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Abstract. In this article, we first extend Theorem 2 of Robinson [I1]
from one dimension to two dimensions. Then the theoretical asymptotic
properties of the means, variances, covariance and MSEs of the regres-
sion/GPH (GPH states for Geweke and Porter-Hudak’s) estimators of the
memory parameters of the FISSARMA model are established. We also per-
formed simulations to study MSE and covariances for finite sample sizes.
We found that through the simulation study the MSE values of the mem-
ory parameters tend to the theoretical MSE values as the sample size in-
creases. It is also found that m1/2(cfl —d1) and ml/Z(cfz — d2) are inde-
pendent and identically distributed as N (0, 72 /24), when m = o(n4/ 5) and
In? n = o(m).
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1. INTRODUCTION

Many random phenomena are observed over a region. For instance, air tem-
perature, rainfall, and fertility of soil, to name just a few. Whenever observations
are made over a region, they may display spatial correlation, and it is therefore im-
portant to take this fact into consideration when analyzing spatial data. More im-
portantly, spatial modelling becomes significant, and in this respect various models
have been introduced from time to time. Spatial models on lattice are like the SAR,
CAR, MA, spatial ARMA models, etc. These models take into consideration the
spatial correlation in one way or the other. At times the spatial correlation structure
might exhibit long-memory patterns, and by including an index parameter into ex-
isting spatial models (FISSAR, GENSSAR), various types of correlation structures
can be produced. This in turn would assist a data analyst to model spatial data with
numerous types of correlation structure.

The autocorrelation function of the long-memory processes decays rather slow-
ly. The long-memory processes in area of time series are modelled by fractionally
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integrated ARMA (ARFIMA) models (see [B] and [4]). Boissy et al. [?] extended
the long-memory concept from time series to the spatial context and introduced the
fractional autoregressive model and established the strong consistency of Whittle’s
estimator for the parameters of the model. Independently, Shitan [I3] considered
the same model and termed it “Fractionally Integrated Separable Spatial Autore-
gressive” (FISSAR) model and proposed a regression estimation method for es-
timation of the memory parameters in terms of the log-periodogram. Ghodsi and
Shitan [6] compared the regression and Whittle’s estimations of memory param-
eters by simulation study. For the values considered in that study, they found that
the regression method of estimation was better when compared with the Whittle
estimator in the sense that it had smaller root mean squared errors (RMSE) values.
Beran et al. [[] introduced the FISSARMA(p1, d1, q1) X(p2, d2, g2) model and de-
rived the asymptotic distribution of the least squares estimators of its parameters.
Guo et al. [8] showed that the Whittle estimators of the memory parameters of the
general spatial fractional ARMA model are consistent and asymptotically normal.

The regression method of estimating memory parameters seems to be useful
because it does not require any prior knowledge of other model parameters. The
asymptotic properties of regression estimator for the memory parameter of a long-
memory ARFIMA models in one dimension were extensively explored by Robin-
son [[1] and [2] and Hurvich et al. [I0]. The study of log-periodogram regression
for general long-memory spatial processes seems to be lacking in the literature.
Wang [14] derived the asymptotic properties of the mean and variance of Geweke
and Porter-Hudak’s (GPH) estimator of the memory parameter of d-dimensional
isotropic long-memory random fields with spectral density function as

d
f((,dl,(UQ) = ( Z ’1 — e*iwk|2)_af*(w17 e 7Wd),
k=1

where « is the memory parameter. In this paper we derive some asymptotic prop-
erties of log-periodogram regression of FISSARMA models in two dimensions as
defined in (). Note that, in the model considered by Wang, the long memory in
all directions is the same, but in our model is not. It is also obvious that the spectral
function of Wang’s model is different from the spectral function of the FISSARMA
models defined in (2).

The stationary fractionally integrated separable spatial ARMA processes
(FISSARMA(p1, d1, 1) X (p2, d2, g2)) on a two-dimensional regular lattice {X;,
i,j € Z} are defined as follows:

(1.1) ®(By, B2)(1 — By)™ (1 — By)®X;; = ©(By, B) Zij,
where By and B are the usual backward shift operators acting in the ith and jth

directions, respectively, i.e., BF X;j = X; k., BbXij = X; j—1, —0.5 < dy,d2 <
0.5, and {Z;;} is a two-dimensional Gaussian white noise process with mean zero
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and variance o2, and
®(B1, By) = ©1(B1)®2(Ba),
©(B1, B2) = ©1(B1)02(Ba),
where

D1 . b2 .
Pi(z) =1—- ¢127, Pa(z) =1— ) ¢o;2,
=1 =1

q1 . g2 .
@1(2’) =1+ Z 91]‘2], @2(2) =1+ Z 02]'23,
7=1 7j=1

and the roots of the polynomials ®; and O; (i = 1, 2) are outside the unit circle.
The spectral function of this model is given by

(1.2) flwr,wa) = |1 — 7™ 720|1 — 72|72 (1, wy),

where wy,ws € [—m, ] \ {0} and f* is the spectral function of the standard sepa-
rable spatial ARMA (SSARMA) model determined by

2 2

L O1(e~™1)|”
472

(bl (e*iwl)

@2(671'0.)2)
@2 (efiwg)

f (wly WQ)

)

which can be rewritten as

(1.3) fH(wi,wa) = fi(wi) f5 (wa) /0,

where f; and f5 are spectral functions of the ARMA(p1, ¢1) and ARMA (p2, g2)
models in time series, respectively. f; and f5 are even, positive, continuous on
[—7, 7], bounded above and bounded away from zero with f3 (0) = f3 (0) = 0,
and second and third derivatives of f{ and f5 are bounded in a neighborhood of
zZero.

Let Xq1,..., X1 0, X201, ., X0 oy, Xy 15+ -, Xy np, be the random
sample on a regular lattice. The periodogram in the two-dimensional case is given
by the formula

niy n2

(1.4) Ly (w1, w2) = ———| 303 X' kwlﬂm)}
Ty 2 5

The article is organized as follows. First we extend Theorem 2 of Robinson
[1] for the FISSARMA models, then we establish the theoretical asymptotic prop-
erties of the ‘means, variances, covariance and MSEs of the regression or GPH es-
timators of d; and ciz for the FISSARMA models (IT) with spectral function as in
(2). In Section 3, we assess the accuracy of our asymptotic theory on the MSE
for small sample sizes by simulation, and finally, in Section 4, the conclusions are
drawn.
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2. MAIN RESULTS

Let w15, = 27Tj1/n1 and w2 g, = 27rj2/n2, where jp = —myg, ..., mg for
k = 1,2 and my, is a positive integer which tends to infinity slower than n; (where
my, can be equal to /ny as suggested by Geweke and Porter-Hudak [5]), and sup-
pose I, j, and f;‘m denote I, , (w1, w2) and f*(wq,ws) evaluated at wy = wy j,
and wy = wo j,, respectively.

Taking the logarithm of the spectral function of the FISSARMA model defined
in equation (I2) and evaluating at the points wi = w1 j, and we = wy j,, after some
algebraic manipulation, we obtain the multiple regression equation

2.1)  Inlj j, =Inf*(0,0) — v — 2d1215, — 2dax2, +In f};’” + €412
0,0

where T1,5; = ln\l — e ' = 111’1 — € = ln(Ijl,jz/fjl,jz)
+7, fi1jo = f(wi,j,, w2 ;,) defined in (I72) and v = 0.577216.. . . is Euler’s con-
stant. Ghodsi and Shitan [7] showed that the ‘errors’, €, ;,’s, are not independent
and identically distributed and lim,,_.o E(e}, j,) depends on jy, jo.

The regression (or GPH) estimators of d; and dy can be obtained as follows
by using the least squares method:

[SlS (z1,5: — 1) In 1y, 4
Jl— J1=1j2=1

2my 3 (@i = 3)?
2.2) n=t

mp  mo
,Z ,Z (.%27]‘2 - )lnIJ1J2
7 J1=1j2=1
d2 = — ’
oy % (@2, — T2)?
jo=1

where 71 = =3 @ jy and By = - 307 @ 5, Since f(—w) = f(w), we
have f(—wi,—w2) = f(—wi,ws) = f(wl,—wg) f(w1,w2). So, we consider
only the positive values for j; and jo,i.e. jr = 1,2,...,mg fork = 1,2.

Using (Z1), we can obtain

(2.3) In 1y, j, = —2diw1j, — 2daza g, +In f 5+ €4 5o —

putting (Z3) into (X2), defining ay j, = x1 5, — 71 and agj, = ¥2j, — T2 and
noting that 3 "% ) a1j, = Oand 372 | as j, = 0, we get

. 1
24) di—di = apj, Infi . — 1,511 jo>
Qle,xl ]121 J1 1,71 mQSzl,zl lel ]221 J1<J1,92
(2.5) dy — dy = ! E Inf5,, — Z Z
. 2 92 = — a3z j, 11 A2,55€ 51,52
2525 24 o1 J2 2,32 m15z,2,12 Azt 251,02
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where

mi mi m2 ma2
_ 2 _ . . — 2 _ . .
thﬂﬁl - Z a5, = Z L1,5:01,515 S:Ez,l‘z - Z g5, = Z X2,5502, 55,
Ji=1 J1=1 J2=1 jo=1

and /7, = fi(wig) and f5 5, = f3 (w2).

To derive the asymptotic properties of GPH estimators in Theorem 211 below,
we assume that the process (1) is Gaussian and that the following condition holds
true.

CONDITION A. We have:

mi/n1 — 0and (milnmy)/ny — 0asmy,ng — oo,

ma/ny — 0and (mglnms)/ny — 0 as ma, ng — oo.

THEOREM 2.1. Suppose that dy and dy are the regression (GPH) estimators
of memory parameters dy and ds of the FISSARMA model defined in (). Under
Condition A, when n1 = ny = n and m1; = msg = m, we have

(© Vm@g:vmgﬁ:Zﬁﬁ+oQ;>+O<ﬁzm>
(A Cov(dr, ds) = 0 <n}02> Lo <1n7:2m>.

COROLLARY 2.1. Since f;"(0), f{(0) and f5"(0), f3(0) depend on the pa-
rameters of the ARMA(p1, q1) and ARMA(p2, q2) models, respectively, E(dy — dy)
and E(dy — dg) also depend on them, respectively.

To prove Theorem 1 we need the following lemmas. In Lemma 2.1, we
will extend Theorem 2 in [I1]] for the ARFIMA model in one dimension to the
FISSARMA model in two dimensions.

LEMMA 2.1. For the stationary FISSARMA model observed on a two-dimen-
sional regular lattice {Xij} of size n1 X ny defined in () we have

@ E<%@>:E<#Mﬂﬁh>:1+0<mw{mﬁ’Mh}>
fj17j2 fj1,j2 7 J2

(b) E <J.721:j2> -0 <h’1j1 lnj2>
fj1,j2 jl j2 ’
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©) E ‘]j1,j2‘]k17k2 -0 (lnjl lnj2>
V fj1,j2fk1,k2 ki ko

(d) E leanJk17k2 — O (hljl hljg)
V fj1,j2fk’1,k2 ki ko

where

1 ni ng

. — X (kw5 lwoy s
21\ /m1no kgllzzl KD (Z( ot wz,p))j

le,jz =
J1=j1(n1), jo = ja(n2), j1 > k1, J2 > ko, and ji/n1, jo/ne — 0 as ny, ng — oo.

Proof. Using properties of the spectral representation of {X;;}, we can
show that (see [[1])
K

2.6)  E(Jj joJhsks) = }le;Cl(Al)fl()\l)d)\l [ ( E (A2)f2(A2)/0?)dAs,

Zr o J2.k2

where

E()) =

T Dy(wi — N Dy(\ — wp),
ik 5an (@i = M) Dn(A =)

and Dy, (\) = Y7, "** is the Dirichlet kernel. Note that

1
E()\) = %|Dn()‘ - )‘j)|2 = Kn()‘ - )\j)v

JsJ

where K, (+) is the Fejér kernel.
To prove part (a), replacing k1 and k2 by j; and ja, respectively, in (ZZ8) and
using part (a) of Theorem 2 in [[1]], we obtain

E (le,jz‘]jl,h) —E <I.71 > E <I]2>
fj17j2 f]l f]2
o () (50))
J1 J2
=140 (max{ln‘h, In j2 }),
J1 Jo

since In j < j for any j > 0 implies

In 71 In jo {111]1 ln]2}
—— % < max ,
J1 J2 J1 J2

Parts (b), (c) and (d) can be proved similarly. =
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Under Condition A we have (see [9])

2.7 Sziz1 =mi1+o(my), ar; = O(lnmy),
(2.8) Spows =Mma +0(m2), azj, = O(Inmy).

Similarly to Lemma 1 in [I0], we obtain the following:

LEMMA 2.2. Under Condition A, we have

1 —272 £+(0) m? m?

(2.9) Y a,Inff. = L 1+o<1),
252101 j12=:1 b0 L 9  f1(0) n? nt
1 m —272 £5"(0) m3 m3

2.10 - SInfy . = 2~ _2 —2 ).
19 252,22 j22=:1 @22 10 f2 9 f5(0) n3 i n3

NOW, let O‘jl,]'2,k17k2 =max {‘0’13‘, |0’14|, |0’23’, ’0'24’}, where Oij :COV(VZ‘, I/j)
fori,j =1,2,3,4, and

Ajijs Bigjs Ak Bkm)

(v1, v, v, 1) = (
o Ve g N Teks v/ Freks

with
1 ni n9
Ajjy = X cos(kwi g, + lwo,j
iz = g k;lzzl ki cos(kw gy + lwa,j,),
1 ni no .
le,jz = — Z Z X sm(kwl,jl + ZUJQJ'Q).

27 ning k—=11=1

In the following lemma we give an asymptotic expression for avj, j, & k-

LEMMA 2.3. We have

In j1 In jo
Qjy o e by = O Tng

uniformly for 1 < k1 < j1 <miandl < ky < jo < ma.

Proof. From the proof of Proposition 3 in [[I] we get

E(ijé Jkl,k2)
=E(A, js Ak ks — Bj1.jo Bl ko) + 1 E(Aj, 4y Bry ks + Bjyjo Ak ks )
= Cov(Aj, jo, Ak ks) — CoV(Bj, jo, Biy ko)
+ i[Cov(Aj, jss Bk ky) + Cov(Bj, jo, Aky k)]
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Then, by the definition of ¢;;, we obtain

1

Fi1,ja Tk ko
— COV( J1,J2 ’ 1,~2 ) —COV( J1,J2 1,k2 )]
[ V fj17j2 V fk1,k2 V f]1732 V fkhkz
By k Ak, k
—i—[COV( J1,J2 1,k2 )—l—COV( J1,J2 1,k2 )]
V f]17]2 V fkl,kQ V f]h]z V fk1,k2

= (013 — 094)* + (014 + 023)%.

‘E(th]é thkz) ’2

Similarly we can show that

1

mlE(le,szkl,ka)IQ = (013 + 024)* + (014 — 023)°.
J1,J2J K1,K2

Therefore, after some algebaric manipulations we get

1 -
2f. . {’E(Jj1,j2<]k1,k2)|2 + |E(‘]j1,j2‘]k1,k2)’2}
Firga Jr ko

= 013 + 014 + 053 + 054 > [max {|o1], [o14], [o2s], [024]}]* = @F, j, 5y o

From Lemma 2.1 (parts (c) and (d)) we obtain

1
2fj1 2J2 fk?th

which completes the proof. m

1I12 j1 ln2 ]2)

{|E(Jj17j2z]k1,]f2)|2 + |E(Jj1,j2M)|2} = O< k2 k2
1 2

LEMMA 2.4. We have Cov(ej, jo, €k ky) = O(O‘gzl,jz,kl,kz) uniformly for

In?my <k < J1 < my and In2msy < ko < Jo < ma.
Proof. The proof is similar to that of Lemma 2 in [TU]. =

LEMMA 2.5. We have
: . L, j,
lim inf E{-—=)>0.
n1,n2—00 1<j1<m1,1<ja<me fjh]’Q
Proof. From the proof of Proposition 1 in [[Z] we know that
E <Ij17j2) —E <I]1) E <Ijz>
fj1,j2 f]l fj2
by taking 1imy,; ., — o0 iNf1<j; <my,1<jo<m. Of both sides of this equation and using
Lemma 4 in [T0] we get the desired result. =
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. Iy
LEMMA 2.6. We have limy, 1, —00 SUDP1 < jy <my 1< jo<ms B (ln2 leiJQ) < o0.
~ ~ RN ~ ‘71‘]2

Proof. The proof is similar to that of Lemma 5 in [TU]. =

COROLLARY 2.2. From Lemmas 2.5 and 2.6 it follows that E(sjz1 ) =0(1),
and so E(g;, j,) = O(1) and Var(e;, j,) = O(1).

LEMMA 2.7. Letting vj, j, = max{(In j1)/j1, (Inj2)/j2}, we have
2

Y
E(Sjl,jQ) = O(7j1,j2) and Var(gjhjz) = E

+ O(')’jhh)
uniformly for In> m; < j; <my,i=1,2.

Proof. It can be easily shown that (see [7]) €;, j, = In(Lj, jo/fir.jo) +7 =
In(v? + v3) + ~, where vy and vy are defined as in Lemma 2.2. We also have
Jj1 jo/ firja = V1 + ivo. From parts (a) and (b) of Lemma 2.1 we can obtain

1 1
E(1f) = 5t O(jig)s E@S) = 5t O(Mjrj2),  E(vire) = O(vj 4,),

and, consequently,
ST =21y + O(vj, jx)12,

where I, and 15 are 2 x 2 identity and unit matrices, respectively. Therefore, the
asymptotic joint distribution of v = (1, v»)’ is as follows:

1 vy
f(V17 VQ) = W eXp <_2)
1
= —exp (—(f +v3) — (1 4+ 12)*0(Vj, j2))
1

= —exp (—(V% + V22)) + O(Yjy 2 )-

The remaining part of the proof is similar to the proof of Lemma 6 in [T4]. =

Now, let
h(m) h(m) h(m) m
h h
T = S Y aigeige To™= Y Y aijeies
f1=1 jo=1 =1 =1
2.11
ey (homy) _ o " (h(m)) & &
T = > D Gigi€hge Ty = Y Yo Qi€ jas
=1 =1 j1=h(m)+1 ja=h(m)+1

where h(m) is a function of m and ¢ = 1, 2.
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LEMMA 2.8. Under Condition A, when ni = no = n and mi; = mg = m,
we have

1 mom In3m
(2.12) _— a1, E(gj, 4 =O< >
2m5x1,x1 jlzzzl j22::1 1,51 ( J1,J2) m
1 mo.m In®m
(2.13) - a2 j, E(gj, :O< >
2 S:v27$2 jlzzljgzzl 22 ( - JQ) m

Proof. We first prove (ZI2). By letting h(m) = In? m in (ZZIT) we can
write

Ul ln m) - ln m)
’ Z Z a17j1 5]1732 ‘ - ’ Z E ‘ g ’

J1=1j2=1
= O(In® m)+0((ln m)(m — In? m)) —|—O((m—1n m) lngm)

m m

+ O((lnm) ‘ Z Z 0('7]'1,]'2))’

j1=(In2m)41 jo=(In?m)+1

using (Z77), (1), Corollary 2.2 and Lemma 2.7. Since Z (In2m) L (ng)/i =
O(In? m), the last term is equal to

m 1 1 Inj
O ((ln m)(m—In*m) 3 nh) O((In® m)(m—1In*m)) if ﬂ n.jl ;
j2=(1n2m)+1 ]2 j2 Jl
and is equal to
m 1 1 1
O <(1n m)(m—In?*m) Y n31> O((ln m)(m—In? m)) if E n‘h
j1:(ln2m)+1 J ‘71 ']2

Therefore,

1 m m
’ Ty a— > 2 avg Bl )

21,21 j1=1 jo=1

1
s 2m?2(1 + o(1))

_0 <ln5;n> N O(ln3 m> _0 <ln3 m)
m m m
because (In®m)/m < (In?m)/m for any m > 0. This completes the proof of
(12). Similarly we can prove (13). =

{O(In® m) + O(m1n®m)}

Now, using the above lemmas, we can prove Theorem 1.
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Proof of Theorem . Parts (a) and (b) follow directly from equa-

tions (Z4)), (Z3) and Lemmas 2.2 and 2.8.
To prove part (c), by (Z4), (Z3) and (ZTl) we can write

1 m m
(2.14) Var(d;) = WVM( > a1y )
Z1,%1 J1=172=1
1 (In® m)

_— T

4m25'§1 . Var(szl Ls )
Vi 1n m) 9 - - C T(ln6m) T(ln6 m)

R AR P R

Now, using Corollary 2.2, we have

In® m In m

1 6
Var(Tl(ln ™ Z Z al jlvar 5]1 ]2)
J1=1 j2=1

+ Z Z Z Z ai1,j; a1,k COV(gjlaj276k17k2)

(d1,J2)7 (k1,k2)

= O(In** m)+0< In?%m) sup 4/ Var(e;, ;) sup \/ Var(eg, k, )

J1,J2 k1,k2

= O(In**m) = o(m?).
Similarly we can obtain
Var (T} (ln m)) O(m?In'*m)

and

Var(Tl(zl,,n6 m)) (In® m) (m + o(m)) + O(In* m) = o(m?).

Using Lemmas 2.3, 2.4 and 2.7 and noting that

m m 9 6 In®m 5
Z Z 1,51 = (m —In”m ( ZI a’l,]l Zl a’l,jl)
n =

1=(In%m)+1 jo=(In%m)+1
= (m —1n%m) (m+ o(m) + O(In® m))

=m? + o(m?) + O(mIn®m) — mIn®m + o(mIn®m) + O(In'** m)

=m® + o(m?),
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we get

m m

In%m
Var(Tiy" ™) = 3 > i Varles )
1=(In%m)+1 jo=(In%m)+1

+ Z Z Z Z ai,j; a1k, COV(&jl,jQ,ékth)

(d1,J2)# (k1,k2)

m m 71,2
= > > aly, <6 + O(ij@))
j1=(n%m)+1 jo=(In%m)+1
+ O((ln2 m) Z Z Z Z O(ajzhjz,kl,kz))

(J1,52)# (k1,k2)

7r2m2 m m

= + o(m )+O((ln2m)‘ > Y. O(jin))

1=(In?m)41 jo=(In?m)+1

m ln2j 2
(In? m) Z > BTN
=(In®m)+1 k=j+1
m

- i Holm >+o(<1n4 m)(m — In*)) +0<<1n6m>< . (li )HZ;)2>
i=(In®m

_ ”22”2 + o(m?) + O((In*m)(m — In* m)) + O<(ln6 m) (lnrﬁnm> 2)

_ ”22”2 + o(m?) + O((In*m)(m — In* m)) + 0((1116 m) (ln?m> 2)

_mmt o(m?).

6
To find the covariances in (Z14)) we note that

COV( (m m) ln m) Z Z Z Z a1, 01,k COV(Eh J27€k1,k2)

J1 J2 k1 k2

<Y S S arg a1/ Var(es, )y Var(e, ),

J1 J2 k1 k2

which for s, = 1,2, 3,4 (s < r) can be calculated by using the Appendix A. Now
we can conclude that

A 2 1 In'4m 26 m
Var(d;) = Y 2+o<m>+0< - >+O< p— >
120 126 126 114
+O(n3’m>+0<n3m>+0<n4m>+0<n2m>
m m m m
2 1 In'4m
:24m2+0<mg)+0< m? )’
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which completes the proof of part (c). The proof of part (d) is the same as that of
part (c).
Now, since from (I-4)), ((3) and by the notation in (Z-IT) we have

R . 1 m m m m
Cov(dy,da) = Am2S S COV( > 2 a1,j1€51,52> > 2 a27j25j17j2)
x1,L1°T2,22 j1=1j2=1 Jji1=1j2=1
1 C (i (In® m) i (In® m))
= —F1—— Cov
4m*(1+ o(1)) = =
1 10 ln m) (In®m)
- - Ty, ’
4m4(1 + o ) g g )

in which for s = r = 4, by Lemma 2.4,

Cov(T* ™) pln®m))

m
= Z Z Z Z a1,102,k; COV(Ejyjz, €k ks )
=(In%m)+1 jo=(1n%m)+1 k1 =(In%m)+1 ka=(InSm)+1

m m m m

= ‘ Z Z Z Z alvjla27k20(a32'1,j2,k1,k’2)

1=(In%m)+1 jo=(1n%m)+1 k1 =(1nm)+1 ke =(In%m)+1

o) et

for s # r # 4 we can write

COV( (ln m) ln ™) Z Z Z Z 1,102 ko COV(531 ,J2 81431J€2)

J1 J2 k1 k2

<SS a0k Var(e )y Var(en, i)

J1 J2 k1 ko

Using the Appendix A, it can be easily shown that

COV( (ln m) TQ(;nﬁm)) Cov ( (ln m) T(ln m)) Cov ( (ln m) 712(411116 m))

= Cov(T; 1(11;1 ™) T(ln m)) = O(m*In'*m) + o(m?),

and Cov(T,; l(l,n ™) T(ln m)) = o(m?) for the remaining values of s and 7. Thus

PN 1 In**m
COV(dl,dg):O<7nQ)+O< 2 > [ ]
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COROLLARY 2.3. Since the mean squared errors of dv and dg,

MSE(d;) = Var(dl) + E2 cZ dy)
—47r m74 n
- n 24m2

mln In'4m m* 1
+0< " +o< - >+o<n4)+o<mQ>

MSE(dy) = Var(ds) + E(dy — da)

and

d T oqm?

13 114 4 1
+O<m n2m>+0<n Qm)+o<m4>+o<2>,
n m n m

tend to zero under Condition A, dy and ds are asymptotically consistent.

By omitting the negligible terms in the mean squared errors of dy and dy and
minimizing with respect to m, we obtain the theoretical (THR) asymptotically op-
timal choice for m as follows:

1/5 * 2/5
(2.15) mTHR — ( 27 2) < f;,/(o) ) n*5 fori=1,2.
1287 £(0)

3. NUMERICAL RESULTS

In this section we report the numerical results of our study. We considered the
FISSAR(1, 1) model of the form

(1 — ¢10B1)(1 — o1 B2)(1 — B1)™ (1 — Ba)2 X, = Zy,

where |10 < 1, [¢o1] < 1, —0.5 < dy,d2 < 0.5, and {Z;; } is a two-dimensional
Gaussian white noise process with mean zero and variance o2 = 1.

Table 1 shows the theoretical values of the bias, standard deviation (SD), MSE
and covariance (Cov) of the GPH estimators of the memory parameters and esti-
mators based on the optimal choice of m; and my mentioned in (Z15) (termed as
THR) using Theorem 11 and Corollary 2.3 by omitting the negligible terms. We
considered m1 = mgy = \/n as Geweke and Porter-Hudak [S] proposed in the one-
dimensional case. The values for (¢10, ¢o1,d1,d2) were (i) = (0.1,0.7,0.2,0.2)
and (i) = (0.3,0.3,0.1,0.4). For each of these two processes we calculated the
characteristics mentioned above for four sample sizes: n = 50, 100, 200, 300. Ta-
ble 2 shows the simulated values. For simulation study we generated 1000 realiza-
tions of FISSAR(1, 1) model using the method mentioned in [f].
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TABLE 1. Theoretical results: the bias, SD, MSE and covariance of d; and da by
the THR and GPH methods for the FISSAR(1, 1) model for two sets of parameters
(Z) : (¢10, ¢5017 d1, dz) = (0.1, 0.7, 0.2, 0.2) and (’L’L) : (¢10, ¢017 dl, dg) = (0.37 0.37 0,1, 0.4)

Set mn  Method m; m2 = Bias = = SD = P MSEA ACO‘j
di do d1 d2 di d2 di,d2
THR 19 4 |0.078 0.218 0.033 0.160 0.001 0.073 0
%0 GPH 7 7 10010 0.668 0.091 0.091 0.008 0455 O
100 THR 32 6 |0.055 0.122 0.020 0.106 0.003 0.026 0
) GPH 10 10 |0.005 0.341 0.064 0.064 0.004 0.120 0
) THR 56 11 |0.042 0.103 0.011 0.058 0.001 0.014 0
200 GPH 14 14 |0.002 0.167 0.045 0.045 0.002 0.030 0
THR 78 15 |0.036 0.085 0.008 0.042 0.001 0.009 0
300 GPH 17 17 [0.001 0.109 0.037 0.037 0.001 0.013 O
THR 10 10 |0.107 0.107 0.064 0.064 0.015 0.015 O
%0 GPH 7 710052 0.052 0.091 0.091 0.011 0.011 0
THR 17 17 |0.077 0.077 0.037 0.037 0.007 0.007 0
100 GPH 10 10 |{0.026 0.026 0.064 0.064 0.004 0.004 0
(&) THR 30 30 |0.060 0.060 0.021 0.021 0.004 0.004 0
200 GPH 14 14 |0.013 0.013 0.045 0.045 0.002 0.002 0
THR 41 41 |0.050 0.050 0.015 0.015 0.002 0.002 0
300 GPH 17 17 [0.008 0.008 0.037 0.037 0.001 0.001 0

Note that f;(w1) and f5 (w2) for the FISSAR(1, 1) model used in Theorem 7T,
Corollary 2.3 and equation (-13) are given as:

2

N L
(3.1) filwr) = 2m 1+ ¢35 — 2¢h10 cos(wr)’
2 1
(3.2) fwn) =7

21+ B3, — 2601 cos(wa)

According to Theorem 1, Corollaries 2.1 and 2.3 and equations (Z13), (B1) and
(B2), the value of each of m1, Blas(dl) SE(dl) and MSE(dl) depends on the value
of ¢19, and the value of each of mo, Blas(dg) SE(dg) and MSE(dg) depends on
the value of ¢g;. This can be seen in Tables 1 and 2. Although the values of d; and
dy are equal when (¢19, ¢o1,d1,d2) = (0.1,0.7,0.2,0.2), the values of bias, SD
and MSE of d} are greater than those of cfl, due to the value of ¢g; which is greater
than the value of ¢1g.

It can also be seen that the simulated values of MSEs are less than the theoret-
ical values for small m; and ms. These values are approximately equal for large
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TABLE 2. Simulation results: the bias, SD, MSE and covariance of d; and d» by
the THR and GPH methods for the FISSAR(1, 1) model for two sets of parameters
(Z) : (¢10, (]3017 d1, dz) = (0.1, 0.77 0.2, 0.2) and (’L’L) : (¢10, ¢01, d17 dg) = (0.37 0.3, 0,1, 0.4)

Set n  Method — Bias = = SD = = MSE = FOY
d1 da dy da2 d1 da dy,d2

THR |0.023 0.197 0.071 0.068 0.005 0.043  0.0005
%0 GPH |0.021 0.244 0.107 0.047 0.012 0.062 0.0001
THR |0.042 0.170 0.041 0.052 0.003 0.031 —0.0002
_ 100 GPH |0.009 0.244 0.068 0.041 0.004 0.061 0.0000
@) THR |[0.039 0.134 0.021 0.025 0.002 0.018  0.0000
200 GPH |0.007 0.174 0.043 0.042 0.002 0.032 —0.0000
THR |0.034 0.105 0.014 0.018 0.001 0.011 —0.0000
300 GPH | 0.003 0.123 0.033 0.035 0.001 0.016 —0.0000
THR |[0.128  0.056 0.067 0.034 0.021 0.004  0.0000
%0 GPH |0.084 —-0.011 0.110 0.072 0.019 0.005 —0.0005
THR |[0.089  0.069 0.036 0.022 0.009 0.005  0.0000
y 100 GPH | 0.042 0.012 0.070 0.052 0.006 0.002 0.0000
(@) THR |0.065 0.069 0.018 0.015 0.004 0.005 —0.0000
200 GPH | 0.021 0.024 0.043 0.038 0.002 0.002 —0.0000
THR |[0.052 0.059 0.013 0.012 0.002 0.003 —0.0000
300 GPH |0.012 0.021 0.034 0.034 0.001 0.001 —0.0000

my and ms. From Tables 1 and 2 we can also see that the MSE decreases when the
grid size increases for both theoretical and simulated values. A

In both theoretical and simulation studies, the biases and the MSEs of dy
obtained by the THR method are less than those obtained by the GPH method
when (¢10, ¢o1,d1,d2) = (0.1,0.7,0.2,0.2), these differences decrease when n
increases. Note that in this case the ¢g; value is large. The MSEs of cil when
(¢10, do1,d1,da) = (0.1,0.7,0.2,0.2) and the MSEs of d; and dy when
(¢10, Po1,d1,d2) = (0.3,0.3,0.1,0.4) in both THR and GPH methods are almost
equal, but the biases in the THR method are greater and the SDs are smaller.

In the theoretical case, the bias, SD and MSE of cil and (jz when ¢19 = ¢o1
are equal and do not depend on the values of d} and Jg. In simulation, this happens
when n is large.

Finally, from Tables 1 and 2 it is easy to see that there is an agreement between
the theoretical and simulated covariance of afl and Jg.

In Figure 1, we have also drown boxplots for the bias of a?l and CZQ obtained
by the THR and GPH methods when (¢19, ¢o1,d1,d2) = (0.3,0.3,0.1,0.4) and
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n = 300. From Figure 1 it can be seen that the biases of the THR estimators are
greater than the biases of the GPH estimators. However, the standard deviations of
the THR estimators are smaller than the standard deviations of the GPH estimators.

Figure 2 shows Q—Q plots of the bias of d; and d2 by (a) the THR method and
(b) the GPH method when (¢10, ¢o1,d1,d2) = (0.3,0.3,0.1,0.4) and n = 300.
All tables and figures underscore the suboptimality of GPH estimators.

By Figures 1 and 2 and Tables 1 and 2, we suggest that ml/Q(cil —dy) and
m!/2(dy — dy) are independent and identically distributed as N (0, 72/24) when
m = o(n*®) and In? n = o(m).
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FI1GURE 1. Boxplots of the bias of Jl and d} by (a) the THR method and
(b) the GPH method when (¢10, ¢o1,d1,d2) = (0.3,0.3,0.1,0.4) and n = 300
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FIGURE 2. Normal Q-Q plots of the bias of dy and da by (a) the THR method and
(b) the GPH method when (¢10, ¢o1,d1,d2) = (0.3,0.3,0.1,0.4) and n = 300
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4. CONCLUSION

In this article, we studied the properties of the regression estimators of the
FISSARMA models, in particular we established the asymptotic bias, variance,
covariance and MSE of the memory parameters of the model. We also derived
the spatial version of Theorem 2 of [[[1]]. Some numerical results have also been
provided to verify theoretical results that we obtained. By the numerical results
it is found that m/2(d, — d;) and m*/2(dy — ds) are independent and identically
distributed as N (0, 72/24) when m = o(n*/®) and In? n = o(m). Our results con-
tribute to the theory of spatial models, in particular the FISSARMA models.

5. APPENDIX A

To prove Theorem 2.1 we need the following:

In® m In%m In® m Inm 1
S > > auy/Var(e )= Z > agjy\/Var(e), j) = O m),

Jj1=1 ja=1 Jj1=1 ja=1
In%m In® m

5.2) > Z a1,j,1/ Var(ej, j,) = Z > agj,1/ Var(ej, j»)
J1=1 jo=(In® m)+1 :(ln m)+1 J2=1

= O((m —In®m)In"m),

(
m In®m m In®m
(5.3) > > a4/ Var(ej, j,) = O((1n6 m)( Yoari— Y. al,jl))

j1=(In% m)+1 j2=1 Ji=1 Jji1=1
= O(In**m),
In®m
(5.4) > Z as j,\/ Var(ej, j,) = O(In** m),
J1=1 jo=(In% m)+1
(5.5) > Y. aigy/Var(gj,)

j1=(In% m)+1 jo=(In% m)+1
:0( > > al,jl\/ﬂ2/6+0(%17j2))

1=(In® m)+1 jo=(In® m)+1

m m

> > any (14 0(%'1,]‘2))>

j1=(n% m)+1 jo=(In% m)+1

Il
@)
—

=0( X > ay +(nm) 3 > O0())
j1=(In% m)+1 jo=(In® m)+1 j1=(In% m)+1 jo=(In® m)+1

= O((m —In®m)(In"m)) + O((m — In®m)(In* m))
= O((m — In®m)(In" m)),
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(5.6) i i az,j,\/ Var(ej, j,) = O((m — In® m)(ln7 m))

j1=(n% m)+1 jo=(In® m)+1
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