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Abstract. The limiting behavior of M-estimates for a lincar model
when the regressors and/or errors have heavy tailed distributions is
given. By heavy tail we mean that the distribution is in the domain of
attraction of a non-normal stable distribution or, equivalently, that the
tail probabilitics are regularly varying at infinity with exponent
ae(0, 2). These results are applicable to both least squares and least
absolute deviation estimators. The limiting distribution of the mini-
mum dispersion estimate is also derived and its performance is com-
pared with that of the M-estimate.

1. Introduction. In this paper, the limiting behavior of M-estimates for
a linear model when the regressors and/or errors have heavy tailed distribu-
tions is given. Consider the linear model

(1.1) - Yi=Xip+Z, i=1,..,n

where X; = (X1, ..., Xu), i=1, ..., n, are independent and identically dis-
tributed (iid) random vectors with joint distribution function F (written
more con01se1y as {X;}I-, XF),B=(y,..., B is the parameter vector, and
{Z;}i-, % G are the errors. The regressors {X }i=1 and errors {Z;}}-, are also
assumed to be independent. The M-estimate f§ of B is defined as any minimizer

of the objective function

(1.2) Z e(Yi—¢1 X — ... — X))

i=1
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with respect to ¢ = (¢, ..., ¢,), i.e. f is a solution to the following equations

Z'l’(Yi_¢1Xi1—---—¢aXia)Xkd=0a k=1,---, d,
i=1

where ¥ (x) = ¢’ (x).

The distribution F of the regressors will be heavy tailed by assuming that
F is in the domain of attraction of a multivariate stable distribution with index
o€ (0, 2). This implies, in particular, that the regressors have infinite variance.
In some situations, a similar condition will be imposed on the distribution of
the ‘errors, only with index ye(0, 2].

In Section 2 we consider the case of a simple linear regression model

.(d = 1), where the inderlying distribution F of the independent variable X is

in the domain of attraction of a stable law. The weak convergence of the
M-estimate is established under mild regularity conditions on the score func-
tion ¥ (x). In particular, if a, is the 1 —n~! quantile of the distribution of |X ]|,
then a,(f — B) converges in distribution to a random variable which is defined
as the minimum of some stochastic process.

In Section 3 we specialize to the class of loss functions given by o (x) = |x|*,
A2 1 with A =2 and A =1 corresponding to the least squares (LS) and least
absolute deviation (LAD) loss functions, respectively. For this class of loss
functions, it is easier to describe the interplay between the loss function and the
heaviness of the tails of F and G on the performance of the M-estimator. For
example, if the tails of the error distribution are heavier than those of the
regressor, then the LAD estimate performs better than the LS estimate.

Section 4 extends the results of Sections 2 and 3 to the multiple linear
regression setting. In addition, M-estimates are discussed when a location pa-
rameter f, is incorporated into the model.

Another popular method of estimation, at least when G has a stable dis-
tribution, is to minimize the dispersion of the errors (see for example Blattberg
and Sargent [2]). In Section 5, we derive the limit distribution of the dispersion
estimator for the simple linear model and compare its performance with that of
the M-estimate.

As mentioned earlier, the limit random variable of the normalized
M-estimator can be described as the minimizer of some stochastic process. If
the distribution of the errors and the stable index of F are known, then it is
possible to generate replicates of the minimizer of this stochastic process by
repeated replication of the stochastic process. However, in the typical situation
both F and « are unknown. To overcome this difficulty, a bootstrap procedure
can be implemented to approximate the sampling distribution of the M-es-
timate. Provided one chooses a bootstrap sample of size m, with m,/n — 0, the
bootstrap estimate of the sampling distribution of the M-estimate is consistent.
This result is similar in spirit to that obtained by Athreya et al. [1] and is
discussed in Section 6.
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2. Simple linear regression. Let (Y;, X;), i = 1, ..., n, be observations from
the simple linear model ‘

@.1) Y,=pX,+Z, i=1,...,n,

where {Z;}7-1 ~ Gand {Xi}i=1 X F. It is further assumed that F belongs to the
domain of attraction of a stable law with index 0 < o < 2 (denoted by F € 2 («)
or X;e 9 (), ie. there exist a slowly varying function L(x) at oo, constants
0<p,g<1, ptq; —1 and «€(0, 2), such that

2.2) I— F(x) px *L(x), F(—x)~¢gx *L(x) as x— 0.

Then the partial sums Z:=1 X;, suitably centered and scaled, converge in dis-
tribution to a stable distribution. The scaling constants are given by

= inf {x: P(X,| >x) <n"1).

Now for a given loss function g(x), the M-estimate j of the regression
coefficient f is defined as any minimizer of the objective function

@3 9@):= T o(Y—¢X)

which may also be found as a solution to the equation
(24) g@) =2 v(Y—9X)X;=0,
i=1 :

where  (x) = @' (x). The traditional derivation of the asymptotic distribution of
the M-estimator is to first show that it is consistent and then to expand g’ (¢) in
a Taylor series around the true regression parameter f. Replacing Y, by
BX,+Z;, we have

0=gB=9g@+EB-Pg"B+R,
= Z ¥(Z) Xi— (B-P) zl W (Z)X}+R,.

If the remainder term R,, is 0, (n'/%), then, under suitable moment conditions on
Y(Z), ¥'(Z), and X,, the asymptotic normality of

 Li=a V(Z) X/
1/2 _ & i=1 i
RS Ty e

follows directly from the central limit theorem and the strong law of large
numbers. In the heavy tailed case, however, a, plays the role of n'/? and R, is
. not o,(a,). In fact, if a, is the correct scaling for f— B, then, for any integer k,
the k-th term of the Taylor expansion of (2.4) divided by a, is
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0t Y YO Z)[F—p XD X, = [a,(f— BT ar®+D 3 Y (Z) Xt
i=1

i=1
~ [a,(B— BT 0,(1) = 0,(1).

To overcome these obstacles with a Taylor series expansion, we work directly
with the objective function — viewing it as a stochastic process indexed by ¢.
This approach is the same as the one employed in Davis et al. [S].

To carry out this program, note that the parameter estimate f which
minimizes (2.3) also minimizes },_, [¢ (Z:— (¢—B) X;)—e(Z)], which can be
rewritten as

[Q (Zi—an(d’—ﬁ)an_lXi)_Q(Zi)]-

i

3

Building the normalization a, into our parameterization, we define the se-
quence of stochastic processes W,(x) on R by

s W)= 3. eZi—uai* X)—e @)

Then, for each fixed n, 4, = a,(f— f) minimizes the stochastic process W, (u)
in (2.5). If one could show that the stochastic processes W, (1) converge in dis-
tribution to a limiting process W(u), then one would expect that, under reaso-
nable conditions, #, would also converge in distribution to #, the minimizer of
W(u). This is the content of the following two theorems.

THEOREM 2.1. Let {(Y;, X))}i=1 be observatwns from model (2.1), where
(X }i—y ~ < F with F satisfying (2. 2, {Z}-1 ~ X G, and the two sequences {X}-1
and {Z;}}-, are independent. Let ¢(-) be a loss function whose score function

¥ (x) = @' (x) satisfies:
(@) ¥ () is Lipschitz of order <.,

¥ )=y (W)l < Clx—yI*,

for some constant T, > max(a—1, 0) and some positive constant C;
(b) EWW(Z)™ < oo for some t, > a;
© EYy(Z)=0if az=1.

Then on C(R), W,(u) converges in distribution to

o0
W(u) = Z [o(Zy—ud, Iy ") —e(Z))],
k=1
where {Z,}, {6,}, {I'\} are sequences of random variables as given in Proposi-
tion A.1 of the Appendix. (C(R) denotes the space of continuous functions on R
and convergence is defined as uniform convergence on compact sets.)
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Proof. The convergence of the finite-dimensional distributions is straight-
forward using Propositions A.1-A.3 in the Appendix. It thus suffices to show
that W, (") is tight on C[—M, M] for any M > 0 (see Proposition 4.18 in
Resnick [13] or Theorem 23, p. 108, in Pollard [11]). For M > 0 fixed we see
by the mean value theorem that, for all u, ve[—M, M],

W)=~ W)l = u—0) ¥, ar X, &)

- =|u=v) ii"d.._lXilP(Zi)'l' (u—v) é‘l a; ' X (¥ (€M) — v (Z))-
Since |£M—Z,| < (U v]v))a,; 11X < Ma,; 1|X, this last term is bounded by
Iu—vll_i1 an ' XY (Z)| +Iu—v|CM™ _il (az M 1X ). |
From Propositibn A3 it follows that

Y @ ' XY (Z)=0,(1) and g UFW R X =0,(1)

i=1 i=1
so that the above bound is [u—v| 0, (1). The tightness of W, () on C[—-M, M]
is now immediate.

THEOREM 2.2. If (') is convex and satisfies the conditions of Theorem 2.1,
and W() attains a unique minimum at u* a.s., then

a(B-Pp) 5, u*.

For the proof see Lemma 2.2 of Davis et al. [5].

Remark 2.1. If the loss function ¢ (x) is chosen to be strictly convex, then
the limiting process W (u) will be strictly convex a.s., and thus 4 is unique as.

The distribution of the limiting random variable # depends on the choice
of the loss function g (), the error distribution G, the skewness parameter p, and
the stability index « of F. Even if all of these parameters are known, tabulating
the distribution of 4 via simulation is a formidable task. Nevertheless, resam-
pling methods can be implemented to approximate the sampling distribution of
a,(f—P) (see Section 6).

3. Special case when g (x) = |x|*, A > 1. In this section we specialize to the
class of convex loss functions given by ¢ (x) = |x|*, A > 1. We first concentrate
on the case when g is strictly convex, i.e. 4 > 1, and then we will return to the
LAD (A =1) case at the end of the section.

For 1> 1, the score function #(x) = Ax*"1> = A |x|*"!sgnx (where s<*
= |s|*sgn s), and hence condition (b) of Theorem 2.1 becomes E |Z,|*~ 12 < 0
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for some 7, > o. This necessarily implies that E|Z,[*~1* < o0. Now, if the
distribution of Z, is also heavy tailed, say Z, € 2 (y), then one should choose
A small enough to lessen the effect of the exceptionally large residuals. In fact,
condition (b) of Theorem 2.1 is met, and hence the conclusion of Theorem 2.2
holds, when A is chosen such that A—1 < y/a. On the other hand, if this in-
equality is reversed, then the correct scaling for f— B will be of smaller order
than a,. In other words, if possible, one should always choose 4 such that
A—1 < y/a.

,JnmmmmiiaMﬂ=uhz>1AXquFe9@dzﬁqﬁGe9m,
where 0 <a <2 and 0 <y < 2. Further, assume that E[X;Z{* V] =0 if
9/(A—1)= 1. Let a, and b, be the 1—n~' quantiles of the distributions of
|X,| and |Z}, respectively, i.e.

=inf{z: P(X,|>2)<n"'} and b,=inf{z: P(Z,|>2) <n '}
Then if 4> y/a+1, we have on C(R)

W, ) = luS(A 1)+|ul‘S<%> if o<,

RAUR Iul‘1 X4 * if a> A,

where
W, (u) = zng —uay L X —le.Zi,

cn=ay* Vb1, and S(y/(A—1)) and S(a/2) are independent stable random
variables with indices y/(A—1) and a/A, respectively. Moreover,

P r a\ [<VaE-1
ancn(ﬁ_ﬁ)":’w [S(Tf)/s(‘i)} ifa<Ai,
3.1) - |

a,,c(ﬁ ﬁ)_" ) ifa>,1.

n— o
Note that c,— 0, so that the scaling a,c, goes to infinity at a slower rate
than a,.

Proof. By inequalities 1.4 and 1.5 of the Appendix, we have
|Wa(w)+Au Y, a7 Xi(caZ)* = ul* 3, las XY
i=1 i=1
CYo_, luay * X' *P e, Z{* 17" if l<l+b<i<?2,
<<0 _ if A=2,
CY._ [uay* XP*~ e Zi|+ (uay ' X)* e, Z* 2] if 2> 2.
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Since X, and Z,; are independent, |X,|'e 2(«/j), and |Z,|* e D (y/(A—j)), it

follows that
, , o r
JZ. A3 in{ =, —
| X1 Z4] e@(mm(j, A—j))’

and hence ¢, = al’/* Vb1 - 0. Now, for the case 4> 2,

Y 1o X leaZif* ™% = ¢} 72 a; *max (a7, b1 %) 0,(1)
=1
- =max(c; ™2, (baca)* "2 0, %) 0, (1)
= max (¢} ™2, a; ¥4~ 1) 0,(1) = 0,(1).

Similarly, for 1 <b+1 < A1 <2, we have

i

n
|a,,_1Xi|1‘+b|C,,Z,-|'l_1_b — Z an—(l +b)c$l).—1—b) |Xill+b|Zi|A—1—b
i=1

= g, A A1 "D max (a;*?, bi~17%0,(1)

= max (c;~17?, a1 0, (1) = 0,(1).

M-

Therefore,
Wa) = —au Y, a7  Xi(eZ)P ™V +lul* Y lag t Xi*+0,(1)
i=1 i=1
= —Aub, * VY X, ZAU tuffa, Y 1X P+ 0, (D).
i=1 i=1

In the case when a < A, the convergence of the finite-dimensional dis-
tributions of W, (u) is easily established since X;Z{*"e2(y/(A1—1)), and
y/(A—1) < a. In particular, a point process argument, similar to the one used in
Davis and Resnick [6], shows that

. .
Ry
G)

bren 3 xzev, e i 3, (s( )
i=1 i=1 n® A-1
where S(y/(A—1)) and S (a/A) are independent stable r.v.’s with indices y/(1—1)
and a/A, respectively. Note that no centering is needed here since a/A < 1.
The tightness of {W,} on C(R) is immediate since the W,’s have convex
sample paths (see Remark 1 of Davis et al. [5]). Thus W, converges in dis-
tribution on C(R) to

W) = —iuS (/11—1) +lu]*S (%)

which has a unique minimum at

. [S(v/(/l— 1))]“""”>
i P70 ‘
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This, combined with the strict convexity of W, (u), proves (3.1) in the case o < .
For o> 4,

" i a.s. 2

Z 1 X o E|X,|*,

i=1

S| =

and hence

ain ' W)= —atn"t Ju0,()+uPn~t Y (X +ain"to,(1)

i=1
AT A
2 WPEIX, .

Since the limit process has a unique minimum at # = 0, the second case of (3.1)
follows.

Remark 3:1. The scaling constants for f—f grow at a slower rate for
A = y/a+1 than for A < y/a+ 1. Hence one should choose, using prior infor-
mation about a and y if possible, a loss function with 4 < yp/a+1.

Remark 3.2. For certain choices of 4, such as A > max («, y/a+1, a/(x—7)),
f§ is not even consistent. (In this case, g,c,— 0.

By combining the results of Theorems 2.1, 2.2 and 3.1 with A =2, the
asymptotic behavior of the LS estimate can be summarized as follows.

COROLLARY 3.1. Under the assumptions of Theorem 3.1, the least squares
estimate fiis of B has the following asymptotic behavior:

0,Pis—P) > S@/S@2) f2=y>a,

@byt Buis—B) > SOYS@?) i y<a<2,
where

00

S = Z Zk51kr1-k1/a, S(/2) = Z Fi-kzla and S(y) = Z Zkazkrz_kw
k=1

k=1 k=1

are stable r.v.’s with indices o, a/2 and 7y, respectively, S(y) is independent of
S (®/2). (The sequences {0y }i=1 and {y}=1, i =1, 2, are independent copies of
the sequences {0,}i=1 and {I';}i=, described in Proposition A.1.)

A version of this corollary was established by Daren Cline (personal com-
munication) by using more analytic methods.

Remark 3.3. In the case when Fe 2 (2) and y < 2, there exists a sequence
d, = nh(n), where h(’) is a slowly varying function such that
n
Y. X?/d, > 1

i=1
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(see Feller [10]). Thus, with ¢, = d'/?/b; !, we have

W) = Y [leaZ;—ud; *? X ~|c, Z 1]
i=1

X S —2us )+,

™=

= —_-2u Z b,,_lXiZi+u2

i=1 i=1

which implies '
a, byt (Bus—B) > S().

Remark- 3.4. In the case y = a and E|X|* = E|Z|* = o0, we have X, Z,
€2(o) (Cline [3]). If &, is the 1—n~! quantile of X, Z,, then &,/a, —» o,
d,/b, — oo (see Davis and Resnick [6]), and hence

n .
VVn(u) = Z [Ian&;lzi“ua;lxila_landn Zila]
i=1

=—2ud, 'Y X:Z;+v*a; %) X,-zn_?»m —2uS () +u>S (0/2),
i=1 i=1

where S(a) and S(x/2) are independent stable r.v.’s with indices « and «/2,
respectively. Thus

27 (Pus—P) 5 S@/S@2).

n—raw

We conclude this section with a discussion of the LAD estimate (i.e. ¢ (x) = [x]).
In this case,

Wo(u) = Y. [1Z:—ua, * X)|—|Z],
i=1
and the natural candidate for the limiting process is
W) = Z [Zx—ud, Iy | —1Z4 (1,
k=1

which is well defined when « < 1, because |W (u)| < 2:;1 lul 'y Y* < o as. If
a > 1, additional assumptions on the behavior of Z, near zero are required in
order to ensure that the defining sum for W converges.

THEOREM 3.2. Let {X;} ~ Fe%(o) and {Z;} = G be two independent se-
quences of random variables with 0 < a < 2. Assume that either

@ a<1; or '

(b) a>1, E|Z < o0 for some t <1—o and Z, has median 0; or

() =1 and E(In|Z,]) > — .

Then

W), 5 W@ in C(R).
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Moreover, if W(-) has a unique minimum as., then

a,(f—P) > i,

n— o

where f is the LAD estimate of B, and 1 minimizes W(").

Proof. The proof is nearly identical to the argument given for Theo-
rem 4.1 in Davis et al. [5], and hence is omitted.

4. Multivariate regressors and unknown location. In this section, we de-
scribe how the results of the preceding two sections for the simple linear model
can be extended to the multivariate linear model,

Y, =Xp+Z, i=1,...,n,

where = By, ..., B, Xi=Xi1, ..., Xu), i=1,...,n, are in R%. We con-
sider the asymptotic behavior of the M-estimator under the following two
types of heavy-tailed conditions.

AssUMPTION 1. F is d-variate regularly varying, i.e., there exists a sequence
a,— oo and a Lévy measure p on (R%, B(RY) such that

@.1) nP(a; X.€) > u()

n—oo
(> is vague convergence on R\(0, 0, ..., 0)) or, in polar coordinates,

4.2) nP(a; | Xl >r, 0(X,)eB)—>r~*S(B),

where S is a probability measure on the (d—1)-dimensional unit sphere

d
St ={(ty, ..., t)eR%, Yt} =1}
i=1

(see Resnick [13]).

AssuMPTION 2. The components of X, are independent (F = F, ... F))
with F;eZ (), j=1,...,d

The M-estimate § minimizes the objective function

Y o(%—Xi¢) = Y. o(Zi—Xi(¢—P)
i=1 i=1

with respect to ¢ € R%. As before, we build the parameter normalization into the
objective function and treat this new object as a stochastic process. Under
Assumption 1, the normalization will be the same for each of the coefficient
parameters, and the relevant stochastic process is given by

WO =Y [oZi—ar Xiw—e(Z)],
i=1

i
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where ueR?. Then, for each n, #* = a,(f— p) minimizes W (u). Under As-
sumption 2, each component of the parameter vector may require a different
normalization, so that the required stochastic process is

WP (uy, ..., u) = z [0(Zi—uyan Xis— ... —ugay' Xi)—0(Z)],

where

. P(Xy; > x)
.= inf{x: P i < ny, - P( Xy > x)
ay = inf{x: P(X; > x) < Un}, - p; = lim e,

Then if @ = (4F, ..., 4%) minimizes W,, the j-th component is equal to
p q

ay,j (ﬁj - Bj)-

The following results are straightforward generalizations of the arguments
given in Theorems 2.1, 2.2 and 3.1 for the simple linear model.

COROLLARY 4.1. Assume that the loss function o(x) satisfies conditions
(a)-(c) of Theorem 2.1, where under Assumption 2, o.:=max (o, ..., &z). On
CR9),

w® (u) > WO@w)  fori=1,2,
where under Assumption 1,

WOW = Y [e(Z—Iatnw—e(ZJ)],
k=1

and under Assumption 2,

WD (ug,...,u) =Y [0Zp—uy [ "™ Sy — ... —uaF'g'™ 8,0 — 0 (Z3)].
, k=1
Here {1}, ..., {Tra}s {0n1}s s {Ona}s {Zs}, and {m} are independent sequences
of random variables (vectors) where for each i, {I'y;}={I'}, and {6k,} = {0;}
({I'i}, and {5} are as defined in Proposition A.1 with p = p), (Z,} ~ ~ G, and

{qk} ~S (S is the distribution given in (4.2)). Furthermore, if the loss function ¢ ()
is convex and W() has a unique minimum #cR® a.s., then

. D L
i, — a.
n—w

COROLLARY 4.2. Let Z,€2(y), 0 <y <2, g(x) = |x|*, 4 > max(a, y/a+1)
and define

W) = 3 LolcZi—ay Xiw)—e(ca Z9l,
i=1
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where ¢, = at/*~ Vb1 and b, is the (1—n"Y)-quantile of |Z,|. Then, under
Assumption 1,

w5 w

p—+oo

where

d y d .
Ww=—-1Y% “ij(z—I)"' > lujl"S,-(—),
j=1 - i=1 4

{8;(v/(A— 1"))}::= , and {S;(a/A)}3_, are stochastically independent, each is a stable
vector with intensity measure given by the vague limits of

nP(b, ' X;Z¢#"Ve) and  nP(a*(X4 ..., IX4Ye),

respectively. Moreover, since W (u) has a unique minimum at @ = (dy, ..., tig) with

- y o\ [{HAA—1)) .
a=[s()fs()] " e

ancn(ﬁ_ﬁ)n_gw i.

we have

Unknown location. An intercept term can also be included in the model
without much difficulty. For the linear model with intercept S,

Y=3+Xip+2Z;, i=1,...,n,

the M-estimate (8o, f) of (Bo, f) minimizes

™=

eLY— (¢o—Xi9)] = i:l e[Zi— (o —Bo)—Xi(o—B)]

i=1

with respect to ¢, and ¢. For brevity we assume that the distribution of
X; satisfies Assumption 1. Let

WEtto, )= 3, [0(Zi—n"to—a;* Xiu)—0(Z)]
i=1

“ W@+ Y. [2(Zi~n" ) =0 (Z)]+ R (9

i=1
=1 VV,,(II)'FZ,, (u0)+Rn(u),
where ug = n''? (¢o— o), and u = a,(¢—p). The minimum of W ¥ occurs at

do = nV?(Bo—Bo), i, = a,(¢— P). If o () has a Lipschitz continuous derivative
¥ (), then R, = 0,(1). To see this note that
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R@) = Y, [0(Zi—n""" o — 0 Xia) — @ (Zi—a;* Xiu)]
- 3 L@ u)—e(2)]

= ¥ [h(Z—a;* Xiw)—h(Z)],
where i=1

h(x) = @ (x—n'"?ug)— g (x),
~ W ED = W& —n" P uo)— i (ED] < knT V2 ugl,
and hence
n~120,(1) ife<l,
n'?a;10,(1) faxl,
= 0,(1).

IR, ()] < kn™ 72 |ugla; ' Y, |Xiul = {
i=1

If Y (-) also has a Lipschitz continuous derivative ¥’ (-) and E |y (Z,)|* < oo,

then on C(R)

Z,(ug) = '21 [e(Zi—n""?up)—0 (Z)]

= —uton™% Y @)+ 32 3 W Bt )

2
%o
2n

2 n

Up

= —uyn-1? Z v(Z)+ n ; Y'(Z)+o,(1)

5 2 = —nZ+ LBy @),

n—>a

where Z is a normal r.v. with mean zero and variance Ey?(Z,). The limit
process is minimized at

Z/EY'(Z,) ~ N (0, EY*(Z,)/[EY' (Z,)]?).

Also, as before,

W), 5 WO,

n—oo

and since W(-) and Z() are independent, we have

(112(30 —Bo)s an(ﬁ ﬁ))n-’w(Elllz(zl) )

where Z and 4 are independent.
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5. Least dispersion estimation. In this section we consider the least disper-
sion estimate for the simple linear regression model,

(5.1) Y, =BX;+Z, i=1,...,n,

where {Z;}7-, ~ GeZ(y) and {X.}i-, iif:alFe@(oc) with 0 < a, y < 2. We say
that a linear estimate f=Y), Y, where ¢,,...,c, are functions of
X, ..., X,, is unbiased if Z:'=1c,-X,-=1 a.s. (If the mean of ¥, exists and

EZ; = 0, then such an estimate is unbiased.) The summability constraint on the
c;s implies that

f—p= z": ¢ Yi—f= i (fX;+Z)—B = i GZ;.
i=1 i=1 =1

Given X4, ..., X,, the dispersion or relative dispersion of f—f (see Cline and
Brockwell [4] and Davis and Resnick [6]) is given by
P(lﬁ“ﬁl >z I Xl; cres Xn) _ P(IZ;'=1CiZi| > Z‘I Xl: reey Xn)

lim = lim
e P(1Z4| > 2) o P(Z,| > 2)

=X led’,
i=1

where the last equality follows directly from the proposition on p. 278 of Feller
[10]. The least dispersion estimate fip, is then defined as the estimate which
minimizes the dispersion of f—f among all linearly unbiased estimates. In
other words, fip = Z';=1 c; Y., where the c;s minimize Z:; , lei” subject to the
constraint ) _ ¢;X;=1 as.

One may interpret the dispersion as the asymptotic scale (raised to the
vy power) of f—p. In fact, if the Z;’s have a symmetric stable distribution, then
the dispersion is equal to the y power of the scale of f—f conditional on
X4, ..., X,. Moreover, for any linear unbiased estimate f, we have

(5.2) Plf-Bl>z| Xy,..., X )= P(f—-Bl>z| X,,..., X,) as.

for all large z (for all z if Z, has a symmetric stable distribution).
The least dispersion estimate has an explicit form given by

E B {Z;‘=lx§1/(7~1)> Yi/z:=1 X700y > 1,
p =
ol ify<t,

where 7, satisfies: | X, | = max;<,|X|. Blattberg and Sargent [2] discuss the
merits of this estimator relative to LS and LAD. The following theorem gives
the asymptotic distribution of fp.

THEOREM 5.1. For the simple linear model given in (5.1) where EZ, = 0 if
y > 1, we have




Linear regression with infinite variance 15

a0 ._1 —_
Zk=1zk5krk fatr=1) if}’> 1
@ —_ _1 2

Zk=1['k ylaly—1)

2
an(ﬁLD'—ﬁ) 3

n=3w

Z,Iie fy<1,

where the sequences {a,}, {0}, and {I'\} are as defined in Proposition A.1. Note
that in the y > 1 case, the limit random variable is a ratio of two dependent stable
random variables with indices a(y—1) and a(y—1)/y, respectively.

Remark 5.1. While the least dispersion estimate and the M-estimate use
the same scaling a,, the limit distribution for the least dispersion estimate is
more tractable, at least if y is known. The limit distribution in Theorem 5.1
remains valid even if Z, ¢ 2 (y). For example, the conclusion of the theorem
holds if Z, € 2 (y) is replaced by E|Z,|? < oo for some 6 > a{y—1). This makes
the choice of y less critical. In this case, however, the LD estimate no longer
has the interpretation as the linear unbiased estimate which minimizes the
asymptotic scale of f—§B.

Remark 5.2. For y > 1, the least dispersion estimate f;, may be expres-
sed as a weighted least squares estimate. Using the weights,

n
W= X710 with Y W=1,
A » . i=1
PfrLp minimizes

(Y—BX)* W

M=

i=1

As expected, the weights increase for heavier tails of the noise (y decreasing).

6. Bootstrapping the M-estimate. Direct application of the results in the
preceding sections for making inferences about the parameter vector § is dif-
ficult without having more detailed information on the distributions of the
regressors and noise. For example, in the simple linear model situation of
Theorem 2.2, a 95% confidence interval for f is given by

1 A U
(ﬁ_ 0.025,ﬁ+ 0.975),

a, ay

where 1y 025 and ug 975 are the 0.025 and 0.975 quantiles of the limit random
variable 4. Unless F is completely known, even the normalizing constants
a, are difficult to estimate. The scaling problem may be obviated by using
random normalization. Since

Gyt M= a7 max (X4, ..., [X,J} 5 I

n—+ oo

it is easy to see that
(6.1) M,(f—B) > @:=arte.

| dudl~ o]
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The remaining task is then to compute the quantiles of the distribution of . If
one can simulate from the distribution of the noise, and the « and p parameters
of F are known, then it is possible to simulate replicates of #4, and hence
compute the relevant quantiles. However, in the case when the distribution of
the noise and the parameters of F are unknown, bootstrapping methods may
be used to approximate the distribution of M, (f,— p).

To implement the bootstrap in this context, let (¥;, X;) be observations
from the simple linear model (2.1) and suppose f, is the M-estimate of 8 under
the loss function g which is assumed to satisfy the assumptions of Theorem 2.1.
Denote the estimated residuals by

Z‘l'=],i'_ﬁnXi9 i=1,...,n,
and let

Foz,x)=(n"? i I(Z;<z2)(n? i I1(X; < x))
i=1 i=1

be the product distribution based on the empirical distributions of (Z,, ..., Z,)
and (X4, ..., X,), respectively. Next, a random sample {(Z¥, X¥),i=1, ..., m,}
is generated from the distribution F, from which we get bootstrap replicates of
the ¥’s given by

YF=p,X¥+2ZF, i=1,...,m,.
The bootstrap replicate f%_of f, is then computed as the M-estimate based on
the observations (Y¥, X}), ..., (Y%, X%), ie., f%, minimizes } ;- o (Y¥—@pX}).

If M* denotes the maximum of |X¥|, ..., | X ), then it is shown in Davis and Wu
[9] that, provided m,— oo and m,/n—0,

P(M; (B3~ B)e | £, 9) 5, Ple),
where 5 is convergence in probability relative to the weak topology on the

space of probability measures on R and & = {X;}2,, ¥ = {V}}2,.

APPENDIX

This section contains the technical complements to Sections 2-5. Much of the
.requisite background material on point processes, as well as notation and defini-
tions, can be found in Davis and Resnick [6], Resnick [13], and Davis et al. [5].

ProPoSITION A.1. Let {X;}}-4 = F and {Z}-s < G be independent sequences
where Fe2 (o), 0 < a < 2. Set

a, = inf{x: P(IX4>x)<n"1}.
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Then

n
N, = Z EZiuaz 1 X0 5 N = Z E@Zreudi ;1)
i=1

n—+ o
k=1

in the space M,{[—o0, 0] x([—o0, 0]\0)} of Radon point measures on
[—o0, 0]x({[—®, ©]\0),

v_t_l;zere {Z.}, {0i}, {I's} are independent sequences of random variables, {Z;};-,
~ G, {6,} are iid with P (0; = 1) = p = 1—P(6, = — 1) with p given in (2.2), and
I'y=E.+:.. +E,, where E/s are iid exponential r.v.’s with mean 1.

The proof is clear from Resnick [13].

ProposITION A.2. Let g(x,y)=[e(x+y)—e(x)]1I(ly| > ), & > 0; then
N0 = T o(Zi+uas X)—e (2N (uai* Xi > )

Z Lo (Zy+ud, Ty Y*)—o(Z)1 I (1ub, Iy 17| > 6).

k=1

n—-oo

The proof is clear from Proposition A.1.

PROPOSITION A.3. Under the assumptions of Theorem 2.1, for any ¢ > 0 we
have

11mhmP(|N @)—N.(N) >¢) =

- 0n-w
where f(x, y) = ¢(x+)—o ().
Proof. We have

Z [Q(Z —ua, ' X)—e(Z)] = — 21 uay * Xy ()

= — ; ua, ' X,y (Z)+ Z ua, ' X; (¥ (Z)— ¥ (&™),

where [£( —Z,| < |u|a, ! |X,|. It follows easily from pp. 89-91 of Resnick [12]
that

(A.1) Y far XewZag X.),,_,c,0 kZ @wIic V= Y(Zi).5rTic 1=+

i=1 1
Also the partial sums }7_ a,'X il/l(Z,-) converge in distribution without cen-
tering since the distribution of X;y (Z)) is in 2(x). For 0 < « < 1, centering
is not required, while for 1 < a < 2, assumption (c) in Theorem 2.1 implies
E(X,¥(Z,)) =0. For a = 1, it is straightforward to check that assumption (b)
also implies

2 — PAMS 171
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PX Y (Z)>1) —>1 as t—>

P(X,y(Zy) > t) 2
so that centering is not needed in the o = 1 case since X; ¥ (Z,) is in the
domain of attraction of a symmetric Cauchy distribution. It follows, by ap-
plying standard point process arguments to (A.1), that

(g a,._lX,'//(Z;), _i a',_le[l[(Zl)I(a;l |Xi| > 5))

A (Y AT Y@, Y 8T W EZ) AT > 8)
k=1 k=1 _

n—+*aow

whence

Z a; ' XY (Z)[1—1(ay ' 1X| > 5)] Z & I Y (ZY [ — I (T M > 9)].
i=1

Denoting the above limiting random variable by U;, we obtain the following
formula for its characteristic function:

(A.2) Eexp {ltU,,} =exp{— |f (1—€™¥®)G(dz)v(dx)}

x| <8
=exp{— [ [1—cos(txy (2))—isin(txy (2))] G (dz)v(dx)},
|x| <8
where v(-) is the Lévy measure of a stable random variable. Now

{f [1—cos(txy(2))] Gz)v(dx) = [ty D* |  (1—cosu)v(du)G(dz)

|x| <8 |ul < 3lty(2)]
< I I/ (@ G (d2) { (1 —cosu) v (du),

and since (1 —cosu) is integrable with respect to v(du) on (0, c0) and | i/ (2)* G (dz)
is finite, the double integral converges to 0 as 6 — 0. When 0 < « < 1, sinu is
integrable with respect to v, and thus the second term in the double integral
converges to 0 as 6 0. If a > 1,
{f sin[txy (201 Gdz)v(dx) = [f [sin(exy (2) —txy ()] G (dz)v (dx),
jx|<é |x| <o

and since {sin[txy (2)]—txy(2)} I(|x] <1) is integrable with respect to
G (dz) v(dx), the integral in (A.2) converges to 0 as 6 — 0. We conclude that, for
all ¢ >0,

lim lim P[] Z a; ' Xy (Z)I(a; ' 1X] < 6)| >¢] =0.
6—+0n—+ow

The following inequalities were used in the previous sections. We state
these: without proof.

INeQUALITY L1. For any fixed A > 2, there exists a constant C depending
on A only, such that for any zeR and for any fixed 4 > 2 there exists a constant
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C depending on A only, such that for all zeR
It +z|*—|z|"| < Cmax(jz*~1, 1).

INEQuUALITY 1.2. For any fixed A > 2 there exists a constant C depending
on A only, such that for any zeR

11+ 21"~ 1 —|z|* = Az| < Cmax (jz*~1, 23).
INEQUALITY I.3_. If 1 <A <2, then there exists a constant C such that
I1+z*—1—|z1*—2z] < C|P ¥4,

where b+1 <4 <2,
INeQuaLITY 14. If A > 2, then for any x, yeR we have

[l + 12— [x|* — | y1* — Ayx<A 2 < Cy* 2 x| + 92 62 2.
INeQUALITY LS. If A <2, then for any x, ye R we have

“x+yll_lx|l_|y|}._ulyx(lwl)| < C|y|b+1 |x|l—1—b_
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