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Abstract. We study shifted generalized Mehler semigroups on white noise
functionals. We prove characterizations of invariant (white noise) distribu-
tion and the covariance property for shifted generalized Mehler semigroups.
Also, we prove a Liouville type property of a shifted generalized Mehler
semigroup or its infinitesimal generator.
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1. INTRODUCTION

The Gross Laplacian Ag and the number operator N have been introduced
by Gross [14] and Piech [31], respectively, as infinite-dimensional Laplacians on
certain functionals on abstract Wiener spaces. They have been studied as operators
acting on white noise functionals in [22, 23| 24) [25]]; they are continuous linear
operators acting on the space of test white noise functionals [16) 29]. The
Gross Laplacian and the number operator are characterized as quadratic white
noise operators which are rotation-invariant (see [18, 27, 29]), i.e., invariant
under infinite-dimensional rotations (see [39]). Invariance under subgroups of
the (infinite-dimensional) rotation group corresponds to the covariance property
studied in [1l]. The infinite-dimensional Laplacians have been generalized to
generalized Gross Laplacians [8] and conservation operators (as a generalization of
the number operator) with general kernel distributions. The transformation groups
generated by the Fourier—Gauss transform [9, 26] and the generalized Fourier—
Gauss transform [8]], associated with the infinite-dimensional Laplacians and their

* This paper was supported by Basic Science Research Program through the NRF funded by
the MEST (NRF-2022R1F1A1067601).

© Probability and Mathematical Statistics, 2023



2 U. C. Ji and M. R. Lee

extensions, have been extensively studied in [22} 23} [16, 8, 9, [10} [11} |19} [30] and
references therein.

The semigroups induced by the Fourier—Gauss transform and the general-
ized Fourier—Gauss transform correspond to Mehler semigroups and general-
ized Mehler semigroups, respectively, as integral representations. The generalized
Mehler semigroups associated with Markov processes described by the stochastic
differential equations of type

dX; = BXdt + CdW;

have been studied by many authors [}, 4] [13] [19 [35] 3]. Here B and C are cer-
tain operators on an infinite-dimensional space and W} is an infinite-dimensional
noise process. In [4} [13] (see also [3]), the generalized Mehler semigroups asso-
ciated with Markov processes governed by different noise processes were studied.
In [4] a characterization of the invariant measures for a generalized Mehler semi-
group was proved. Also, in [34,135]], the Liouville theorem for a generalized Mehler
semigroup was studied through the controllability of the system equation [33]], and
in [1]], the covariance property of a generalized Mehler semigroup was studied.
In this paper, considering applications to

dX; = BXydt + CdW; + D(dt,

we study so-called shifted generalized Mehler semigroups (see [35]]) on white noise
functionals. Based on the Gelfand triple (E) C T'(H) C (E)*, we construct a
shifted generalized Mehler semigroup {P;};>o as a differentiable semigroup of
continuous linear operators acting on (E£) whose infinitesimal generator is the sum
of a generalized Gross Laplacian, a conservation operator and an annihilation op-
erator (see Sectiond)). The purpose of this paper is threefold:

(1) to characterize white noise distributions which are invariant for the adjoint
semigroup { P/ };>0 of the shifted generalized Mehler semigroup { P; }+>0,

(2) to characterize the covariance property of { P;}+>0, under the orthogonal rep-
resentation of a group, in terms of the invariance property of the kernels of the
infinitesimal generator of { P; };>0,

(3) to prove a Liouville type property of the shifted generalized Mehler semigroup
(or its infinitesimal generator).

This paper is organized as follows. In Section 2] we discuss the fundamen-
tal notions of white noise functionals. In Section |3} we review the basic results
of white noise operator theory which are necessary for our study. In Section
we study shifted generalized Mehler semigroups on white noise functionals with
their representation in terms of second quantization, generalized Gross Laplacian
and annihilation operator, which provides an explicit form of the infinitesimal gen-
erator. In [S)], an integral representation of the second quantization by means of
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a generalized Mehler formula was proved, and compactness, the Hilbert—Schmidt
property and smoothing properties of the second quantization were studied. In Sec-
tion [5] motivated by the concept of invariant measure [4] for a generalized Mehler
semigroup, we prove a characterization of invariant white noise distributions for
a shifted generalized Mehler semigroup. As an application, we prove a character-
ization of invariant Hida complex measures for shifted generalized Mehler semi-
groups. In Section [6] we first discuss invariant white noise operators under an or-
thogonal representation of a group G and investigate a necessary and sufficient
condition for a shifted generalized Mehler semigroup (or its infinitesimal genera-
tor) to be GG-covariant, i.e., covariant under the orthogonal representation of G. In
Section [7} motivated by the Liouville property, studied in [34] [35], of generalized
Mehler semigroups, we prove a Liouville type property for infinite-dimensional
Laplacians and shifted generalized Mehler semigroups. In this case, the Liouville
type property is defined as follows. For a semigroup {R;}:>0 C L((E), (E)), we
say that { R; }+>0 has the Liouville type property if every harmonic function (not
necessarily bounded) for { R; }+>0 is constant.

2. WHITE NOISE FUNCTIONALS

Let H be a separable Hilbert space with Hilbertian norm |- | and let A be a densely
defined positive selfadjoint operator on H. Suppose that there exists a complete
orthonormal basis {e, }°° ; and an increasing sequence {\,,}5° ; of positive real
numbers with A\; > 1 such that Ae,, = A\, e, foralln € N, and

(A) A~ is of Hilbert-Schmidt type, i.e. [A™ |lus = Y oo | A% < 0.

For each p > 0, we define the Hilbert space £, = {¢ € H : [{|, = |AP&|p < oo}
Let E_,, be the completion of H with respect to the norm | - |, = |[A™? - |o. Then
by defining the limit spaces
E :=projlimE, and E*=indlimFE_,,
p—00 p—0o0
we obtain the Gelfand triple £ C H = H* C E*. In this case, by assumption (A),
FE is a countably Hilbert nuclear space. Denote the canonical bilinear form on

E* x E by (-, ). Then the Bochner-Minlos theorem shows that there exists a
standard Gaussian measure ;. on E whose Fourier transform i is given by

fezatf d.I —exp{—<§, £>}7 EGE,

where ET is the real countably Hilbert space such that £ = Er+iFEg. The (boson)
Fock space T'(Ey) over E,,, p € R, is defined by

D(E,) = {6= (f)io: fo € BE" 02 = 3 nllful} < o0},

n=0
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where E§" (n > 1) is the n-fold symmetric tensor product of £, and E§0 =C.
Then by taking the limit spaces, we obtain the Gelfand triple
(E) :=projlimI'(E,) CT'(H) C indlimI'(E_,) = (E)".

p—0o0 p—00

We note that (E) becomes a countably Hilbert nuclear space equipped with the
Hilbertian norms {|| - ||, }p>o-

The Wiener—Ito-Segal isomorphism states that (L?) = L?(E}, p1) is unitarily
isomorphic to the Fock space I'(H ). In fact, the unitary isomorphism between (L?)
and I'(H ) is determined by the following correspondence:

o0

()3 0= (e™) o o) = on{ (00 - 36 0 € (12)

n=0

where ¢, is called the exponential vector associated with £ € E. Note that {¢y :
¢ € E'} spans a dense subspace of (E).

The canonical bilinear form on (E)* x (E) is denoted by ((-, -)). The S-trans-
form S® of & € (E)* is defined as a function S® : £ — Cby S®(&) = (P, ¢¢)),
¢ € E. In fact, foreach ® € (E)* and F' := S, it is easy to see that the following
conditions hold:

(S1) forallé,n € E,C > z— F(§£+ zn) € Cis an entire function,

(S2) there exist constants K, ¢, p > 0 such that | F(€)| < K exp c[¢[? for € E.
THEOREM 2.1 ([32, 17, 29, 26]). A complex-valued function F' on E is the

S-transform of an element in (E)* if and only if F satisfies (S1) and (S2).

3. WHITE NOISE OPERATORS

Let X', Y be locally convex spaces. We denote the space of all continuous linear
operators from X' to ) by L(X,)). An element in L((E), (E)*) is called a white
noise operator. For each & € L((E), (E)*), its symbol 2 : E x E — C is de-

~

fined by 2(§, 1) = (E¢e¢, ¢y) for {,n € E. Since the exponential vectors span a
dense subspace of (E), each white noise operator = € L((E), (E)*) is uniquely
determined by its symbol =. Also, for © = =, it is easy to see that

(©1) forany &,n; € E (i = 1, 2), the function
CxC>(z,w)— O(& + z&,m +wnz) € C
is entire,

(©2) there exist K, ¢, p > 0 such that

O, )| < Kexp{c(l€; +1nl5)},  &ne b
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Moreover, if £ € L((E), (E)), then © = E satisfies the following condition:

(©2') forany p > 0 and € > 0, there exist constants K, g > 0 such that
0(&,m)| < K exp{e(|€forq + Inl2p)},  &neE.

THEOREM 3.1 ([28L (7). A complex-valued function © on E X E is the sym-
bol of an operator E € L((E), (E)*) if and only if © satisfies conditions (©1)
and (©2). Moreover, © is the symbol of an operator = € L((E), (E)) if and only
if © satisfies conditions (©1) and (©2').

The adjoint of a white noise operator = € L((E), (E)*) with respect to the
canonical bilinear form ((-, -)) is denoted by =*, that is, for all ¢, ¢ € (F),

(E%¢, v) = (&, E¢) = (E¢, ¢)).

EXAMPLE 3.1. (1) Let ( € E* be given. A map O : £ x £ — C defined by
01(&,n) = (¢, £)el& for &, 1 € E satisfies conditions (©1) and (©2'), and so by
Theorem [3.1 there exists a unique white noise operator in L£((F), (E)), denoted

by a(¢) and called the annihilation operator, such that a(¢) = ©1. The adjoint of
a(¢) is denoted by a*(¢) := a(¢)* and called the creation operator.

(2) Foreach S € L(E, E*), by applying Theorem [3.1} we see that there exists
a unique white noise operator, denoted by A (.S) and called the generalized Gross
Laplacian (see [8]]), in L((E), (E)), such that

Ac(S)(€,n) = (SE, £)e€m | ¢ ne k.

The generalized Gross Laplacian is uniquely determined by the action on expo-
nential vectors: Ag(S)pe = (5§, £)¢¢ for & € E. In particular, for the identity
operator I, Ag := Ag([) is called the Gross Laplacian. For the adjoint operator
of Ag(S), we write AL (S) := Ag(S)*.

(3) For S € L(E, E*) we have a unique white noise operator A(.S), called the
conservation operator, in L((E), (E)*) such that A/(E) = (S¢, n)el&m Note that
A*(S) == A(S)* = A(S*).If S € L(E, E), then A(S) belongs to L((E), (E)).
In particular, N := A(I) is called the number operator.

(4) The second quantization I'(S) of S € L(E, E*) is defined by

['(S)¢ = (S®nfn)20:07 ¢ = (fn)neo € (E).

Then we have I{(E)(f,n) = e(56M for £, € E, so that T'(S) € L((E), (E)*)
(see [29, [8]]). Also, the second quantization I'(.S) is uniquely determined by its

action on exponential vectors: I'(S)pe = ¢g¢ for & € FE, and from the defi-
nition, we have I'(S)* = I'(S*). If S € L(E,E), then I'(S) € L((E), (E)).



6 U.C.Jiand M. R. Lee

Furthermore, if S € L(E, F) is an equicontinuous generator of a (semi)group
{e"Y50 C L(E, E) (see [29] or (#3)), then we have

(3.1) A(S) = —T'(e%)

de e=0

For each K € L(E,E*) and S € L(E, E), the generalized Fourier-Gauss
transform (see [8, 26])) is defined by Gx 5 = T'(S)e2cK) € L((E),(E)). The
adjoint operator of G s is called the generalized Fourier-Mehler transform and
denoted by F 5. Then we have F g = e2cFIT(S*) € L((E)*, (BE)*).

4. SHIFTED GENERALIZED MEHLER SEMIGROUPS

We now study a shifted generalized Mehler semigroup acting on (E) (see [33])
and its generator in terms of white noise operators. Let {S;}+>0 be a family of
continuous linear operators acting on E and {7}}:>0 be a family of continuous
linear operators from F into E*. Let {n; };>0 C E*. Foreach ¢ > 0, put

4.1) P, = I(Sy)era (Tt galm)

By applying the characterization theorem for the operator symbol, we can verify
that P; belongs to L£((E), (E)). To investigate the semigroup property we first
observe the intertwining property of white noise operators.

PROPOSITION 4.1. Let S € L(E,E), T € L(E,E*) andn € E* be given.
Then

"L (S) = T(8)e" 5, BT () = T(8)eta5715),

Proof. Forall £,( € E one has
(e T(S)og, b)) = 5P ITERO = (D(9)eF D oe, 6,

so that the first equality holds. By the same argument we can easily see that the
second equality holds (see also [19]). =

THEOREM 4.1. Let {S;}i>0 be a one-parameter semigroup in L(E, E). Sup-
pose that {T;}+>0 C L(E, E*) and {n:}1>0 C E*. The family {P,}+>0 of oper-
ators defined in (d.1)) is a one-parameter semigroup in L((E), (E)) if and only if
foranyt,s > 0,

(42) 71t—l—s = Ts + S:TtSsa Nt+s = S:nt + Ns-

Proof. Apply Proposition[d.1] =
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THEOREM 4.2. Let {S;}i>0 be a one-parameter semigroup in L(E, E). Sup-
pose that {T; }1>0 C L(E,E*), {n:}+>0 C E*, and the maps t — T, and t —
are differentiable at t = 0. The family {P;}+>0 of operators defined in @.1)) is a
one-parameter semigroup in L((E), (E)) if and only if for any t > 0,

t t
4.3) T, = [ SiTSsds, n = [Sinds,
0 0

where T' = %Tthzo and 1 = %nt|t=0‘

Proof. Suppose that {P;};>( is a one-parameter semigroup in L((E), (E)).
Then by Theorem (4.2) holds. Therefore, by taking derivatives, we have % =
S;TSY, % = S/n, from which we have the explicit forms of 7} and 7; given in
(4.3). The converse is straightforward. m

REMARK 4.1. In a Banach space setting, a family {7} };>o of bounded linear
operators satisfying the first equality of with the explicit representation given
in the first identity of has been studied systematically in [37] (see also [36]])
under the name of a Gaussian cylindrical Mehler semigroup.

DEFINITION 4.1. Let {S;}+>0 be a one-parameter semigroup acting on E and
{Ti} >0 C L(E,E*). Let {m: }+>0 C E*. If {St}i>0, {Tt}e>0 and {n; }+>0 satisfy
(4.3) for all ¢, s > 0, then the family {Pt}t20 of operators defined in (4.1)) is called
a shifted generalized Mehler semigroup.

For an integral representation of a shifted generalized Mehler semigroup, we
refer to [35]] (see also and (.6)).

Let X be a locally convex Hausdorff space equipped with a family {|| - ||o }aca
of seminorms. An operator S € L(X, X) is called an equicontinuous generator if
for any r > 0, the family {(rS)"/n!}22, is equicontinuous, i.e. for any o € A,
there exist C' > 0 and 3 € A such that || (rfl)ana < C||z||g for all z € X. For
such a generator S the series

oo 1
(4.4) ¢S =3 =(rS)", teR,
n=0 T

converges strongly in X. Then {e**},cc becomes a holomorphic one-parameter
subgroup of GL(X) (see [29]).

THEOREM 4.3. Let {S;}i>0, {1t }i=>0 and {n: }i>0 be as in Deﬁnition Sup-
pose that {S; }1>0 a one-parameter semigroup with the equicontinuous generator
S € L(E, E) and the maps t — T, and t — n, are differentiable at t = 0. Then
the infinitesimal generator of the shifted generalized Mehler semigroup {P; }+>0 is
given by A(S) + Aq(T) + a(n) where T' = %Tt’tzo andn = %nt’t:O'



8 U.C.Jiand M. R. Lee

Proof. We note that (4.2) implies that Sy = I, Top = 0 and 19 = 0. So for all
§,Cek,

—

BEQ| = ((SE Q) +(TE, & + {n, £)el&?

4a
dt t=0
= ((A(S) + Ac(T) + a(n))de, ¢c),
which implies the assertion (see [29,[9]). =

REMARK 4.2. Let K; € L(FER, Er) be given for ¢ > 0. Then the Bochner—
Minlos theorem yields a unique Gaussian measure fi; on Ep with covariance
K K, that is,

f €Z<y’£>ﬂt(dy) — 67%<K;Kt£7£>7 é‘ c F.
Eg

Let {S}}i>0 C L(Eg, Ex) and {n;};>0 C Ex. Foreach t > 0, define

@5)  Mg(x) = [ o(Six+m+y)u(dy), o< (E), e Eq
Eg

(see [35]]). For the study of generalized Mehler semigroups, we refer to [4]. Apply-
ing an exponential vector ¢¢ to {.5), we have

Mg () = T(Sy) e (Si St KiKe=D) galme) g (),
so that
(4.6) M, = T(S;)e2 (St St KiKi=D) galm) ¢ > .

Thus if there exists a family { K }+>0 C L(ER, Er) such that
¢
[ SiTSeds =Ty = S{Si + KfKy — 1, t>0,
0

for some T' € L(E, E*), then we see that { M; }+>¢ coincides with { P; }+>0, i.e.,

P, =T(Sp)etcTeatn) = [ ¢(Sta +my + y) e (dy)
Eg
= [ o(S;z+m + K[y) u(dy), ¢ € (E), z € Eg,
Eg

which is an integral representation of P, and so { P; };> is the transition semigroup
generated by the E*-valued Markov process {J (¢, z)};>0 on Ej given as

t
Egx>y— J(t,x)(y) = Sjz+ Kjy+n € Ep with nt:fS;nds
0
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(see Theorems and {.2)), where y — Kjy is considered as an Ep-valued

Gaussian process on Ep with covariance operator K/ K;. Moreover, if the maps

t — K/K;and t — 7 are differentiable at t = 0, the generator of {M;};>0 is

given by A(S) + 3A¢(S + S* + V) + a(n), where S is the generator of {S; };>0.
d d

V= %K;Kt‘tzo and 1) = Em‘t:O'

5. INVARIANT WHITE NOISE DISTRIBUTIONS FOR THE SHIFTED GENERALIZED
MEHLER SEMIGROUP

A complex measure v on Ef, is called a Hida complex measure if (E) C L'(v)
and the linear functional ¢ — [ g+ (@) dv(z) is continuous on (E) (see [26])). The
R

Hida complex measure v induces a white noise distribution ®,, € (E)* such that
(P, p)) = fE* o(z) dv(x) for all ¢ € (E). A Hida complex measure is called a
R

Hida measure if it is a measure. A white noise distribution ® in (E)* is said to be
positive if (@, ¢)) > 0 for all nonnegative test functions ¢ € (E). A distribution
® € (E)* is induced by a Hida measure if and only if ® is positive. For details, we
refer to [20, 38] (see also [26, Theorem 15.3]). A (complex) measure v on Ey, is
said to be invariant for { P, };>¢ if (F) C L'(v) and

[ Prpla) di(z) = [ () du(x)

Eg Eg

forallt > 0 and ¢ € (E) (see [4]). If ®, € (E)* is induced by a Hida measure v
which is invariant for { P; };>0, then

(@0, o) = [ o(a)dv(z) = [ Pip(x)dv(z) = (P} ®y, ¢))
Eg Eg
for all ¢ € (E). This observation motivates the following definition.

DEFINITION 5.1. A white noise functional & € (E)* is said to be invariant
for { P} }i>0 if Pf® = ® forall ¢t > 0.

For any &,V € (E)*, by applying Theorem 2.1, we see that there exists a
unique white noise distribution, denoted by ® ¢ ¥ and called the Wick product of
and U, in (E)* such that

(5.1) S(®o W) = S(P)S(T).

The following theorem provides a characterization of the existence of a vec-
tor in a topological space X which is invariant for a one-parameter semigroup of
sequentially continuous functions on X.

THEOREM 5.1. Let {R;}1>0 be a one-parameter semigroup of sequentially
continuous functions Ry on a topological space X. Then there exists an element
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x € X such that x is invariant for { R; }+>0, i.e. Ryx = x for all t > 0, if and only
if there exists an element y € X such that y := limy_,o Ryy exists in X. In this
case, y is invariant for { R }+>0.

Proof. Suppose that x € X is invariant for {R;};>0. Then it is obvious that
limy_, Rz exists in X. Conversely, suppose that § := limg_ ., Rsy (for y € X)
exists in X. Then for any ¢ > 0, by the sequential continuity of R;, we have

Ry = Rt< lim Rsy) = lim Ryysy =y,
§—00 §—00

which means that y is invariant for {R;};>0. =

COROLLARY 5.1. Let {P,;}+>0 be a shifted generalized Mehler semigroup de-
fined as in Definition Then there exists ® € (E)* such that ® is invariant for
{ P> if and only if there exists U € (E)* such that ¥ := lim,_,o, P}V exists
in (E)*. In this case, W is invariant for { P }1>0.

Proof. This is immediate from Theorem[5.1] =

THEOREM 5.2. Let { P, }+>0 be a shifted generalized Mehler semigroup defined
as in Definition Suppose that

(T) T :=limy_.oo T} exists in L(E, E¥),
(m) n = limy_ oo 1y exists in B*.
Then the following assertions are equivalent:

(i) there exists ® € (E)* such that ® is invariant for { P} }1>0

(ii) there exists U € (E)* such that VU := lim; .., T'(S}) W exists in (E)*,
(iii) there exists Y € (E)* such that Y is invariant for {I'(S}) }+>o.
In this case, the invariant vector ® for { P} }1> is explicitly given by

O =ToUrog,,

where U =1im; .o, I'(S})V for ¥ € (E)* withlimy .., T'(S})V in (E)*, Uy € (E)*
(forT € L(E,E*)) and ¢y, € (E)* (forn € E*) are given by

Sn n
(52) Uy = (TT,) by = <",>
n. n.

where 7 € (E*)®2 corresponds to T € L(E, E*) by the kernel theorem.
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Proof. (i)=-(ii) Suppose that ® is invariant for {P/};>0. Then by Corol-
lary there exists ¥ € (E)* such that lim; ., P}V exists in (E)*. On the
other hand, for any ® € (E)*, by applying (4.1)), we have

S(PF®)(€) = (P, ¢¢)) = eTHI+ O (D(57)D, o)),

which by the characterization of the S-transform (Theorem [2.1) implies that
(5.3) Prd =T(S))®o Vg, 0¢,, >0,

where Ur € (E)* (for T € L(E, E*)) and ¢,, € (E)* (for n € E*) are given as
in (5.2). Also, from (5.3), we have

(5.4) T(S)®=P®oV_g0¢_,, 0.

On the other hand, it is known (see [26]) that for a family {Ys}s>0 C (E)*,
limg_,oo Y5 exists in (E)* if and only if for each { € E, lims_,o, S(Y)(§) exists
in C and there exist constants K, C,p > 0 such that | S(T)(¢)| < Cexp{K|¢|2}
for € € E, s > 0. Hence we can see that the limits

(5.5 U_p:= tlim V_ 1, ¢_py: hm d—n,

exist, and thus, by (5.4)), since the Wick product is (separately) continuous and
limy oo PV exists in (E)*, limy—,o, I'(S}) W exists in (F)*.

(ii)=-(iii) Suppose there exists ¥ € (E)* such that T := ¥ :=
limy o I'(S}) W exists in (E)*. Since {I'(S}) }+>0 is a one-parameter semigroup,
by Theorem 5.1] Y is invariant for {I'(S;) };>0

(iii)=-(i) Suppose that there exists T € (E)* such that Y is invariant for
{T'(S;)}t=0. Then it is obvious that T := lim;_,o, ['(Sf)T = T exists in (E)*,
and then from (5.3) and (5.3), we see that the limit

$:=7:= lim P/Y = (tlim F(Sf)T)o\IlToon:To\IlTo%

t—o00

exists in (F)*. Hence by Corollary ® = T is invariant for {P/}i=0. m

REMARK 5.1. Let { P;}+>0 be a shifted generalized Mehler semigroup defined
as in Definition If conditions (T) and (i) of Theorem hold for {7} }+>0 C
L(E, E*) and {n: }+>0 C E*, then from ([.3), we have

(5.6) T= ofoS:TSS ds, n= TS:H ds.
0 0

Therefore, as a sufficient condition for conditions (T) and (77) to hold we can con-
sider some integrability conditions for the integrals in (5.6).
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REMARK 5.2. Let & € (E)* and {P,};>0 be a shifted generalized Mehler
semigroup defined as in Definition .1 Then by inspecting the proof of Theorem
(see (54)), it is easy to see that ® is invariant for { P} };>¢ if and only if

T(S)P=PoV g,0¢_,, >0,

where ¥ € (E)* and ¢, € (E)* are given in (5.2).

Let v and p be Hida complex measures on Ey with corresponding white noise
distributions ¢, and ®,. Then the convolution v* p is also a Hida complex measure
such that ®,., = &, 0 @, ¢ \II%I, where \II%I is given as in (5.2)) (see [26]). Let
2t be the Gaussian measure with mean vector 7 and covariance operator 27",
i.e. the Fourier transform of o7, is given by

fio1(§) = f 6i<’”’5>du2T7n(g;) _ imE)—3(2TEE)
Eg

1
= <<®/J'2T,n7 ¢i§>>e_§<£7£>’ g e E?

from which by applying (5.1) we see that ®,,,,.
any Hida complex measure v on E7, we have

oW1, = W o ¢y. Therefore, for
2

(I)V*,uQTm =d,0® Q\I/%I =0, 0Up <>¢7l'

H2T,n

Hence by applying Theorem we can construct an invariant Hida (complex)
measure for { P; }+>¢ as in the following corollary.

COROLLARY 5.2. Let {P;}i>0 be a shifted generalized Mehler semigroup de-
fined as in Definition .1} Suppose that {T}};>0 C L(E,E*) and {n:}s>0 C E*
satisfy conditions (T) and (1), respectively, such that 2T is a covariance opera-
tor, where T' := limy_, o, T} exists in L(E, E*). Then the following assertions are
equivalent:

(i) an invariant Hida complex measure v for { P, }1>¢ exists on Ef,

(ii) there exists a Hida complex measure o on Eg such that &5 = o, =
limy oo I'(S}) P, exists in (E)* and ®, corresponds to a Hida complex mea-
sure o on Eg, where ®, ¢ (E)* corresponds to the Hida complex measure o,

(iii) an invariant Hida complex measure p for {I'(S;) }1>0 exists on Ej.

In this case, the invariant Hida complex measure v for { P, }1>¢ is given by

(5.7) V =k faT -
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Proof. (1)=-(ii) Suppose that there exists a Hida complex measure v on Ep
such that v is invariant for { P; }+>0, which is equivalent to ®,, € (E)* correspond-
ing to v being invariant for { P;" }+>0, which by conditions (T) and (n) implies that

o, = lim P'd, = (hm r(s;‘)@y) o Ur o by,
t—o00 t—o0
Thus lim;_, I'(S}) P, exists and
tlggo LSy =Py 0 VU _70¢—y = Puup_ypy -

(i1)=-(iii) By assumption, it is obvious that ¢ is a Hida complex measure which
is invariant for {I"(.S¢) }+>0.

(iii)=-(i) Suppose that p is a Hida complex measure on Fp which is invariant
for {I"(S¢) }+>0. Then @, corresponding to p is invariant for {I'(:S})}¢>0, and so by
Theorem|S.2, @i yi,r, = ®,0WT 0@, is invariant for { P/ }+>0, which is equivalent
to p * fio7,, being invariant for {P;};>0. =

REMARK 5.3. Corollary can be considered as a generalization of [4} The-
orem 4.4] (see also [12, Theorem 11.7]).

6. COVARIANCE PROPERTY OF A SHIFTED GENERALIZED MEHLER SEMIGROUP

In this section we study the covariance of a shifted generalized Mehler semigroup.
We first recall the notion of infinite-dimensional rotation group (see [39, 18, 29]]).
Let £ C 'H C £* be a Gelfand triple and

O(&r;Hr) = {g € GL(&r) : |g&| = €| forall £ € Er},

where £ = &g + i€g, H = Hr + i€g and | - | is the Hilbertian norm on the
Hilbert space H. An element g € O(Eg; HR) is called a rotation and O(Eg; HR)
is called the infinite-dimensional rotation group (see [29]]). We note that each g €
O(&r; Hr) extends to an orthogonal operator, denoted by g, on the Hilbert space
‘HR, and can also be extended to a continuous linear operator, denoted by the same
symbol g, on Eg. In fact, for each g € O(Er; Hr) and its adjoint operator g* €
L(&%, E%) with respect to the Hilbert space Hg, we have g = (g7 1)* (see [29,
Proposition 5.4.3]). Similarly, we put

U(E;H) ={g € GL(E) : |¢g&| = [¢]| forall { € E}.

By the canonical extension, O(Er; HR) is considered as a subgroup of U (E; H).

From now on, our study is based on the Gelfand triple ¥ C H C E* con-
structed as in Section [2} Then the infinite-dimensional rotation group O(ER; HR)
acts on the Gaussian space Ej, by means of its adjoint (g*z, {) = (z, g§) for
x € Ej and § € ER.
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Throughout this section, we denote by G a group such that there is an orthogo-
nal representation U : G 3 g — U, € O(ER; Hr), and then we construct a unitary
representation U : G 3 g — U, € U((E); (L?)) of G by Ug¢(x) = ¢(Uj ) for
¢ € (L?) and x € Ej. Itis easy to see that U, = ['(Uy) for all g € G. Then a
white noise operator = € L((E), (E)*) is said to be covariant under the action U
of G, or simply G-covariant (or GG-rotation-invariant), if

UiEUy = U, 1EU; =E  forallg € G

(see [1]), which is equivalent to =/, = U= = U;_lE for all g € G. If a white
noise operator = € L((E), (E)*) is G-covariant for the orthogonal group G =
O(EgR; Hg), then Z is said to be rotation-invariant (see [27,29]).

Every white noise operator = € L((E), (E)*) admits the Fock expansion (see
[29, Theorem 4.5.1])

&S]

(61) E'qb = Z El,m(’{l,m)(ba d) € (E)v

I,m=0

where the series converges in (E)*. Here for all [, m > 0, #y,,, € (E®(Fm))*,
and =, (K1,m) € L((E), (E)*) is called the integral kernel operator with kernel
distribution & ,,, and satisfies

S (Kim) (6,1) = €6 (K, n® @ €M), €, € E.

In (6.1)), the family {r; ,, }%,_, of kernel distributions £ ,, is uniquely determined

as ki € (EOTM)r oy (see 29 p. 83]).
For F' € (E®™)*, F is said to be G-rotation-invariant if (US™)F = F for all
g € G. For each k;,, € (]E@(H'm))’s"y m(lm)? by the kernel theorem, there exists a

unique operator K; ,, € L(E®™, E®l)Sym such that
<K‘l,ma 7]®l & £®m> = <Kl,mf®ma 77®l>7 5777 €k

LEMMA 6.1. Let k € (E®(l+m)):ym(z,m) correspond to K € L(E®™ E®) 1,
by the kernel theorem. Then k is G-rotation-invariant if and only if

(U KUS™ = (U,

)P KU = K,

which is equivalent to KUZ™ = (Ug)®'K.
Proof. For any ¢, n € E, by the kernel theorem, we have
<(U;)®(l+m)/€, 77®l ® £8™) = <(U;)®lKU§§mf®m, 77®l>’
from which the proof of the assertion is straightforward. m

By modifying the proof of [29, Theorem 5.5.2] and applying Lemma we
can prove the following theorem.
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THEOREM 6.1. Let = € L((E), (E)*) with Fock expansion

(B
o0
= > Eim(Bim)-

m:

[I]

Then = is G-covariant if and only if = ,,, (K ) is G-covariant for all [, m > 0 if
and only if k|, is G-rotation-invariant for all [, m > 0 if and only if

(U Ky U™ = (Uyt

) K US™ = Ky, 1m >0,

where K, € L(E®™, E®V) gy corresponds to iy m € (E®(l+m))sym(l m):
Every white noise operator = € L((E), (E)) admits the Fock expansion given
as in (6.1) with the family {r,,}?° _, of kernel distributions x;,, € (E®') ®
(E®m)x  (see [29, Theorem 4.5.1]). In this case, the series in (6.1) converges
in (E).
COROLLARY 6.1. LetZ € L((E

sym
), (E)) with Fock expansion
o0
== Z El,m("ﬁl,m)

Then E is G-covariant if and only if = (ki m) is G-covariant for all I, m > 0 if
and only if Ky, is G-rotation-invariant for all I, m > 0 if and only if

K U™ = U Ky, 1,m >0,

where K|, € L(E®™, E®')ym corresponds to iy, € (E@)l) @ (E®™) i m-

Proof. This is immediate from Theorem[6.1] =

A one-parameter semigroup {R:}:>0 C L((E), (E)) is said to be covariant
under the action U of G, or simply G-covariant, it R{d; = UyR; for any t > 0
and g € G (see [1]]), which is equivalent to Z{;Rj = R;‘Z//{; for any ¢ > 0 and
g € G. If { Rt }4+>0 is G-covariant for the orthogonal group G = O(ER; Hg), then
{R¢}+>0 is said to be rotation-invariant (see [29]).

THEOREM 6.2. Let {P,;}>0 be a shifted generalized Mehler semigroup as in
Theorem[4.3\whose infinitesimal generator is given by L := A(S)+Aq(T)+a(n).
Then the following assertions are equivalent:

(i) the shifted generalized Mehler semigroup { P, }+>¢ is G-covariant,
(ii) the infinitesimal generator L = A(S) + Aq(T') + a(n) is G-covariant,

(iii) S commutes with Uy for all g € G, and the operator T' € L(E, E*) and the
vector n € E* satisfy TUy = UgT and Ugn = 1.
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Proof. (1)=-(ii) The proof is straightforward.

(i)« (iii) By applying Corollary[6.1] we see that £ = A(S) + Ag(T) + a(n)
is G-covariant if and only if SU, = U,S, 71 o U;m = 77 and n o Uy, = 7. Then
for any &, € F, we have

(mr 0 U;?Q)(C ® &) = (1, (UgQ) ® (Uy€)) = (UgTU,E, (),

which implies that the equality 7o U, g®2 = 7 is equivalent to U;TU, = T, which
is equivalent to TU, = f]ng. Also, for any £ € E, we have

(noUg)(§) = n(Ug€) = (n, Ug€) = ({Ugn, &),

from which we see that the equality 1 o U, = 7 is equivalent to Uyn = 1.

(iii)=(1) For eacht > 0, P, is given as in in which by Theorem [4.2] T}
and 7, are as in (4.3). On the other hand, for 7} and 7, given in (#.3)), by applying
(iii), for any ¢t > 0 and g € G, we can easily see that

U;ﬂUg = ﬂv U;nt =, StUg = UgSt~

Therefore, for any £, ( € E, we obtain

Py (&, C) = exp{(TyU4E, Uy&) + (mt, Ug) + (StUgE, C)} = Uy Pi(€,Q),
which implies that P, = U, P;, and hence { P, };>0 is G-covariant. =

COROLLARY 6.2. Let { P;}+>0 be a shifted generalized Mehler semigroup as in
Theorem[4.3|whose infinitesimal generator is given by L := A(S)+Aq(T)+a(n).
Then the shifted generalized Mehler semigroup { P, }>o is rotation-invariant, i.e.
{P,}+>0 is G-covariant with G = O(Eg; HR) if and only if L := bN + alA¢ for
some complex numbers a and b.

Proof. By Theorem { P, }+>0 is rotation-invariant if and only if (iii) in The-
orem [6.2] holds for G = O(Eg; Hg) if and only if T' = al and S = bI for some
constants a,b € C and n = 0 (see [27, Theorem 4.2] and [29, Theorem 5.5.4], and
also [18, Theorems 5.1 and 5.2]). =

7. LIOUVILLE TYPE PROPERTY FOR INFINITE-DIMENSIONAL LAPLACIAN

Let { P; }+>0 be a differentiable one-parameter semigroup of continuous linear op-
erators in L((E), (E)) with infinitesimal generator L. A white noise functional
¢ € (F) is said to be harmonic for {P,};>o if ¢ is invariant for {P;}:>0, i.e.,
P,¢p = ¢ fort > 0. We note that ¢ € (E) is harmonic for { P; };>¢ if and only if
L¢ = 0. Then we say that the operator (infinitesimal generator) L (or the differen-
tiable one-parameter semigroup { P; };>0) has the Liouville type property if every
harmonic white noise functional ¢ € (E) for L (or { P, };>0) is constant.
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THEOREM 7.1. Let S € L(E, E) be an equicontinuous generator of {e**};>o.
Suppose that

(L) limy_.o0 ¢ = 0 forany € € E.
Then the Ornstein-Uhlenbeck semigroup {T'(e")}=0 C L((E),(E)) has the
Liouville type property.

Proof. Let = (f,) € (FE) be a harmonic functional for {I'(e*¥)};>o. For
each k € N, put ¢, = (gn)22, € (E) with g, = 0 forall n € N with n # k
and g = fi. Then for all £ € N, ¢, is harmonic for {I‘(ets)}t>o, and so for any
p,t > 0, we obtain

(7.1) okl = IT(e™)orlls = k(™) fil;.

On the other hand, from condition (L), by applying the uniform boundedness prin-
ciple, we see that {e"®};>¢ is equicontinuous in £(F, E) and so for any k € N,
{(e!®)®F1,5¢ is equicontinuous in £(E®* E®*). From (7.1)), by letting ¢t — oo
and using (L) we see that

6k ]l5 = K! Jim. |(e"%)** fil} = 0,

i.e., o = 0 for all k& € N. Therefore, ¢ = (fo,0,0,...),ie. f, =0foralln € N
and hence ¢ is constant. =

REMARK 7.1. Condition (L) in Theorem|[7.1]is somewhat comparable with the
condition, given in terms of spectrums of the generator, in [35, Theorem 4.1].

PROPOSITION 7.1. Let L, M € L((E), (FE)) be given operators. Suppose that
there exists an invertible operator G € L((E), (E)) which preserves the constant
functions and satisfies M = G~'LG. Then L has the Liouville type property if and
only if M has the Liouville type property.

Proof. By assumption, we have LG = GM ¢. Therefore, LGp =0 for ¢ € (E)
if and only if M ¢ = 0, and hence L¢ = 0 implies that ¢ is constant if and only if
M = 0 implies that ¢ is constant. m

PROPOSITION 7.2. Let V.S € L(E,E), K € L(E,E*) and € E*. Then
(D) e”OA(S) = (A(S) + a(57¢))e ),
(i) eAeFIN(S) = (A(S) + Ag(S*K + KS))ePaK),
Moreover, if we assume that V is invertible, then
(i) T(V)A(S) = A(VSV-HT(V),
(iv) T(V)Aq(K) = Ag((V)LKVHIT(V).
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Proof. (i) Note that 6@*(C)¢£ = ¢¢4¢ forall § € Eand so forany §,n € E,

(e N(S) e, b)) = (A(S)de, dein) = (SE, ¢+ n) (™ De, dn)),

which implies (i).
(ii) We consider only the case of an equicontinuous generator S in L(E, E') of
a (semi)group {e**};>0 C L(E, F). Then by (3.1)), we obtain

(A6 (g) = dieAdK)r(eﬁS) _ di
€ -0 €

= (A(S) + Ag(S* K + K8))etc),

F(eGS)eAg(ees* KeS)
e=0

(iii) For £, € E, we obtain
(T(VIA(S)de, dn)) = (A(S)de, dvp)) = (SE, Vin)el& V™™
= (VSE n)(T(V)oe, ¢n)) = (A(V SV HT(V) e, 1),

which proves (iii).
(iv) For any ¢ € E, we obtain

P(V)AG(K)pe = (K€, E)dve = Aa((VF) KV THI(V)de,
which implies (iv). =
For any given V € L(E,E), K € L(E,E*) and ( € E*, put
Grve = F(V)eAG(K)ea(O,

which is called the shifted generalized Fourier—Gauss transform (see [8,[11]]). Then
it is obvious that Gy 1o is the identity operator. For K, K’ € L(E,E*), V,V' €
L(E,E)and (,(’ € E, using the properties in Proposition[4.1] we obtain

Ok v GK Ve = ORIV KV VIV,CHVHCr
from which we see that if V' is invertible, then Gx v/ is invertible with inverse
gl_(,l\/,{ = g—(v*)_lKV_l,V_l7—(V*)_1<'

PROPOSITION 7.3. Let S € L(E,E), T € L(E,E*) andn € E* be given.
Suppose that there exist an invertible operator V- € L(E,E), K € L(E, E*) and
¢ € E* such that

(72) VATV = (VTISV) K + KV7ISV,  n=85%(V*)"'¢.
Then

(7.3) Gr v AVTISV)Gi o = A(S) + Aa(T) + a(n).



Shifted generalized Mehler semigroups on white noise functionals 19

Proof. Forany S’ € L(E, E), by applying Proposition[7.2} we obtain
GrcveA(S') = T(V)eteWIA(S') + a(S"())e

(
L(V)IA(S') + Aa(S"K + K8) + a(8"()Jete el
— [A(VSV )+ Ac(V) + a(VH) LSOk ve,

where V = (V*)71(S”" K + KS')V~1, from which by taking S’ = V~1SV and
using the conditions in (7.2)), we have

Gr,vc AV TISV) = [A(S) + Ag(T) + a(n)]Gk vic-

Since V' is invertible and so G y,¢ is invertible, (7.3) holds. m

REMARK 7.2. The operator equation in is a Sylvester—-Rosenblum type
equation (see [2]] and references cited therein). If .S is an equicontinuous generator
of {€"“};>0 such that lim;_., €"® = 0 and the integral f OOO Vet TetSV dt exists
as an element of L(E, E*), then a solution of the operator equation in can be
constructed by

o0
K =— [V*eS T Vt.
0

THEOREM 7.2. Let S € L(E,E), T € L(E,E*) and n € E*. Suppose that
there exist an invertible operator V. € L(E,E), K € L(E,E*) and ( € E*
such that (T.2) holds. If S € L(E, E) is an equicontinuous generator of {€"*};>0
satisfying condition (L) in Theorem then the infinitesimal generator A(S) +
Aq(T) + a(n) of the shifted generalized Mehler semigroup {P,;}1>¢ defined in
Definition[A.1| has the Liouville type property.

Proof. By Theorem A(S) has the Liouville type property and then by ap-
plying Theorem|[7.1|again, we see that A(V~1SV') has the Liouville type property
(see also Proposition[7.1)). Therefore, by applying Propositions[7.3]and[7.1] we see
that A(S) + Ag(T) + a(n) has the Liouville type property. =
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