we get
(13) ZLc(P,, PY) = O((logn)™1).
Using (8), (9) and (13) we obtain (6).
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Now, let Y,,, n =1} be a sequence of i. pr.vs. with the same distribution
function F satisfying (1) and let, as previously, {X,, n > 1} be a sequence of
ir.vs. uniformly distributed on [0, 1].

"Put G(¢) =inf{x > 0: F(x)>t]. Then, by [7], the sequences {G(X,), n
> 1) and {Y,, n> 1} are the same in law. Furthermore, the sums

S,= ) Yk  where V¥ =inf(Y;, Vs, ..., V)

may be represented as . ..

S,= Y G(X¥, where X} =inf(X,, X,,..., X,,).
em=-1 . . . - -

Let us define the random functions {Y, (1), t€<0, 1)} as follows:

7,0=0, n>1,
(14)
k+1

7.0 Si—blogk 11, (5"“_3"_”1°g k )
" b./2logn tk+1—L b./2logn ’

if L€ (s isy), 0Kk <n—1, n > 2, where t, = 0,/0, 1, 1 <k <n—1, =0,
Sl =0
We shall show that

(19) Zc(P,, B = 0((logn)™ %),

where P, denotes the dist}ibution of Y,(8)}, in (C, #¢).
Indeed,

P[ sup |%,(0)—X, () > C(logn)~"*]

te<0,1)

~ ~ b./2
< P[ max |S,—bS,| = f(log n)1’4—|
1<k<n .

P[max IZ Sm(G(XH-bXE)+ Z (1-8,)(G(X3)—bX})

1€k€sn m=1
b
> \2/5(10gn)”4]

Z": 0, |G(XH)—bXE + Z (1-6,)IG(X*)— bX = \/—(logn)”“J
=1
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where
1 if XE<6,
5, ={ -

0 otherwise, 0 <d <1.

With probability 1 all but finitely many J, are equal to 1, so
P[ sup |%,()-X, (0] > Clogn)™"*]

te0,1)
<PLY 5alG UK —bX3 > €y (logn)'"*],
m=1

where C, is a positive constant. Hence, by the Markoff inequality and
Lemma 3.8, we get (15). Thus, taking into account (6) and (15) we immediate-
ly obtain % (P,, W) = O((logn)~ /%) and the proof of Theorem 1 is comple-
ted.

Proof of Theorem 2. At first we assume that {X,, n>1} is a
sequence of ir.vs. uniformly distributed on {0, 1]. We will show that

o (16) X, = W (mixing) as 1,

where {X,(1), t €<0, 1))} } is defined by (5). By Corollary 1 we have X, =>Was
n —co. Putting

| XP0) =0, n>1,
XD () = (5, —logk)/«/2logn  if £ €ty bys )y

0<k<n—1, n>=2, we immediately obtain

17) ' XPV=W asn-oow
and |
k+1
: ) Xk+1_10gT
(18) o(X,, X") < sup - >0 as. as n—aw.

’ 1<k<n N/ 2dogn
- Now, let
(19) X(z)(t)=(§e,log,,]—tlogn)/. [2logn, te€d0,1> n>1.

We shall estimate Q(Xﬁ,”, X?). Write el = exp(tlogn), t€<0, 1>, n> 1.
We have

(X(” X®) < ‘max . sup »{f.ﬁeﬁ‘—fkl+|tlogn-—logk|}v

2log n 1 <k<nteltpt+ 1)
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1 ' ~ ~ ~ =~
max  sup {max(Spm—Sy, Sp— S+

<
/2log n1sk<ntelty s )

+max(tlogn—logk, logk—tlogn)}

1 o~ ~ o~
(
max ymax(S;m 1—38,, S, —S;.m)+
dognisk<n e, 1= 500 Si= St

<

+max (4, logn—logk, logk—t,logn)}
(.")A.,,
letg 4y .
max { - )  X*+max(oy+,(logn/o,-,)—logk, .

<1
iV 2108 h1<k<n n)

m=[e¢k 1+1

log k— O (IOg n/a,._ 1))}
1 CH iy o
< ( max Z Xr+ max Z X ;:) +

3 -
</ 210g n 1<k<N@ ") N(n) <k <n ®

m=[egk]+1 m=[e,k]+1

max max [(o,+, —logk)(logn/e,_ )+

1
+ ‘
</ 2lognisk<n
+logk(logn/o,_, —1), (logk—a;)(log n/d,,) +logk(1—logn/o,- )]

ey, 1
k+10 (1+A)log, m

1 -
< Se(® + ———+0(1)} as.
\\/E{ [‘;(n)ﬂl %) m ( )}
m= [egk ]+1
by Lemma 3.7.
We observe that
1 - S[ESHN)(n)+1] Ine+1l0gn

=0 as.

' S" (n) =
/2logn N+ 1!ty 41 logn J/2logn
as n —o0, because, by Lemma 3.3,

g[e(")

t logn —1 n—oo
'N(n)+11/ Nn+1 g s ’

and tyg+logn ~ log N (n).
Mpreover,

()
Chedd (14 4)1
max Z ( + )ngm

1
N 210g B N(m) <k <n ) . m

m=[e;k 1+1

9 — Probability Vol. 10, Fasc. 1
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< ! max (1+A4)(log, ¢, )(logel?, —logel?)

- \/MN(n)<k<n ‘ : k+1 T+ 1
1+ A)log, n | y
e e o) o () ) o
\/m N(n) <k <n g, a, (log n)
as n — 0. Thus .

(20) o(X®, X -0 as, n-—owo,

~and, by (18),

(21). X?P=WwW, n-oo.

Now, let us put X§,, —1nf(X,H, X,+2, cvus X)) for m > [, and define
X3, t €0, 1>1 by '
1 [et]ogn] ) .
( Y X&wm—tlog n) te0, 15,
- /2logn m—N(n)+1 .
where N (n) = [logn]. '

By Lemma 3 ([10]), X§,, = X,,, m >, and the sum Z(Xa m—Xm), m
=141, [4+2, ..., converges almost surely. Moreover one can note that the
random variable )P ¢ 1 =1+1,142,. is independent of
X X5, ..., X, foralt I >1 and N> 1 By deﬁmtlons (19), (22), Lemma 3.3
and Lemma 3 ([10]) we obtaln .

(23)
e (X, X <

(22) XD =

. " -
(SN(n)+ Z (X(N(n) m)_X,,.)) -0 aS nh—oo,

J2logn m=Nm+1 .

so, by (22),
(24) X =W, n-owo.

Let 4, be the field of cylinders which consists of sets of the form
o: (X; (@), X,(®), ..., Xc(@))eH}, with k>1 and HeR*. Then, for any

E eﬁo, by the deﬁnmon (22) and relation (24) we obtain that P[(X? €A4) .

NE] - W(A)P(E), n— o0, for every W-continuity set 4, so that X¥ =W
(mixing) as n — o0, and, by (17), (18),.(20) and (23), also

(25) o X, = W (mixing) as n—co.

Now, let {Y,,n>1} be a sequence of i.pr.vs, with the common
distribution function F, such that (1) holds for some b (0 <b < o0), and let

(Y, (1), te<0, 1} be defined by (14). By (15) we see that o(Y, X) 20 as
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n —co, so, by (25), we immediately obtain that ¥,= W (mixing) as n — .
.Thus the proof of Theorem 2 is completed. \

Proof of Theorem 3. Let {N,,n>1} be a sequence of positive
integer-valued random variables satisfying (3). To prove Theorem 3 it is
enough to show that the random elements {X,(z), t € <0, 1>}, given by (5),
satisfy the generalized Anscombe condition w1th the norming sequence ik,
=n,nz 11, ie.

26 max ¢(X;, X)50, n-oo, .
ieD,(3) -~
for some 6 > 0, where D,(8) = li: (1-8)n<i <(1+5)n}. (See Theorem 3
([4]) and the relation (16).),
By (18), (70) and (23) we can ‘only to estimate max o(X®, X‘”)

ieD (&)
: Observc that
max o(X®, X®) < max sup | Sety — S|+
iD(6) ' " ieD,,(é)ts(O,l)l /2]0gl “ 2ogn !

1
+max—|\/logz— /log n| < max sup ——-_—IS[eu)] S[e§")]|+

ieDy(d) /2 ieDy@) te<0, 15 | /2log i
1 1
+ max sup S +—=(/log n(1+8)— /log n(1—-9))
ieD,(8)1€<0,1> g ’210gz V2logn \/E
. :

L ——max { - max sup (S[e(")] S[e;i)]),

2logn(1-9) (1-8n<i<nte0,1)

-1 1

max  sup (S[e(x)] S[e(n)]), +5, +

nSi<(l+&ntel0,1) /210g n(l— 5) V2logn(1+96)

log [(1+8)/(1-8)]
/2(/log n(1 +8)+ /log n(1-3))

By Lemma 3.3 we see that
~ ( 1 1 )
~Sa - -0 as, n—-ow.
_ \/210gn(1—5) \/210g n(l1+3d) '
Putting ty., = log N(n)/logn, where N(n) = [logn], by Lemma 3.7 we

get

1 ' fe™1 e

max{ max sup ) X% max sup Y X%

TR 1
V2logn(l1—-4) (1-9n<i<nre(0,1) @ n<i <n(l +8) te(0,1> Py

m=[e]+1 m=[ef ]+1




- 132 H. Hebda-Grabowska

1 [egn)] [egn)]
< —-21——{—1——5—) max { 1 1;)122{ ( (sup Y XE+ <sup Y X3,
ogn{l— {1—-¢8)n<i<n 10t > - 1eltnms 1> -
N, g N(n) m=[e£:)]+1 N(ny m=[e§"]+1
) : e
max ( sup Y  Xi+ sup Y X as
n<i<n(l+4d) te{0,t > . tet ,1>
© Nim) m= [e}n)] +1 N m= [ESn)] +1
1 ' CRINIEY
og,; m
€ {S m ,+ max sup > LA 08 m
lzlogn(l 5) N(m (1—5)n$i<ﬂtE(IN(n),l) @ T m
m=[e; 1+1

10
e 1 (14 A)log,m
max Sp® ;+ . max sup Y (+4)log,m
| nSi<n(l+4) NG nSE<n(1+d) teypld gy - - M

m= [Et")] +1

< max {(s”[egv)(")l/t_m,,, log 1) (tne log n/+/2log n(1—46)),
(S~[e§;((1"; N/t nim 10g n(1+0)) (Enw log n(1+6)//2log n(1—8))+ ‘

1+ 4)1
+Mmax { max sup t(logn—Ilogi),
2logn(1—4) (1—n<i <nteltyg 1)
max sup t(logi—logn)} -0 as, n—oo,

n<i<n(1+6)te(tN(n),1)
by Lemmas 3.3 and 3.7. Then
max o(X®, X350, n-oo.
ieD (8
Hence, taking into account the relation given above, we have (26), so
that the generalized Anscombe condition holds, in this case.
Now, let {¥,(1), €0, 1>} be given by (14). By simple evaluation and
Lemma 3.8 we get , -

1 [n(1 +8)] P
max ¢(¥, X)) < 2 1G(XD-bX}|=0,
ieDy(9) b./2logn(1—0) m=1

as n - 0. Hence, by (26), we obtain

max o(¥, ¥)>0 as n—-w.
ieD () :

Thus by Theorem 3 of [4] the proof of Theorem 3 is completed.

3. Lemmas. In this section we present some lemmas we needed in the

proofs of Theorems 1-3.
Let {e(n),n>1} be a sequence of positive real numbers strictly de-

creasing to zero.
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By {t,=1(e(n), n>1} we denote the sequence of random variables
such that :

(3.1 7, = 1inf {m: inf(X, X5, ..., X,,) < e(n)},

where {X,, n > 1} is a sequence of independent random variables uniformly

distributed on [0, 1]. :
Lemma 3.1. The sequence {t,, n > 1} increases with probability 1, and

T, =00 4.5. As n — 0,

LemMma 3.2. The random variables t,—1,_,, n > 2, are independent, and if
e(n) =n""1, then

G2y - E(ty1—td =1,  0%(tyey—1,) = 20,
(3.3) Pltpsi—t, 2 1] = ! (1— ! )”‘1 for any r > 0.
n+1 n+1 .
Let

n—1

n—1
(34) Un = Z (Tm+1_Tm)£(m)a U;: = Z (Tm+1_‘rm)8(m+1):
m=1

m=1
where &(n) = n~!. Then
3.5 EU,—logn=0(1), EU,—logn=0(1),
(3.6) o>U,—2logn=0(1), o?U,—2logn=0(1),

n

B7) Y Etner=tn"e?(m) ~ Y E(tyss—t,)7e"(m+1) ~ pllogn,

m=1 m=1

ER) E(U,~U)=0(1), ¢*(U,~U;)=0(1),

where b, = O(1) denotes that the sequence {b,, n > 1} is bounded as n — co.
Lemma 3.3. We have '

~

U,—1 S, —1
69  ==ElaNe, 1, 2EZN@ 1), n-o,
. /2logn J2ogn .
S s
(3.10) -~ - ) -1 as, " —>1as, n-o0,
logn logn :
where

S,= Y Xz, SE)=XT+X3+...+XF nx1,
m=1

X$=inf(X1,X2,..., Xm)’ ’n>1
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Lemma 34. Let U,, U, be given by (34). Then
(3.11) 24U, < S('c V—S() < U, as, n>2,
(3.12) S(t,_)<8,<S8(k,) for medt, , 1.
LemMma 3.5, For all A>0
logn—(14+A)log, n < ]ogr <logn+(1+ A)logzn as.

for sufficiently large n, where log,x = log(log,-1 ), p > 2, log, x =logx.
LemMa 3.6. We have , : :

limsupzt,/n logzn =1 as.

n—roo
LEMMA 3.7. For all A >0
(nlognlogyn...(log,n)* ")~ ! < X¥
< (logy n+logzn+ ... +(1+A)log, n)/n as.

Jor Sufﬁciently large n.
Lemma 3.8. Under the assumptions of Theorem 1

f 5n(G(XD—bXE) Y (1—8,)(G(X%)~bX%)
m= m=1 R LO

- +
b, 2logn b./2logn
as n—oo, and

E[ Y 6,|G(X%-bX¥] < oo,
m=1
where
5 _{lifX:l<5
"0 X¥>6

,0<d<1, G@=inf{x>0: F(x)=1).
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