PROBABILITY
AND
MATHEMATICAL STATISTICS

Vol. 36, Fasc. 2 (2016), pp. 353-368
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Abstract. A particle moves randomly over the integer points of the real
line. Jumps of the particle outside the membrane (a fixed “locally perturbat-
ing set”) are i.i.d., have zero mean and finite variance, whereas jumps of the
particle from the membrane have other distributions with finite means which
may be different for different points of the membrane; furthermore, these
jumps are mutually independent and independent of the jumps outside the
membrane. Assuming that the particle cannot jump over the membrane, we
prove that the weak scaling limit of the particle position is a skew Brownian
motion with parameter v € [—1, 1]. The path of a skew Brownian motion is
obtained by taking each excursion of a reflected Brownian motion, indepen-
dently of the others, positive with probability 2~*(1 + ~) and negative with
probability 271 (1 — ~). To prove the weak convergence result, we give a
new approach which is based on the martingale characterization of a skew
Brownian motion. Among others, this enables us to provide the explicit for-
mula for the parameter . In the previous articles, the explicit formulae for
the parameter have only been obtained under the assumption that outside
the membrane the particle performs unit jumps.
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1. INTRODUCTION AND MAIN RESULT

Denote by D := DJ0, co) the Skorokhod space of right-continuous real-valued
functions which are defined on [0, co) and have finite limits from the left at each
positive point. We stipulate hereafter that = denotes weak convergence of proba-
bility measures on D endowed with Skorokhod .J;-topology.

For z € R and (&;);cn a sequence of independent identically distributed (i.i.d.)
random variables which take integer values and have zero mean and finite variance
g% >0, set

S0):=z, Sh):=z+&+...+&, neN
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Donsker’s theorem states that
(1.1) U,=W, n— oo,

where U, () := o~ 'n~Y25([n-]) and W := (W(t)),5 is a Brownian motion.
Like many other authors (see references below and [[[] ])/WC are interested to know
how the presence of a local perturbation of (S (n)) may influence ().

To define a local perturbation, we need more notation. Fix any m € N and set
A:={-m,—m+1,...,m}. For j € A, denote by 71;, (n;x)ken i.i.d. integer-
valued random variables with distribution that may depend on j. It is assumed
that the so-defined random variables are independent of (&;) and that 7; and 7; are
independent whenever i # j. For x € Z, define a random sequence (X (n))n €N

by the formulae

X(0) =z, X(n)=2+ > (&lgxg-—1>m}+ 2 Mk Lixmw=i)
K=1

ljl<m

for n € N. Note that (X (n))

. is a homogeneous Markov chain with the tran-
sition probabilities

neN

L )P{E=g—d} il >m,
iy = . .
’ P{ni = j}, i < m.

Assuming that the Markov chain (X (n)) is irreducible’, set

n€Ng
ap:=0, o :=inf{i>ar1:X() e A}, keN,

and Y (k) := X (ag), k € Ng. The sequence (Y(k:))keN is an irreducible homo-
geneous Markov chain. Denote by 7 := (7;);c 4 its unique stationary distribution.
Note that 7; > 0 for all ¢ € A. In the sequel we shall use the standard notation:
Er(-) := Y eamBE(-Y(0) =1).

Recall that a skew Brownian motion W := (Wp(t)) -, with parameter § €
[—1, 1] is a continuous Markov process with W3(0) = 0 and the transition density

pe(z,y) = oi(x —y) + Bsign(y) (|2 + y]), =,y €R,

ﬁe"ﬁ/ (2t) is the density of the normal distribution with zero

mean and variance ¢ (see, e.g., [9]). The latter formula enables us to conclude that
Wo, W1 and W_; have the same distributions as W, |W| and —|W|, respectively.

where ¢ () =

"Here is a simple sufficient condition for irreducibility: P{&; = 1} > 0, P{¢&; = —1} > 0,
P{n; =1} >0and P{n; = —1} > Oforall j € A.
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Our main result is the following.

THEOREM 1.1. In addition to all the aforementioned conditions assume that
Eln;| < oo forall j € A and that |§&1| < 2m + 1 almost surely (a.s.). Then

X, =W,, n— oo,

where

Xo(t) =o' X (nt])  and = E”(\X(l) (a1))

— X(og
E:X(1)— X(aq)|"
REMARK 1.1. Since x in the definition of (X(k)) is arbitrary, the theorem

remains valid if we replace the set Awith A — j ={—m —j,...,m — j} for any
j € L.

REMARK 1.2. Since Er(X(1) — X()) = > jcamiEnj, the condition
En; = 0 for all j € A ensures that the limit process in Theorem L1 is a Brown-
ian motion.

Now we review briefly some related papers. The case A={0}, 1-P{ny=—1}
=P{no =1} =p € [0,1], P{& = £1} = 1/2 has received considerable atten-
tion, see [4], (], [9], [IZ]. In [(] it is remarked (without proof) that if A and the
distribution of &; are as above, whereas 7y has an arbitrary distribution which is
concentrated on integers and has a finite mean, then v = Eng /E|ng|. To facilitate
comparison of this equality to the formula for -y given in Theorem [Tl we note that
in the present situation the stationary distribution 7 is degenerate at zero. The paper
[13] is concerned with the case when A = {0}, &; takes integer values (possibly
more than two), has zero mean and finite variance, whereas the distribution of g
belongs to the domain of attraction of an a-stable distribution, o € (0, 1). The case
when m € Nis arbitrary, P{¢; = £1} = 1/2, and the variables 7); are a.s. bounded
is investigated in [[0], [T2]. In [T9] the author assumes that &; is a.s. bounded rather
than having the two-point distribution. The articles [T0] and [I5] remove the as-
sumption of a.s. boundedness of 7);, still assuming that the distribution of &; is a
two-point one.

The rest of the paper is organized as follows. In Section 1 we discuss our
approach (which seems to be new in the present context) which is based on the
martingale characterization of a skew Brownian motion. With this being an es-
sential ingredient, the proof of Theorem [ is completed in Section ZZ2. Some
auxiliary results are proved in Section B.

2. PROOF OF THEOREM 1.1

2.1. Decomposition of perturbed random walk. We shall use the following
martingale characterization of a skew Brownian motion. Its proof can be found in
[K], see also [IR].



356 A. Iksanov and A. Pilipenko

PROPOSITION 2.1. Suppose that a couple (X, V') := (X, Vi)e=0 of continu-
ous processes adapted to the filtration (F;)¢>0 satisfies the following conditions:
(1) V(0) = 0, V is nondecreasing a.s.;

(2) processes (M*(t)) 1> defined by

ME(t) = X*(t) - —E=

are continuous martingales (with respect to (F;)) with the predictable quadratic
variations

t t
(M) = [1ix,s0pds, (M) = [1ix,<ods,
0 0

where 3 € [-1,1], X;”" = X; VOand X; = X;” — X;.
Then X is a skew Brownian motion with parameter (3.

To prove Theorem T we decompose the perturbed random walk (X (n))
into the sum of three summands. Roughly speaking, these are given by the sums
of jumps which are accumulated while (X (n)) is staying in the sets (m,c),
(—o0, —m) and [—m, m], respectively. It turns out that the first two summands
are martingales. Furthermore, their scaling limits are the martingales M appear-
ing in Proposition 7Tl (see Lemma 22 below). We analyze the third summand and
its scaling limit in Lemma 2 and in Section 272

For convenience we assume that X (0) = 0. The general case can be treated
similarly. For n € Ny, let X*(n) be the absolute value of X (n) when X (n) stays
outside A, and zero otherwise, i.e., X*(n) = £X(n) 144X (n)>m}- Further, we
put Tét =0and

oif =inf{i > 7 1 £X(i) > m}, T,;tﬂ = inf{i > oif : £X(i) < m}

for k € Ny. Note that [of, 7" — 1], [0],75 — 1],... are successive intervals of
time in which (X (n)) stays in (m, co) (or, in other words, X (n) = X (n) for all
n belonging to these intervals), and [y, of — 1], [r;", 0] — 1], ... are successive
intervals of time in which (X (n)) stays in (—oo, m]. The meaning of the quantities
with minus superscript is similar.

The subsequent presentation is essentially based on the following equality:

@1 XEM) =% Y Lpexenom & £ X (X(0F) - X(05) Loy
k=1 120

+
+ Z X(Tz ) 1{Tf§n<aii}

120

= ME(n) + L*(n) F X X(75) Lt oty
7]}() 2 [
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The term M +( ) takes into account the excursions of (X (n)) to the right
of A. Namely, 1fa <n< O'J_H, then

j—1
+ —
M*(n) = (fajﬂrl + ...+ anTthl) + kgo(fg;r+1 + fg,jJrz + ... +€sz+1)‘

The term L™ (n) represents the cumulative effect of the excursions of (X (n)) into

(—o0,m]. The last term in (ZZT)) equals X (7; ) forn = 7']+ b ,ajf — 1 and zero
oot

forn=o0,..., T~ 1. Consequently, it is only needed to take care of the event

{X(n) € A}. N N
It is clear that X+(a;f) = X(a;f) and X(Tj ) = 0 because X (o ) > m and
X (1) < m. To simplify understanding of formula (2T1), we shall now check that

J
it gives the same answer. Indeed,

O'+
XH( :Zﬂ{Xk ysmy &+ 2 (X (o) = X(7;5) 1 {of <ot}
k=1 120
j—1
B k:o(f ++1 ¢ ++2 al §7'lc++1)
j
Z (X(o7") = X(7;")) = X (o)
because X (0;7) + ¢ ++1 S+ &+ =X(r,) fori=0,...,j — 1. Similarly,
J
T
J
X+( =3 Ixg-1smr &+ 2 (X(07) — X(77)) Liot<rty —X(}")
k=1 120
j—1
= kgo(g g Tt ‘fr,jH)
-1
+ L (X)) = X(7) = X(77) = 0.

For n € Ny, put
MZE@) :== o~ V2ME([nt]), LEE) =o' V2LE((nt]), t>0.
The proofs of Lemmas 1 and I given below are postponed to Section B.

LEMMA 2.1. The sequence (X5, M¥, LF),cn is weakly relatively compact
on D([0,T],R®) for each T > 0. Furthermore, each limit point (X£, ML LE)
of the sequence is a continuous process satisfying

T
(22) J Lixt =y dt = Oas.
0
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LEMMA 2.2. Let (ny) be a sequence such that

(X M, L) = (X5, M3, L),k — oo,

ng? ng?

on D([0,T)],RY) for some T > 0. Then:
(1) the processes L:Oto are nondecreasing a.s. and satisfy

T
(2.3) S Lxz >0y Aao(t) = 0 as;
0

(2) the processes (Mojg(t)) tefo, 7] e continuous martingales with respect to

the filtration (Fy)ie(o, 1), where Fy := o (X5 (s), ME(s), LE (s), s € [0,1]), with
the predictable quadratic variations

t
(24) (MO} = [ 12 (050 5
0
2.2. Analysis of the processes L~ . If we can prove that

1
= ﬂL* (t) as.,

(2.5) Laot) = 17— Lo

then using (Z1), Lemma P71 and the fact that the absolute value of the last sum-
mand in (1) does not exceed m, we conclude that

1+
XE(1) = ME@) + #Vm(t) as., >0,
where
Vaolt) = —— LA (1) = —— L. (1)

By Lemma 74 and Proposition 1, X, is then a skew Brownian motion with
parameter 7.
Recalling the notation

ap:=0, ag:=inf{i >ap_1: X(i) € A}, keN,
and Y(n) = X(ayn), n € N, set

pr = E(Y(k+1) = Y (k) Liax (agt1)<m)
+ (X(Oék + 1) - Y(k)) ]l{iX(ak+1)>m}7 keN.
Thus, if the (o, + 1)st jump of (X (n)) brings (X (n)) to the right of m (to the

set (—oo,m]), then p; is the magnitude of this jump, i.e., the magnitude of the
(k + 1)st jump of (Y (n)).
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LEMMA 2.3. The limit relation

holds a.s.

The proof of the lemma is postponed until Section 3.
In view of the relations

Em) = X pf| =] X (X(0F) - X)) Lt

k:ap<n 120

F > ((Y(k +1) =Y (k) Lsx(apt1)<m}

k:ap<n

+ (X(ag +1) = Y(k)) Lt x(ap+1)>m} >‘
< 2m

and Lemma Bl (a) below, we can invoke Lemma 3 to infer that

o DF) B (X(1) = X(an)” 144
n—oo L7(n) B (X(1) - X(a))” 17

a.s.,

thereby proving (7). The proof of Theorem [Tl is complete.

3. PROOFS OF AUXILIARY RESULTS

For n € Ny, denote by v(n) the sojourn time in A of (X (k)) ie.,

0<ksn’
v(n) == > Lyxk)<my-
k=0

LEMMA 3.1. We have:

(a) lim v(n) = 00 a.s.;

(b) Ev(n) = O(y/n) as n — oc.

Proof. Part (a) is obvious. Passing to the proof of part (b), foreach j € A =
{—=m,...,m}, we set

and

) =inf{i > ¢ 1X@) >m), ) =i > X(0) =4}, keN,
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with the standard convention that the infimum of the empty set equals 4-oc. Plainly,
the so-defined random variables are stopping times with respect to filtration gener-
ated by (X (k))
are i.i.d.

For typographical ease, we assume that | X (0)| = |z| > m hereafter. If the
first entrance into A following the (I — 1)st exit from A, [ € N, occurs at the state
Ji, then

ren,- Moreover, the random vectors {(E,gj) — C(j), C;EJ_B1 — Z,gj))}keN

v(n) < TG~ L0, s
>1

Hence

)< X 267 -¢) Leo<n

|j|<m k>0
<Y Y@ -1, 6 T
gemiso © R TGN =G G =GR )<

and consequently

<Y EE ¢ P -G+ () -8 <)

m<m k>0

=) (4) sq s
because, for k € N, ¢, — ¢, 1s‘1ndep§ndent of ]l{(cm . +(C(” 9 )<n}
and has the same distribution as {é] ) Cé] ), Thus, to complete the proof, it suffices

to check that, for fixed j € A,

3.1) E(G — i) < o0
and
(3.2) limsupn /2 Z P{(cY — )+ 4 (¢ = Y)) < n} < .

Proof of (B). By using the mathematical induction we can check that
PG — ¢ > s} < B{Jn; + 3| < m}(P{min e+ k| <m})™, s€N,

where we write mm to mean that the minimum is taken over all integers k €
[—m, m] for Wthh P{|nr + k| < m} < 1. Such indices k do exist in view of the
irreducibility. Thus, not only does (B8) hold, but also some exponential moments
of Z(()j ) Céj ) are finite.

Proof of (BX). Noting that

(X)) > m, £y > 0 2, > 0)

C{£X(¢ ])) > m, (9) — E(()j) >n}
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for n € N and setting p; := IP’{X(Eéj)) > m}, we arrive at

(3.3) P{¢Y — ) > n}
> pjp{ffé”-&-l =>0,... ,§zéj)+1 +...+ fg(()j)_i_n > 0}
+ (1 —pj)]P’{‘SZSﬁH < O, e ’ggéj)-i-l + ...+ gg(()j)_i_n < 0}

Observe that (§g<j)+1 + ...+ §E(j)+k)keN is a standard random walk. Its jumps
0 0

have zero mean and finite variance because these have the same distribution as &;.
Hence

(34) nlLH;Onl/ZP{gz(]>+l } O, e ,55(()]‘)_’_1 + ...+ 55(()7)_‘_” 2 0} = Ct+ (S (0, OO),

0

o 1)2 _ _ . -
(3.5) 7115121071 IP’{§Z£J)+1 <0,... ,555])“ +...+ f&’éj)+n <0} =c_ €(0,00)

(see, for instance, pp. 381-382 in [J]). Using Erickson’s inequality (Lemma 1 in
[B]) we infer that

P _E0Y £y (D _ED Y <y < _2n
T O vy
2

< _C ,
P¢ - @ > n}

which in combination with (B3)—(B3) gives

lim sup n~ Y2 3" P{((fj) - Néj)) +...+ (C,ij) - Z,Ef_)l) <n}
n—00 k>0

< 2
pic+ + (1 — pj)C,

< 00.

The proof of Lemma B is complete. m

Proof of Lemma . Weak relative compactness and continuity of the
limit follow if we can check that either of the sequences (XF), (MF) and (L)
is weakly relatively compact, and that their weak limit points are continuous pro-
cesses. Actually, verification for (L) is not needed, for (a) the absolute value
of the last summand in (ZTI) does not exceed m; (b) sup,sq | XE(t) — XE(t) <

1y, —1/2

o 'mn , Where

XE@t) =o' V2XE(nt]), t>0.

Further, it is clear that instead of (X) and (M) we can work with (X,,) and
(M,,), where, as usual, M,, :== M, — M, .
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According to Theorem 15.5 in [[] it suffices to prove that

lim lim sup P{ sup | Xn(t) — Xn(s)| >} =0
=0 n—oo [t—s|<6, t,5€[0,T]

and that

lim lim sup P{ sup | My, (t) — My (s)] >e} =0
=0 n—oo |t—s|<8, t,5€[0,T]

for any € > 0 or, which is equivalent,

(3.6) lim limsup P{ sup | X (i) — X(j)| > eav/n} =0,
0=0 n—oor jiji<[on], i j€(0,[nT]]

(3.7)  lim limsupP{ sup |M (i) — M(j)| > eav/n} = 0.
0—=0 n—oo li—j|<[on], 3,5€[0,[nT]]

Furthermore, if (X,,) and/or (M,,) converge along a subsequence, the correspond-
ing limits have continuous versions.

Define a random sequence (X*(k)), eng DY
r; (k)
(3.8) X*(/{?) = S(T(kﬁ)) + Z Z 15,15 k € Ny,
ljl<m i=1
where
n—1

r(0):=0, r(n):= > L{x«@)|>m}
=0

and, foreach j € A ={—m,...,m},

n—1
r(0) :=0, 7j(n) = > Lix-@)=j}-

i=0
Then (X*(k)) ken, 18 @ Markov chain with X *(0) = z and the same transition
probabilities as the Markov chain (X (k)) . Hence the distributions of the two

keNp
Markov chains are the same. This implies in particular that

n—1

(3.9) Y o) Lvin-1)=3Y L{1x (k) <m}
k=0

l7l<m

d . s
for each n € N, where = denotes equality of distributions. Further, observe that

n

M(n) =3 & lgxg-1smy = 2 (X(0) = X(i = 1)) Lyx-1)>m)
k=1 =1
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and

n

M*(n) := S(r(n)) —z = ; (X*(0) = X*(i = 1)) Lyx=(i-1)>m)

for n € No. Since the sequences (X(n)), . and (X*(n))
distribution, so have (M (n)), .y and (M*(n)), .y -

Relation (B72) is a consequence of the following reasoning:

neNo have the same

lim lim sup P{ sup |M (i) — M(5)| > eov/n}
020 m—oo ij|<[on],i,€[0,[nT]]
= lim lim sup P{ sup |M*(i) — M*(j)| > eov/n}
0=0 n—oo i—j|<[on], i,5€[0,[nT]]
< lim lim sup P{ sup 1S(j) = 5(i)| > eov/n} =0,
020 n—oo " i—j|<[on],i,j€[0,[nT]]

where the last equality is implied by ().
Turning to the proof of (B6), we first show that, for any 0 < 4, j < [nT],

(3.10) sup | X*(i) —X*(j) <2m+2 sup |S(i) — S(j)]
li—j|<[67] li—j|<[67]

+max max _ |n, | as.
il <m 1<k<r ([nT))

By symmetry it is sufficient to investigate the case 0 < i < j < [nT].
If | X* ()] < mand | X*(j)| < m,then | X*(i) — X*(j)| < 2m a.s.
If j —i < [on] and | X*(k)| > mforallk € {i,...,j}, then | X*(i) — X*(j)]

< supjy_jri<pon) 1S(E) = S
Finally, assume that j — i < [0n], X*(7) > m and X*(j) < —m (the case
X*(i) < —m and X*(j) > m can be treated analogously). Set

a:=inf{k>i: X*(k)e[-m,m]} and B :=sup{k<j: X" (k)e[-m,m]}.
Then
[ X7(2) = X7 ()] < [X7(i) = X ()| + [ X () — X7(B)]
+X5(8) = X (B+ )|+ [X7(B+1) — X*(j)|

<2 sup |S(@) -S| +2m
-7 <[6n]

+max  max  |m, gl
|l <m 1<k<ry([nTY)
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Thus, (B-10) holds, which entails

Pl s X(i) - X()| > eovi)
li—j|<[on], 0,5 €[0,[nT1]
=P{ sup | X7(i) — X*(j)| > eav/n}
li—jI<[dn], 4,5 €[0,[nT]]
<P{2m+2 sup |S(i) — S()]

‘Z*]|§[§n}, ivje[ov[nT]]

4+ max  max < o).
[1|<m 1<k ([nT]) |771,k‘ \f}

In view of (), to complete the proof of (Bf), it remains to check that

(3.11) n Y2 max  max I, k| Lt 0, n — oo.
1| <m 1<k<r ([nT])

Using Boole’s inequality (twice) and Markov’s inequality yields

P{n Y2 ma ma > ev/n
{7 P max | max Il > eV

<SP{ X r([nT) > av/nf+ 30 P{  max  |m x| >evn}

ljl<m l<m  ISkslevalHl
<z V2R ST ry([nT)) + (Jxv/n] + 1) S P{|m1| > ev/n}.
ljl<m lt|<m

Sending first n — oo (taking into account (B-Y) together with Lemma Bl and the
assumption lim,,_, _ nlP{|n; 1| > n} = 0) and then z — oo, we arrive at (BT).

It remains to prove (Z-2). To this end, note that any limit point (X<, M, LY)
satisfies

Xoo(t) 1= X5 () = X (t) = MG(t) — M (t) + L (1) — Lo (1)
—: Moo () + Loo(2).

Representation (BR) together with Lemma Bl implies that M, is a Brownian
motion. Another appeal to (BR) allows us to conclude that L., is a continuous
process of locally bounded variation. Hence () follows from the occupation time
formula (Corollary 1.6 of Chapter 6 in [I6]) because (Xoo)(t) = (Moo)(t) =t
(see Proposition 1.18 of Chapter 4 in [T6]). The proof of Lemma T is complete. =

Proof of Lemma 2. (1) Since the converging processes L.~ are a.s.
nondecreasing, so are L.

For each £ > 0, denote by f.(x) a continuous nonnegative function such that
fe(z) =1forz > ¢ and f.(x) = 0 for x < €/2. To prove (Z3), it is sufficient to
check that

}fs (X(s))dL(s) = Oas.
0
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for each € > 0 and then use lim. .o fe(7) = 19, o) () together with Lebesgue’s
dominated convergence theorem.

By Skorokhod’s representation theorem there exist versions of the original
processes which converge a.s. Furthermore, the convergence is locally uniform,
for the limit processes are a.s. continuous. Hence we have (for versions)

ffé(Xi )AL (s) lgrol(){fs( )dLjE (s) =0a.s.,

as desired.
(2) We give only the proof for M} . We have to check that

@ (ML (1)) te[0. ] is a martingale;
an (MLt ))2 — A(t))te[0 71 is @ martingale where

t
Alt) :{1{X§(5)>0}ds, t>0.

We concentrate on the proof of (I), for the proof of (I) is similar but simpler.
Set Xo := XJ — X . Observe that the g-algebra 0 (X0 (s), s < t) is generated
by a family of random variables

{f(Xes(t1), -, Xoo(tj)) |FTEN, 0< 1 <ta <...<t; <t, f€CR]},

where C,(R7) is the set of bounded continuous real-valued functions defined
on RJ. It thus suffices to verify

(3.12) Ef(Xoo(t1), .-, Xoo(t;))
x ((MED)* = AW — (ME®)* + At)) =0

forany t € [0,7],and j € N, any 0 < t; < t» < ... <t; <t and any function
fe Cb(Rj).

Put Fy := {0, Q}, Fp, = a(X(i),&)KKk, k € N, and
k
5’6(”) (U n (Z ]]-{X (i—1)>m} gz) _1 Z ]]-{X(i—l)>m}-
i=1 i=1

Since (&x(n)) is a martingale with respect to (F;);cn,, we infer that

keNy
(n)
E( (M (¢))° - f Uit o0y 45| Fint, )

E(Emt)|Fint;) = Ent;)

(n)
t

n 2
_ (M;(tg. )2 - %‘ 1yt (5203 95,
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where t,gn) = [nty]/n. k=1,...,j,t" = [nt]/n. Hence

(3.13) Ef(Xa(t{"),..., X))
t(n)
X ((Mj(t(n))f — (MFE) [ Lyt so ds) —0.
(n)

4

2 ()

The sequence ((Mn*(t(")))2 — (Mn*(tgn))) = Jim Lyt (s)>0y 95) ey With s €

[0, T'] fixed, is uniformly integrable if we can show that

(3.14) sup IES[%LS} (n) < oo.
keN
The expression under the expectation sign in (313), with n replaced by ng, con-
verges weakly, as k — oo, to the expression under the expectation sign in (B-12),
whence equality (B-12) follows by the aforementioned uniform integrability.
While proving (BI4), we assume, for simplicity, that s = 1. By the Marcin-
kiewicz—Zygmund inequality for martingales (Theorem 9 in [3]),

(3.15) EE2(n) < CE znj Z(n)?
k=1

for some constant C' > 0 which does not depend on n, where (Z(n))
martingale differences defined by

Zy(n) == (0*n) " (&7 — 0°) Lix(k—1)>m}
k-1
+ 26 Lx (k—1)>m} 2 &i L{x(i=1)>m})
1=1

ken e

for k € N (with the convention that Z?Zl ... = 0). Setting
r=E( - 6%)% < o0,
we have
o*n*EZ;(n)? < 2(11*1(&3 —o?) Lix(k—1)>m)

k—1
+ 4E§1% Lix(e—1)>m) ( Y& l{X(i—1)>m})2)
=1
k—1 )
<2(r +40%E( X &6 Lixionomy)”) <2(r + 404k - 1).
=1

Using the last inequality and (B713), we get (B14). Thus the proof of Lemma Z2 is
complete. m
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Proof of Lemma Z3. Fix z € A. It suffices to prove that the conver-
gence holds [P,-a.s. rather than a.s. The subsequent proof is similar to the proof of
the strong law of large numbers for Markov chains (see, for instance, p. 87 in [B]).
We only treat py, := p;.

Put ngo) := 0 and, for k € N, denote by T(k) the time of the kth return of (Y;)
(k)
to . Also, for k € N, we set 0, (z) := ZT (kl 1) pj and observe that the random
variables 01 (), 02(x), . .. are independent and [P,-identically distributed. We have
Exdl (SC) =

=> > Ex((Y(j +1) =Y () Lix(ay+1)<m)

yeA 20
(X (o +1) = Y()) Upxtagrnysm V() = ) PLY () = 5, T > )
=% E((Yu) ~ Y(0)) Lix(y<m)

yeA
+ (X(1) = Y(0) Tpxqayomy [Y(0) = ) ¥ PY(G) =T > )
7=0
VY mE((Y0 ) Lixsmy
yeA
+ (X(1) = Y(0)) Lixsm [Y(0) = y)

= EzTél)Ew <(X(a1) —Y(0)) Lix(ny<my +(X(1) —=Y(0)) 1{X(1)>m})

= ExTa(:l)Eﬂ (X(l) - X(al)) ]]-{X(l)>m}

= E,TVE, (X(1) - X ()"
having utilized Theorem 8.2 on p. 84 in [8] for the third equality, the last equality
being a consequence of the fact that on the event { X (1) < —m} one has X (1) <

X (o), while on {X (1) € [—=m,m]} one has X (1) = X (ay). Using the strong
law of large numbers for random walks and renewal processes, we obtain

Ny () Ny ()
k=1 1 (<) Nyp(z) kgl () +
n = n Nn(a:) HEW(X(l) _X<a1)) y  N— 00,

P,-a.s., where N, (z) := #{k € N : ngk) < n}. It remains to note that

Np(x)
| Z Pk — kzl Ok ()| < |0, (2)1(2)] < < Jax 10;()],

and that, as n — oo, the right-hand side divided by n converges to zero P;-a.s. in
view of E|6; ()| < oo and the Borel-Cantelli lemma. m
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