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THE SKOROKHOD PROBLEM WITH TWO NONLINEAR CONSTRAINTS

BY
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Abstract. In this paper, we study the Skorokhod problem with two con-
straints, where both constraints are nonlinear. We prove the existence and
uniqueness of a solution and also provide an explicit construction for the
solution. In addition, a number of properties of the solution are investi-
gated, including continuity under uniform and J; metrics and a comparison
principle.
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1. INTRODUCTION

The Skorokhod problem is a convenient tool to study equations with reflecting
boundary conditions. In 1961, Skorokhod [[11] originally constructed the solution
of a stochastic differential equation (SDE for short) on the half-line [0, c0). A non-
decreasing function is added in this equation to push the solution upward in a
minimal way so that it satisfies the so-called Skorokhod condition. In [3] 4], the
authors considered a deterministic version of the Skorokhod problem for continu-
ous functions and for cadlag functions, respectively. A multidimensional extension
of the Skorokhod problem was considered by Tanaka [[17]].

Due to the wide applications of reflecting Brownian motions including statisti-
cal physics [2, 16], queueing theory [10], control theory [3]], the Skorokhod prob-
lem with two reflecting boundaries, also called the two-sided Skorokhod problem,
has attracted a great deal of attention of many researchers. Roughly speaking, the
Skorokhod problem with two reflecting boundaries «, /3 is to find a pair (X, K) of
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functions such that X; = S; + K; € [ay, 5] for any ¢ > 0 and K satisfies some
necessary conditions, where S, o, 8 (o < ) are some given right-continuous func-
tions with left limits. For simplicity, (X, K) is called the solution to the Skorokhod
problem on [« 5] for S. Kruk et al. [9] presented an explicit formula to make a de-
terministic function stay in the interval [0, a] (i.e., o, 3 are two constants) and stud-
ied the properties of the solutions. Then Burdzy et al. [[1] considered the Skorokhod
problem in a time-dependent interval. They obtained the existence and uniqueness
of a solution to the so-called extended Skorokhod problem, which is a slight gener-
alization of the Skorokhod problem. Under the assumption that inf (5, — a;) > 0,
the solution to the extended Skorokhod problem coincides with the one to the Sko-
rokhod problem. We refer the interested reader to [8}, (12} (13} 14, [15] and the refer-
ences therein for related work in this field.

It is worth pointing out that in the existing literature, the solution of a Sko-
rokhod problem with two reflecting boundaries is required to remain in a (time-
dependent) interval. The objective of this paper is to study the Skorokhod problem
with two reflecting boundaries behaving in a nonlinear way, that is, we need to
make sure that two functions of the solution stay positive and negative, respectively.
More precisely, let S be a right-continuous function with left limits on [0, co) tak-
ing values in R. Given two functions L, R : [0,00) x R — R with L < R, we need
to find a pair (X, K) of functions such that

(i) Xy =5+ Ky
(i) L(t, X;) <0< R(t, Xy);

(iii) Ko— = 0 and K has the decomposition K = K" — K!, where K", K! are
nondecreasing functions satisfying

[ Lines,x0)<01 dK! =0, [ Lir(s, x>0y dKL = 0.
0 0

By choosing L, R appropriately, the Skorokhod problem with two nonlinear re-
flecting boundaries may degenerate into the classical Skorokhod problem (see
[11]), the Skorokhod problem on [0, a] (see [9]) and the Skorokhod problem in
a time-dependent interval (see [[1, 12} [13]). Recalling the results in [[1], the second
component of the solution to the Skorokhod problem on [, (] for S is given by

= —max([(S0) 1 inf Su], sup [8.0 ik, 6]

where S = S —a and S = S — 3. Motivated by this construction, for the nonlinear
case, we first find functions ®°, U° satisfying the following nonlinear reflecting
constraints:

L(t,S; +®Y) =0, R(t,S;+¥%)=0, t>0.
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We show that & and ¥ will take over the roles of 5 — S and a — S, respectively
and the induced K is the second component of the solution to the Skorokhod prob-
lem with two nonlinear reflecting boundaries. The explicit characterization for K
allows us to obtain the continuity of the solution with respect to the input function
S and the nonlinear functions L, R. We also present some comparison theorems.
Roughly speaking, the nondecreasing function K" aims to push the solution up-
ward so that R(¢, X;) > 0, while the nondecreasing function K ! tries to pull the
solution downward to make sure that L(¢, X;) < 0. It is natural to conjecture that
the forces K" and K will increase if R becomes smaller or L becomes larger. The
Skorokhod problem with two nonlinear reflecting boundaries is a building block
for studying doubly mean reflected (backward) SDEs (see [6 [7]]).

The paper is organized as follows. We first formulate the Skorokhod problem
with two nonlinear reflecting boundaries in detail and provide the existence and
uniqueness result in Section 2. Then, in Section 3, we investigate the properties of
solutions to Skorokhod problems, such as the comparison property and the conti-
nuity property.

2. SKOROKHOD PROBLEM WITH TWO NONLINEAR REFLECTING BOUNDARIES

2.1. Basic notations and problem formulation. Let D[0, c0) be the set of real-
valued right-continuous functions having left limits (usually called cadlag func-
tions); 1[0, 00), C[0,00), BV[0,00) and AC|0, 00) are the subsets of D|0, c0)
consisting of the nondecreasing functions, continuous functions, functions of
bounded variation and absolutely continuous functions, respectively. For any K €
BV[0,00) and t > 0, | K|, is the total variation of K on [0, t].

DEFINITION 2.1. Let S € D[0,00) and let L, R : [0,00) x R — R with L <
R. A pair (X, K) € D|[0,00) x BV[0,00) is called a solution of the Skorokhod
problem for S with nonlinear constraints L, R (briefly, (X, K) solves SPF(S)) if

(i) Xi =S+ Ky

(i) L(t,X;) <0< R(t, Xy);

(iii) Ko— = 0 and K has a decomposition K = K" — K' where K", K! are
nondecreasing functions satisfying

[ Lines,x.) <01 dK!=0, [ 1{Rr(s,x,)>0y dKg = 0.
0 0

REMARK 2.1. (i) The integration in (iii) of Definition [2.1| is carried out in-
cluding the initial time 0. That is, if Ky > 0, we must have R(0, Xo)Ky = 0; if
Ky < 0, we must have L(0, X¢)Ky = 0.

(ii) If L = —oo and R(t, z) = =, then the Skorokhod problem associated with
S, L, R turns into the classical Skorokhod problem as in [[L1]].
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(iii) If L(t,x) = v —a and R(t,x) = x, where a is a positive constant, then the
Skorokhod problem associated with S, L, R coincides with the Skorokhod problem
on [0, a] studied in [9].

(V) If L(t,z) = © — ry and R(t,x) = x — l;, where r,l € D[0, 00) with I < 7,
then the Skorokhod problem associated with S, L, R corresponds to the Skorokhod
problem on [I, 7] for S as in [1}, 12, [13].

(v) If L = —oo (resp. R = 00), Definition [2.1]is a special case of Definition
2.8 (resp. Definition 2.10) in [6] with [ = O (resp. u = 0).

REMARK 2.2. It is worth pointing out that the Skorokhod problem on [/, 7]
for S as in Remark[2.1](iv) is a building block for the Skorokhod problem with mean
minimality condition studied in [6]. More explicitly, consider a filtered probability
space (2, F,{Fi}t>0,P). Let h : [0,00) x R — R be a measurable function
satisfying the linear growth condition in its second argument. Given an adapted
process Y with cadlag trajectories and [, € D[0, 00) with ! < rand E[R(0,Y))] €
[lo, 0], a pair (X, K) is a solution of the Skorokhod problem with mean minimality
condition and two constraints associated with A, Y, [, r if

i) Xe =Y+ Ky, t >0
(11) E[h(t¢Xt)] € [lta rt]’ t>0;
(iii) forevery 0 <t < g,

K,— K,
K,— K,

>0 ifEh(s, X)] <7 forall s € (t,q],

<0 ifE[h(s,Xs)] > s forall s € (t,q],

and for every t > 0, AK; > 0 if E[h(t, X;)] < r and AK; < 0 if
E[h(t,Xt)] > Iy

For any ¢t > 0 and z € R, we define a new map H (¢,-,Y;) : R — R by
H(t,z,Y:) = E[h(t,Y: — E[Y{] + 2)].

Under appropriate assumptions on h, there exists a strictly increasing and contin-
uous inverse map H 1(¢,-,Y;) : R — R. Then the second component K of the
solution to the Skorokhod problem associated with h, Y, [, r coincides with the one
to the Skorokhod problem on [I, 7] for ¢, where y; = E[Y;], l; = H~(t,1;,Y;) and
7= H Y (t,r,Yy),t > 0.

However, if we propose the following constraints for the resulting process X :

(i") E[L(t,X:)] <0 < E[R(t, Xy)], t >0,

then the construction of the solution to the above Skorokhod problem with two
nonlinear constraints needs our Skorokhod problem introduced in Definition [2.1}
which is the motivation to study this problem.
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In order to solve the Skorokhod problem with two nonlinear reflecting bound-
aries, we propose the following assumption on the functions L, R.

ASSUMPTION 2.1. The functions L, R : [0,00) x R — R satisfy the following
conditions:

(i) Foreach fixed x € R, L(-,z), R(-,z) € D|0, c0),
(ii) Forany fixedt > 0, L(t,-), R(t,-) are strictly increasing,
(iii) There exist constants 0 < ¢ < C' < oo such that for any t > 0 and x,y € R,

clz —y| < |L(t,x)
| < x

C|$ -y R(t7 )

(iv) inf(t o)efo,00)xr (B(E, 2) — L(t, x)) > 0.

REMARK 2.3. Actually, all the results in this paper, including the existence and
uniqueness result (Theorem [2.1)) and the properties of solutions to the Skorokhod

problems (Theorems 3.2] Propositions 3.5)), still hold if (iv) in Assumption
2.1|is replaced by the weaker condition

inf (R(¢t,z) — L(t,z)) >0, ¢=>0.

t<q, z€R
Conditions (ii) and (iii) in Assumption [2.1{imply that for any ¢ > 0,

lim L(t,z) = —o0, lim L(t,z) = 400,

T——00 T——+400
lim R(t,z) = —o0, lim R(t,z) = +oo.
T——00 r—-+00

Now, given S € D|0, o), for any ¢ > 0, the above equation and condition (iii)
in Assumption [2.1]imply that the mappings z — L(t, S; + z), z — R(t,S; + z)
R — R are one-to-one. Let <I>;,’9 , \I'f be the unique solutions to the following equa-
tions, respectively:

2.1) L(t,S;+x)=0, R(t,S +z)=0.

In the following, for simplicity, we always omit the superscript .S. We first investi-
gate the properties of ¢ and W.

LEMMA 2.1. Under Assumption for any given S € D|0,0), we have
¢, U e D[0,00) and

inf(®; — ¥ .
(=W =0
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Proof. By a similar analysis to the proof of [6, Lemma 2.2], we have ®, ¥ ¢
DI0, c0). It remains to prove that inf;>o(®; — ¥;) > 0. First, it is easy to check
that &, > W, for any ¢ > 0. Indeed, suppose that there exists some ¢ > 0 such that
¢, < V. By Assumption [2.1[ii, iv) and the definition of ®, ¥, we have

0= L(t, St + q)t) < R(t, St + ‘I)t) < R(t, St + \I’t) =0,
which is a contradiction. Set

N ot R(t,z) — L(t,x)) > 0.
“ (t,x)el[g,oo)x]R( ( l’) ( IL‘))

It follows that
—L(t, Sy + \I/t) = R(t, S + \I/t) — L(t, S + \I/t) > o

Then
a < L(t, St + (I)t) — L(t, St + \I/t) < C(q)t — \I/t),

which implies that inf;>o(®; — ¥¢) > «/C. The proof is complete. m

REMARK 2.4. Assume that for any = € R, we have L(-, z), R(-, z) € C[0, 00)
and L, R satisfy Assumption ii)—(iv). Given S € C0,00), we can show that
o, U e C[0,00).

2.2. Existence and uniqueness result. In this subsection, we first establish unique-
ness of solutions to the Skorokhod problem with two nonlinear reflecting bound-
aries. The proof is a relatively straightforward modification of the proof for the ex-
tended Skorokhod problem in a time-dependent interval (see [1, Proposition 2.8]).

PROPOSITION 2.1. Suppose that L, R satisfy Assumption For any given
S € D|0, 00), there exists at most one solution to the Skorokhod problem SPE(S).

Proof. Let (X, K) and (X', K') solve SP¥(S). At time 0, we have the follow-
ing three cases.

Case I: L(0,5p) < 0 < R(0,Sp). In this case, ¥g < 0 < $( and Ky =
K| =0.

CASE II: L(0, Sp) < 0. In this case, ¥y > 0 and Ky = K|, = ¥,.

CASE III: R(0,.Sp) > 0. In this case, 9 < 0 and Ky = K|, = Po.

Therefore, we may conclude that Ko = K|, = [—(®g)~| V ¥(. Consequently,
Xo = X},

Suppose that there exists some 7' > 0 such that X7 > X/.. Let

r=sup{t€[0,7]: X; < X{}.

Since Xy = X)), 7 is well-defined. We have the following two cases.
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CASE 1: X, < X.. In this case, for any ¢ € (7,7], we have X; > X/. It
follows that for any ¢ € (7,77,

(2.2) R(t, X;) > R(t,X]) > 0 > L(t, Xz) > L(t, X]).
Using condition (iii) in Definition 2.1, we have
Ky — K, =—(Kh — Ky <0< Ki' — K" = K — KL
Therefore,
0<Xr—Xp,=Kr—Kp,<K,—-K.=X,-X,,

which contradicts the case assumption.
CASE 2: X, > X.. Recalling that Xo = X/,, we have 7 > 0. Moreover, the

definition of 7 yields

(2.3) X, < X!

T—-

Furthermore, in this case, (2.2)) holds for ¢ = 7. Similar to the proof of Case 1, we
have

l l ,
K,—K._.=—(K,—-K, _)<0< KQT — K;,” = K; — K;,.
It follows that

0<X,—X' =K, -K' <K, —K' =X, —X

T—)

which contradicts (2.3)).

All the above analysis indicates that X7 < X7. for any 7' > 0. A similar argu-
ment implies that X7 > X/, for any 7' > 0. Hence, X7 = X/, and consequently
Kr =K} foranyT > 0. m

REMARK 2.5. The proof of Proposition [2.1]is valid if L, R satisfy (i) and (ii)
in Assumption2.1]and R(t,z) > L(t,z) for any (¢,z) € [0, 00) x R.

Now, we state the main result of this section.

THEOREM 2.1. Suppose that Assumption 2.1 holds. Given S € D|0, ), set

24) K;=— —®g)T A inf (—V,), —®) A inf (=7,)|),
24) K maX(( o) A Inf )si?o%[( JA Inf )D

and X = S + K. Then (X, K) is the unique solution to the Skorokhod problem
SPE(S9).
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REMARK 2.6. (i) For the case of Remark iv), ie, L(t,x) = x — ry,
R(t, l’) =z — l;, we have ®; = r; — S, ¥, = [; — S}, and thus

K, =— max((So —7r0)t A inf (S, —1,), sup [(Ss —1rs) A inf (S, — lT)D,
r€(0,t] s€[0,1] re(s,t]

which coincides with the results in [1} [12]]. In particular, let r; = eq, I; = e*p,
Sy = (o + B) — Beat witha, 8> 0, p < 29 < ¢ and p > —f3/a. Then we may

a a

calculate that the second component K of the solution to SP¥(S) is given by

K = {(p + §>6at — <IE0 + 5) }1{t>to},

where ty = %(ln(:co + %) — ln(p + g))

(ii) Let L(t,z) = z + asin(z) — ¢, R(t,x) = x + asin(z) — p with p < ¢,
|| < 1. Then L, R satisfy Assumption[2.1} Given S € D|[0, 00), for any ¢ > 0, let
d;, U; be the solutions to

L(t, St + (bt) == 0, R(t, St + ‘Ift) =0.
We define

Ki = —max([(—P), ] A inf (—=V,), sup |(—Ps) A sup (—V,)] ).
t (=231 A int (<), sup |(—:) A sup (=) )

Then K is the second component of the solution to SPZ(S).

The proof of Theorem will be divided into several lemmas. We first show
that the function K defined by (2.4) is right-continuous with left limits. The proof
needs the following observation used in [1, [12]]: ¢ € D|0, c0) if and only if the
following two conditions hold for any € > 0:

(i) for each 67 > 0, there exists some 05 > 67 such that

sup oy, — o] < &
t1,t2€[01,02)

(ii) for each 65 > 0, there exists some 0 < 07 < 65 such that

sup ¢y, — di,| < e.
t1,t2€[01,02)

LEMMA 2.2. If ®,¥ € DI[0, ), then K defined by [2.4)) belongs to D|0, o).
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Proof. For any 0 < s <, set
H®Y(t) = (=®¢)T A inf (—U,),
rel0,t]
RYY(s) = (—®,) A inf (—T,),

rE[s,t]
C®Y(t) = sup R?’\p(s).
s€[0,¢]
For simplicity, we always omit the superscript ®, U. It is easy to check that
(2.5 (—P) AN (—Ty) < CO(t) < =V
For any 0 < 01 < 09, let t1,t2 be in [0, 62) with ¢ < t2, and

a:= sup |Ps—Pyl+ sup |¥s— T,
S,u€[91,92) S,u€[01,92)

Then, for any s € [0, ¢1], we have Ry, (s) < Ry, (s) and

sup Ry, (s) < sup (=) A (=¥s) < (=) A (=Ty,) +a.
SG(t1,t2] Se(tlth]

It follows that
C(t2) = 8Sup Rt2 (S) V. sup th(s)
SE[O,tl] 8€(t1,t2}

< sup Ry (5) \ [(_(I)tl) N (_\Ph) + a]
s€[0,t1]

< sup Ry (s)+a=C(t)+a.
s€[0,t1]

On the other hand, noting (2.3]), we obtain
C(tl) —a < C(tl) A (—\I/tl — a)
< sup [Rtl(s) A inf (=7,)
s€[0,t1] re(t,ta]
= Sup Rt2 (S) < sup th(s) = C(tQ)'

s€[0,t1] s€[0,t2]

All the above analysis indicates that |C(t1) — C(t2)| < a. Moreover, a simple
calculation yields

H(ty) < H(ty) = H(t)) A (=0, — a + a)
<SHM) A (=T, —a)+a
<H

(ti) AN inf (=V,)+a= H(t2) +a,
SG(tl,tQ]
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which indicates that |H (¢;) — H(t2)| < a. It is easy to check that the following
inequality holds for any z;,y; € R, i =1,2:

lz1 Vg —y1 V| < |z —x2| V |y — 42l
Then we obtain
|Ky, — K| < [H(t) — H(t2)| V[C(t) — C(t2)] < a
Since ¢1 < tg are arbitrarily chosen in [0, 62), we deduce that

sup |Ky — K| < sup  |Ps—Dyul+  sup [P — Ty
t1,t26[91,92) S,u€[91,92) 8,u6[91,92)

Consequently, K € D[0,0). =

REMARK 2.7. The proof of Lemma [2.2]also shows that on the closed interval
[01, 62], the oscillation of K can be dominated by the oscillation of ® and W:

sup  |Ky — K| < sup [Py —Dy|+  sup [Ty — T,
t1,t2€[01,02] s,u€f1,02] $,u€01,02]

Therefore, if &, U € C[0, c0), we have K € C[0, c0). Under the assumption as in
Remark 2.4] for any given S € C|0, c0), each component of the solution (X, K)
to SPE(S) is continuous.

Now, we define the following pair of times:
(2.6) o =inf{t>0:9, <0}, 7°"=inf{t>0:T, >0}

REMARK 2.8. (i) Noting that a := inf;(®; — ¥;) > 0 as shown in Lemma
three cases are possible:

2.7 either oc*=7"=o00, o" <7 or o*>r7".
If o* = 7% = 00, we have Uy < 0 < &, for any ¢ > 0. Consequently, K; = 0 and
L(t,S¢) <0 < R(t,S;) for any t. Hence, (S, 0) solves SP¥(.S). In the rest of this
section, we only consider the other two cases.

(ii) For any ¢t € [0,0" A 7*), we have ¥, < 0 < ®,. It follows that K; = 0
whent € [0,0% A T¥).

If 7™ > o*, wesetg =0,00=0% and for k > 1, we set

2.8) 7% = inf {t >opq: inf @< \Ift},
s€[oK—1,t]
(2.9) op = inf {t > 7 osup Uy > @t}.

SE[Tk,t]
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Since @, U are right-continuous, 7, o are well-defined.

If 7 < o*, we set 7p = 7* and define oy, by (2.9) for all £ > 0, and 73, by (2.8)
forall £ > 1.

It is easy to check that in both cases 7* < ¢o* and 7* > ¢, the following two
inequalities hold for k& > 1:

(2.10) inf &, >V, foranyt € [ox_1,Tk),
S$E€[ok—_1,t]
Q.11 inf @, <,

s€[ok—1,Tk]

Furthermore, the following two inequalities hold for any & > 1 if 7* > ¢*, and for
any k > 0if 7% < o™:

(2.12) &, > sup U, foranyt € |1y, 0%),
SE[TE,]

(2.13) O, < sup V.
SE[TE,0k]

Finally, if 7% > ¢*, we have ¥; < 0 for any ¢ € [0, 0] and
(2.14) d,, < 0.
If 7" < o*, we have ®; > 0 for any ¢ € [0, 9] and
(2.15) U, >0

By (2.10), it is easy to check that &5 > U, forany o1 < s <t < 7, k > 1. It
follows that

(2.16) O, > sup ¥, foranys € [op_1,Tk).
t€[s,x)

It is clear that
0<7‘0<0‘0<7‘1<01<7‘2<02<-".

We first show that 73, o tend to infinity as & — oo.

PROPOSITION 2.2. Under Assumption[2.1} we have
lim 7, = lim o = oo.
k—o00 k—oo
Proof. The proof is similar to the one of [9, Proposition 3.1]. For the readers’
convenience, we give a short argument. By Lemma a = inf;>0 (P —Uy) > 0.
Suppose that

lim 7, = lim o} = t" < co.
k—o0 k—o00
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For any k > 1, there exists py, € [0%—_1, 7] such that

inf &>, —a/2.

t€lok—1,7k]
Recalling (2.T1) and the definition of a, we have
V., >V, +a/2

Letting k& — oo, it follows that ¥ does not have a left limit at ¢*, which is a
contradiction. Therefore,

lim 7, = lim op, = 00. =
k—o0 k—o00

By (iii) in Definition the second component of the solution to the Sko-
rokhod problem with two nonlinear reflecting boundaries is of bounded variation.
In the following two propositions, we show that K is piecewise monotone. There-
fore, K defined by is a bounded variation function.

PROPOSITION 2.3. Under Assumptionfor any k > landt € [ok_1,T),
we have
—K;= sup (—Py).
s€[ok—1,t]
Proof. The proof is similar to the one of [13, Lemma 2.7]. For the readers’
convenience, we give a short argument. For any k > 1 and ¢ € [o}_1, 7%), set

I = (=®g)" A inf (—0,),

r€(0,t]
2o g [(—CDS)A inf (—\IJT)},
s€[0,7%—1] rée[s,t]
If,k’—l — sup [(—@8)/\ inf (—\IJT)],
SE[TKk—1,0k—1) re(s,t]

V= sup [(—@) A inf (—\Ifr)].
S$E[oR—1,t] TE[Svt}

It is obvious that —K; = I} Vv If’k_l \Y% If’k_l \Y% I;L’k_l.
CASEl: k> 2if 7™ >oc*and k > 1if 7* < o*. By (2.13), it follows that
2.17) inf (=¥5) < =P4,_, < sup (—9s).

5€[Te—1,0k-1] s€[op_1,1]
Therefore,

I < inf (-¥,)<  inf (=0U,)< sup (—®,),
rel0,t] SE[TK—1,0k-1] s€lok_1,t]

]tz’kfl < sup inf (—¥,) < inf (—¥) < sup (=9y).

s€[0,7%—1] TE[Svt] SE[Tk—lﬂo-k—l] S$E[oR_1,t]
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Recalling (2.12), for any ¢ € [13_1,0%_1) we have —®; < inf,.cf;, | 4(=V,).
Then we find that for any ¢ € [o)_1, %),

Itg’k_l < sup [ inf (—U,)A inf (—\Ilr)]
SE[Tk_l,O'k_l) TE[kalrt] TE[Svt}

< inf  (=¥,)< sup (=),

TE€[Tk—1,0k—1] S$E€[oK—1,t]

where we have used (2.17) in the last inequality. It follows from (2.16)) that for any
k>1,

(2.18) M= sup (—dy).

s€[oR—1,t]

Thus, in this case, — K¢ = sup,c(o, _, 4(—Ps)-
CASE2: k= 1if 7* > ¢*. Inthis case, forany ¢t € [0, 0¢), we have ¥; < 0 <
Dy, Uy <0, @4, < 0. Therefore, it is easy to check that for any ¢ € [00,71)s
I} < (=®0)" =0, I}" = (=®) A (~T) <0,
I = sup [(—®s) A inf (—0,)]

s€[0,00) r€[s,t]
< sup [(—®s) A inf (—=¥,)] = sup (—P;) <O.
SG[0,0’Q) TG[S,O’Q] SG[O,CT())

Recalling (Z.I8), we have ;" = SUPsefog, ] (—Ps) = —Po, > 0. Therefore, in
this case, —K; = SuP¢(y, 4 (—Ps)- The proof is complete. m

PROPOSITION 2.4. Suppose Assumption 21 holds. If k > 1 or 7" < o™ and
k =0, then for any t € |1y, o)), we have
—Kt = inf (—\I/S).
SE[TE,]

Proof. The proof is similar to the one of [[13, Lemma 2.8]. For the readers’
convenience, we give a short argument. Let ¢ € [13, o). Set

% = sup [(—®,) A int (qur)].
SE[T,t] T€[s 1]

Then —K; = I} VIt2 ky If’ 'k where I', I%* are defined in the proof of Proposition
[2.3] It is easy to check that
I} < inf (=W¥,) < inf (=0y),
¢S LT S

I < sup inf (—=V,) < inf (—U,).
s€[0,75,] TE[s:1] sE[Th 1]
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By (2.12)), we have

vakg sup inf (—¥,)A inf (—\I/T)} < inf (=,).
$E€[T,t] LTET 5] r€ls,t] SE[Th ]

The above analysis indicates that — K¢ < inf ¢, (=Ws).
Now, we are in a position to prove the reverse inequality. It is sufficient to prove
that for k > 1,

(2.19) I > ifaf }(—1115) for t € [1y, o%)
EIS Tk,t

and for 7* < ¢* and k = 0,

(2.20) Il = inf (=®,) fortc [r,00).
r€(T0,t]

We first prove (2.19). For any fixed ¢ > 0 and k£ > 1, there exists some p €

[0k—1, Tk] such that

inf &,>®,—¢.
SE[oK—1,Tk]

Together with (2.11)), we have
—®,> -V, —e.
Recalling (2.16), we obtain

P> (=) A inf (—0,)

T€[p;t]
> (—-®,)A inf (—=¥,)A inf (—V,
(=®p) Tewk)( ) remt]( )
(=) Temﬂ( )
> (=, —e)A inf (—=¥,)> inf (—¥,)—c.
rE[T,t] rE([T,t]

Since e can be arbitrarily small, (2.19) holds true for any & > 1.

It remains to prove that holds when 7% < ¢* and k£ = 0. Indeed, since
o* > 0, we have &g > 0. Moreover, as 7o = 7, we have SUP,¢[0,7) P, < 0 and
SUP,¢ry, ] Yr = ¥z, > 0. Then, we may check that

I' =0A inf (=¥,)A inf (=0,)= inf (-V,).

r€[0,70) T€[T0,t] T€[T0,t]
The proof is complete. =

Combining Remark [2.8] and Propositions [2.3] and [2.4] we have the following
representation for /', which is a generalization of [[12| Theorem 2.2] and [[13} The-
orem 2.6].
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THEOREM 2.2. Under Assumption let K be defined by @.4). If T* > o*,
then

0, t e [0, Uo),
(2.21) —Ki = SUWDclo, 14 (—Ps),  t € [ok—1,7k), k> 1,
infse[rk,t](_q/s)a te [Tkyak)a k> 1.
If 7" < 0¥, then
0, t e [0, 7'0),
(222) _Kt = infSE[Tk,t}(_\IIS)ﬂ te [Tk-,O'k>, k 2 )
Supse[ak_l,t}(_q)8)7 te [O’kfl,Tk), k>1.

REMARK 2.9. Itis easy to check that, for any k£ > 0, K,;, = ®,, andifk > 1
ort* <o*and k=0, then K, =V, .

Now, we show that K can be represented as the difference of two nondecreasing
functions which only increase when R(-, X.), L(+, X.) hit 0.

THEOREM 2.3. Suppose that Assumption[2.1|holds. Let X = S + K. Then the
following hold:

(1) K € BVI[0,0);

(2) L(t, X)) <0< R(t,Xy) forany t > 0;

3) |K|s = f(f 1415, X.)=0 or R(s,Xs)=0} A K

S;

@) Ki = [ Liresx—op dIK]s = [ Lingsx.)—op dIK]s.

Proof. (1) 1is a direct consequence of Theorem[2.2] Formula (2.4) can be written
as

K; =min(|[—(P9)" ]V sup ¥,, inf |®sV sup ¥, ).
! ([ (%0)”] r€[0,t] se[O,t][ r€(s,1] }>

Recalling that & > U, it follows that

M[QVSmw4<@v%:¢u
s€[0,t] rE(s,t]

which implies K; < ®;. On the other hand, it is easy to check that

[=(®0)"]V sup U, > Ty,
re(0,t]

O,V sup ¥, > ¥, forany s € [0,t].
rE[s,t]
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Consequently, K; > ;. Therefore, by the definition for ®, W, we have

L(t,X:) = L(t,S¢ + K¢) < L(t, St + @) = 0,
R(t, Xt) = R(t, S + Kt) > R(t, Sy + \I/t) =0.

Motivated by the proof of [9, Theorem 3.4], we only prove (3), (4) for the case
7" > o* since the case 7° < ¢* can be proved similarly. Since K; = 0 when
t € [0,00), we focus on ¢t > o¢. We claim that for ¢t > oy,

(2.23) R(t, X;) = 0 implies that t € |7y, o) for some k > 1,
(2.24) L(t, X;) = 0 implies that t € [o}_1, 7)) for some k > 1.

We first prove (2.23)). Suppose that ¢t € [oy,_1, 7 ) for some k > 1. Recalling (2.10)

and (2.21), we have
-0y > sup (—P;)=—K;.
Se[akflzt]

It follows that
R(t, Xt) > R(t, S + \I/t) =0,

which implies that (2.23) holds.
Now, suppose that t € |7y, 0, ) for some k& > 1. By (2.12) and (2.21)), we obtain

“®, < inf (—U,) =K,
SE[Tk,t]

Consequently,
L(t, Xt) < L(t, Sy + (I)t) =0.

Therefore, (2.24) holds. Thus, if assertion (3) is true, by (2.21)), (2.23) and (2.24),

we deduce that (4) is true.
Now, it remains to prove (3). Set

A:={t>o00:L(t,X;) <0< R(t, Xy)}.
It suffices to prove that [ 1 d|K|t =0.Fort € A, we define
lt = L(t,Xt), re = R(t,Xt),

ar = 1inf {s € [0g,t] : (s,t] C A},
By =sup{s € [t,00) : [t,s) C A}.
By the right-continuity of [ and r, we have /3; ¢ A, while ; may or may not belong

to A. Moreover, we have oy < t < [3;, which implies that (o, 5¢) is nonempty.
The above analysis implies that A has the representation

A= (UlanB) Ular:t e ),

tel
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where [ is a countable subset of [0, 00) and J C I.

We first show that f(amﬁt) d|K|s = 0 for any t € I. Note that for any s €
(au, Bt), we have Iy < 0 < rg. Recalling the definition of ®, ¥ and Remark
for any k£ > 1 we have

(225 ry =R(m%, 87, +¥;,) =0, Iy , =L(0k-1,5, , +Ps_,) =0.

Therefore, there are only two possibilities: either (o, 8¢) C (7, 0%) or (o, B) C
(0k—_1,7x) for some k& > 1. We only consider the second case as the first case is
analogous. It is enough to show that K is a constant on [a, b for any [a;, b;] C
(o, Bt). Recall that when ¢ € [o)_1, 7)), we have Ky = infycj,, | g Ps. Set

p =1inf{s € [at, b:] : K5 < Kg, }.

Suppose that p < oo. The right-continuity of K yields Ky = K,, for any s €
lat, p) and either K, = ®, < K,, or K, = ®, = K,,. In either case,

lp=L(p, Xp) = L(p,Sp + @) =0,

which contradicts p € A. Hence, p = oo and K is a constant on [ay, b].

To complete the proof, it suffices to show that for any o, € A with ¢t € J,
K is continuous at a;. Recalling (2.23)), there exists some k& > 1 such that either
oy C (g, 0k) or oy C (0k—1, 7). By the definition of o, we may find a sequence
{m}52, € (0,a4) N A€ such that v, T .

We first consider the case that [, = 0 or equivalently K, = ®., for infinitely
many values of n. Applying (2.24), we have v,, € [0%—1, 7) for some k& > 1. There
exists some k* independent of n such that for n large enough, 7, € [ok*_1, Tg*)
and o € (0g+_1, T+ ). Therefore,

o, =K, = inf &,

SE[O’]C*71 7771}

Letting n — oo implies that

Dy = Ko— = inf ;.
SE[O’;C*il,Oét)
Since oy € [op+_1,7k+), we have Ko, = infyciy,. | a, Ps, Which yields
Kq, < Kq,—. Suppose that K, < K,,—, which implies K,, = ®,,. This leads
to
lOét == L(atu Xat) - L(Oét, SOtt + Qat> - 07

which contradicts a; € A. Therefore, K, = K,,—, thatis, K is continuous at ay.

For the case when [,, = 0 does not hold for infinitely many values of n,
T, = 0 must hold for infinitely many values of n. By a similar analysis, we can
also show that K is continuous at ;. The proof is complete. =
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Proof of Theorem The uniqueness of solution is a direct consequence of
Proposition[2.1] Let K be defined as in (2.4) and set X; = S; + K; and

t t
Ki = {1{R(S,XS):O} dKls, K :{I{L(S,Xs):o} d|K|s.

Clearly, K", K are nondecreasing functions. By Theorem we have L(t, X;) <
0 < R(t, Xy), K; = K] — K} for any t > 0, and

[ rsx0<0y dEL =0, [ i x>0y dKL = 0.
0 0

That is, (X, K) solves SPZ(S). u

REMARK 2.10. Let (X, K) solve SP¥(S). For any t > 0, it is easy to check
that
Kt — Kt_ = Xt — Xt_ — (St — St_).

By the proof of Theorem K", K' do not increase simultaneously. If
K;:; — Ky > 0, we have

K —Kl =K, —K,_ =X;,—X,_ —(8—-5,) and K!-K!' =o.
Similarly, if K; — K;— < 0, we have
Kl-Kl =—(Ki{—K; )=—(X;—X;_—(S;—8;)) and K —K =0.
Therefore,

K —Ki_ = (X;—X;- — (S = Si-)",
Kl - Kl = (X;— X;— — (S —S;))".

REMARK 2.11. Suppose that . = —oo. Then the Skorokhod problem with
two nonlinear reflecting boundaries turns into the Skorokhod problem with one
constraint. More precisely, given S € D|0,00), we need to find (X,K) €
DJ0,00) x I[0,00) such that

i) Xp =S5+ Ky
(i) R(t,X;) > 0;

(ili) Ko— = 0 and K is a nondecreasing function satisfying

f 1{R(57Xs)>0} sz =0.
0



Nonlinear Skorokhod problem 19

For simplicity, we then write that (X, K) solves SP?(S).
Since L = —oo, ® may be interpreted as +oco. Recalling (2.4), we have

K; = sup ¥/
s€[0,t]

In particular, if R(¢,2) = =z, the Skorokhod problem with nonlinear constraint
degenerates to the classical Skorokhod problem. In this case, we have ¥, = —S;.
Consequently, K; = sup¢[o,7]5; » Which coincides with the result in [[11].

REMARK 2.12. Suppose that (X, K) solves SP¥(S) and K admits the de-
composition K = K" — K!. Then (X, K") may be interpreted as the solution to
the Skorokhod problem with nonlinear constraint SP?(S — K'). For any t > 0, let
WY be the solution

R(t,S; — Kl + 97) = 0.

Then K| = SUPe(o 4 ()T On the other hand, (— X, K') may be regarded as the

solution to SP*(—S — K7, where L(t, z) := —L(t, —z). For any t > 0, let ®! be
the solution to

L(t,—S; — Kl + ®L) = —L(t, S; + K| — ®}) = 0.

Then K{ = sup,c(o 4(P4) "

REMARK 2.13. Itis worth pointing out that (iv) in Assumption|2.1|is necessary
for K to be of bounded variation. The readers may refer to [[12, Example 2.1] for a
counterexample.

3. PROPERTIES OF SOLUTIONS TO SKOROKHOD PROBLEMS WITH TWO
NONLINEAR REFLECTING BOUNDARIES

3.1. Nonanticipatory properties. In this subsection, suppose (X, K) is the solution
to a Skorokhod problem with two nonlinear reflecting boundaries. We investigate if
the pair of shifted functions is still the solution to some other Skorokhod problem.
For this purpose, for any fixed d > 0, we define two operators T, H; : D[0, 00) —
DI0, o) as follows:

(3.1) (Ta(¥))e = tYare — Ya,  (Ha(¥))t = Yare, t20.
Moreover, we define two functions L%, R% : [0,00) x R — R by
Lt ,x) = L(t+d,x), R t,x)=R(t+d,z).

THEOREM 3.1. Under Assumption for a given S € DI[0,00), if (X, K)
solves SPR(S), then (Hy(X), Ty(K)) solves SJP’]L%: (Tu(S) + Xq).
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Proof. Clearly, if L, R satisfy Assumption so do L%, RY. For any t > 0, it
is easy to check that

(Ha(X))¢ = Xapt = Sat + Kape = (Ta(S))e + (Ta(K))e + (S + Kq)
= (Ta(S))t + Xa + (Tu(K))t.

Moreover, we have
LUt (Ha(X))i) = L(t + d, Xi1a) <O < R(t+d, Xeya) = RU(E, (Ha(X)):)

and

‘gl{Ld(s,(Hd(X))s)<O} d(T4(K"))s = L{;l{L(s,Xs)<0} dK! =0,
{I{Rd(s,(Hd(X))s)>0} d(Ta(K"))s = {1{3(5,X3)>0} dK; = 0.

The proof is complete. =

REMARK 3.1. Theorem [3.1]is an extension of [12, Theorem 3.1] to the non-
linear reflecting case.

3.2. Comparison properties. In this subsection, we present some comparison prop-
erties of Skorokhod problems with two nonlinear reflecting boundaries. In the
proofs, the following inequalities are frequently used:

(a+b)* <aT+b5, (a—b)*>at —b*, foranya,beR.

Before investigating the comparison property for the doubly reflected problem, we
first establish the comparison property for the singly reflected case, which may be
of independent interest.

PROPOSITION 3.1. Let Assumption i)—(iii) hold for R. Given cf) € R and
St € D[0,00) fori = 1,2 with S} = S§ = 0, suppose that there exists a nonneg-
ative v € I[0,00) such that S*> < S* < S? + v. Let (X?, K') solve SPR(c}) + S%)
fori=1,2. Then

(1) K} —(§—c§)" <K<K} +vi+ (c§g— )t
Q) X - — (G —c))" <X} < XP4vi+ (cf— )T

Proof. Let ¥ be such that R(s,c) + S. + U!) = 0 fori = 1,2 and s > 0.
Recalling Remark , we have K} = SUPse(0,4] (U4)*. Noting that $? < S and

R(s,cy+ St +Wl)=0=R(s,cj+ S + T2,



Nonlinear Skorokhod problem 21

we have
(3.2) U2 >0l 4o — .
Since St < 82 + v, it follows that
R(s,c2+S24+0%) =0< R(s,3+S? +vs + Ul + cl — ).
Consequently,
(3.3) V2! 4yl -
Recalling that v € I]0, 00) is nonnegative, by (3.3 we obtain

Kf = sup (W)* < sup (W + v +¢5 —cf)*
s€[0,t] s€[0,t]

< sup (U +v+cp—c)T
s€[0,t]

< sup (UH T+ 4+ (g — )T
s€[0,t]

= Ktl + v+ (cé — c%)‘*‘.

Applying (3.2)) yields

K} = sup (¥)" < sup (V2 +cf —cp)t
s€(0,t] s€[0,¢]

< sup (U3)T 4 (c§ —ep) T = K + (5 — )™
s€[0,t]

We have obtained property (1).
Based on (1), together with the facts that K2 = X? — 0(2) — S%and ST > 52, it
is easy to check that
X'=cg+ 5"+ K' >+ S'"+ K> —v—(cg— )"
=cy—cg+S' -SSP+ X2 v —(cf—cd)T
>X2—v—(E-c)".
On the other hand, since S* < S2 + v, we obtain
X' =g +S'"+ K' <+ S' + K24 (3 — )T
=cy—cg+S' = S*+ X2+ (g —cp)"
< X?24+v4(ch—cd)T.
The proof is complete. =

Now we establish the comparison property for the double nonlinear reflected
problem.
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PROPOSITION 3.2. LetAssumptionhold. Given ¢ € Rand S* € D[0, 00)
fori =1,2with S& = Sg = 0, suppose that there exists a nonnegative v € 1[0, 00)

such that S* < S' < 8% 4 v. Let (X, K*) solve SPE(c, + S%) for i = 1,2. Then
(1) K = (= cp)™ < K¢ <K} + v+ (cg—cf)*

2) XP —v— (g — )" <X} < XP+ v+ (c¢f — )™

>

Proof. The analysis in the proof of Lemma [3.T]implies that

Uy + g — o < W< Wy + v+ ¢ — s
Pl —BA<P?2<P v+l -
By Theorem 2.1 we have

K} :min<(—(<1>6)_)\/ sup W', inf [@i\/ sup \II’TD
rel0,] s€(0,1] re[s,t]

For any 0 < s < ¢, it is easy to check that

sup U} + ¢ —c2 < sup U2 < sup (V) + v, + ¢ — cf)

r€(s,t] r€(s,t] r€(s,t]
< sup Ul 4yt —cf,
r€(s,t]

DLty —cg <P Ry + v+ — g < PL+ v+ ¢h— cp

Thus, we have

(@)
—(®F)

T (Rt — )T < —(BY) + v+ (g — )T,
> —(Rh g — )T = —(Py)” — (g —cp)”-

All the above inequalities indicate that

Kl —(cy—cf)” <K} <Kl +vi+(ch—cp)t

Consequently,

Xf—th:Sf—Stl—i-cg—cé—i-Kf—Ktl
<cg—cp+uvi+ (=) =vi+(cg—cf)”
and

X7 - X} =8-S} +c§—ch+ K} — K}

> —mtcg—ch— (g —c§)” = v~ (c§— ).

The proof is complete. =
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REMARK 3.2. Propositions [3.1] and extend [9 Lemma 4.1 and Corol-
lary 4.2] to the nonlinear reflecting case. Proposition [3.2] is also an extension of
[1, Proposition 3.4]. However, in Proposition [3.2] we do not need to assume that
S1 = S2% 4+ v, while this condition appears in [0, Corollary 4.2] and [, Propo-
sition 3.4]. Moreover, suppose (X, K*) solves the Skorokhod problem on [0, a]
for ¢ + 5%, i = 1,2, with fixed a > 0 (i.e., (X?, K?) solves SP¥(c} + S?) with
L(t,x) = x — a and R(t,x) = x). Corollary 4.2 in [9]] shows that

K} —2(c3 — )" < KP < K} 4+ 20 +2(ch — )T

Compared with this result, our estimate in Proposition [3.2is more accurate. Actu-
ally, Remark 4.3 in [9] finally provides the strengthened inequality

K} —(c§— )" <K} <K +v+(cg—cp)"
It is worth pointing out that the proof needs the nonanticipatory properties. There-
fore, our proof is simpler.

Proposition [3.2] only provides the comparison between the net constraining
terms /' and K2. A natural question is whether we could compare the individual
constraining terms. The answer is affirmative; the following theorem generalizes
[9, Theorem 1.7] and [1}, Proposition 3.5].

THEOREM 3.2. LetAssumptionhold. Given cly € Rand S' € D|0, c0) for
i = 1,2 with S} = S% = 0, suppose that there exists v € 1[0, 00) such that S* =
S? + . Let (X*, K?) solve SPE(c + S°) with decomposition K* = K" — K*!
foriv=1,2. Then

() K" — (e —eb)" < K" <Ky +u+ (e — )t
@) KP' = (=)t <K<K v+ (ch— )T
Proof. Define
a=inf{t>0: Ktl’r—i—ut—i— (cd =)t < KE’T othl’l + (-t < Ktzl}
We claim that o = oo. Then, for any ¢ > 0, we have
K" vt (ch =)t > K77 and K+ (e — )t > K

which are the second inequality in (1) and the first inequality in (2). We will argue
by way of contradiction. Suppose that ac < oco. The proof will be in two steps.

STEP 1. We claim that

(3.4) K2"
(3.5) K2
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First, by the definition of «, for any s € [0, &) we have
(3.6) KoM <K+ v+ (=)
(3.7) KPS KM 4 (-t

Noting that v, K", K1 are nondecreasing, if K", K2 are continuous at v, (3.4)

and (3.3) hold true by usmg @) and (3-7), respectlvely
Now, suppose that K2 > K . Then Koj = K> and

o
(3.8) R(a, X2) = R(a, 2 + S2 + K2 — K2') = 0.
On the other hand, since (X', K1) solves SP(c} + S'), we have

R(a, ey + S+ KL — KMy > 0.
Combining the above inequality and (3.8) implies that

— 2+ 8 -2 ¢ K2 - KM KL

(3.9) K*>" < ¢
<cg—E+va+ K KV 4+ KL

where we have used the facts that ngl = Kii, S = 82 + v and that K is
nondecreasing. Letting s | « in (3.7) yields

K2 KM < (2 —c)).

a— e
Plugging this inequality into (3.9), we obtain
K3" <eg—cg+vat(cg—cp)’ + Ky'
=KM 4+ vy 4 (cd— )T,

which is indeed (34). The proof of (3.3) under the assumption that K2 > K> is
similar and therefore omitted.

STEP 2. By the definition of « and recalling (3:4) and (3.3), there exists a
sequence {sy }nen converging to 0 decreasingly such that for any n € N, one of
the following two cases holds:

(3.10) K2, > Kol + Vars, + (ch — @)™,
or
(3.11) K2, > Koty + (g —ch)™

We claim that in fact neither (3.10) nor (3.11)) can hold.
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Suppose that (3.10) holds. Letting n — oo, the right-continuity of K", K"
and v implies that
Ko" > K" +va+ (g — )™
The above inequality together with (3.4) yields
(3.12) K2 = KV 4+ v+ (¢ — )T

We first claim that R(a, X!) = R(a, X2) = 0. In fact, since K" + v is non-
decreasing, it follows from (3.10) and (3:12) that K, iis > K2 for any n € N.
Since s,, | 0, we have R(«, X2) = 0. Applying (3.3) and (3:12),, it is easy to check
that

0< R(a, X1) = R(a, ¢y + S + KL — KL
< R(a,cf+ 82+ va + K2" — v — (¢ — )t — K24 (g —cp)™)
= R(a, X2) = 0.

Hence, the claim holds true, which implies that L(a, X}) = L(a, X2) < 0 and
X} = X2. Since X*, i = 1,2, are right-continuous, there exists some ¢ > 0 such
that for any s € [0, ¢], L(a +e X1+6) < 0and L(a 4+ &,X2, ) < 0. Thus, for

’LT

any s € [0,¢] we have KaH — K} fori = 1,2. Therefore, (Xl o KO0 —
KL )sefo,c] can be seen as the solution to the Skorokhod problem with one con-
straint, SP%” (S%®), on the time interval [0, €], where

R*(t,x) = R(a+t,x), Sy*:=X.+8 ., —S..
Applying Propositionml) and noting that X} = X2, for any s € [0, ¢] we have
K2 — K2 S Kl — KX+ Vors — Va-

Plugging (3.12) into this inequality implies that
Kiis < Kéis + Voers + (g — )T,

which contradicts (3.10). Thus, (3.10) cannot hold.
It remains to show (3.11)) does not hold. By the above analysis, together with
(3.6) and (3.4), there exists some § > 0 such that for any s € [0, « + 4],

(3.13) K2 < KV 4 v+ (¢h — )T

Recalling Remark , (—X*, K%!) may be interpreted as the solution to the Sko-
rokhod problem with one constraint SIP’L( ch — St — K¥), i = 1,2, where
L(t,x) = —L(t,—x). For any s > 0, let ®% be the solution to

L(s,—ch — St — K" + &by = 0.
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Then, for any ¢ € [0, v+ 0], we have ch+ S} + K" — @' = 2+ 52+ K2 — @'
and

KPh = sup (820)% = sup (2 + 52 + K27 — ¢} — S} — KM 4 oLt

s€0,t] s€[0,t]
< sup (c(z) — c%) — Vs + Us + (c(l) — cg)+ + @i’l)’L
s€[0,t]
1,0
< s (B (=) = K (el
s€[0,t

where we have used (3.13)) and the fact that S? = S! + v. However, the above
inequality contradicts (3.11).

All the above analysis indicates that neither (3.10) nor (3.11) holds, which
means that @« = oo. That is, the second inequality in (1) and the first inequality
in (2) are satisfied.

Now, set

B=inf{t>0: K +u+ (-3 < Kilor K2 + (@ — )t < K'Y

By a similar analysis, we may show that 5 = co. This implies that the first inequal-
ity in (1) and the second inequality in (2) are satisfied. The proof is complete. m

REMARK 3.3. The solution to the Skorokhod problem SPZ(S) is a pair of
functions (X, K'), where K has the decomposition K = K" — K'. In fact, K" can
be regarded as the force aiming to push the solution upwards, while K’ represents
the force aiming to pull the solution downwards. Proposition [2.1] only provides
the uniqueness for the overall function K. Applying the comparison properties of
Theorem [3.2] we could also obtain the uniqueness for the individual constraining
functions K", K, i.e., the decomposition of K is unique.

All the above results in this subsection give the comparison properties of solu-
tions to Skorokhod problems with respect to the input function S. In the following,
we provide the monotonicity property of the individual constraining functions with
respect to the nonlinear reflecting boundaries L, R.

LEMMA 3.1. Suppose (L', R") satisfy Assumption'fori =1,2with R =
R? and L' < L?. For any given S € D|0,00), let (X", K") be the solution to the
Skorokhod problem SP%; (S) with K' = K" — K*!. Then, for any t > 0, we have

K} > K and K}'> K.

Proof. Foranyt > 0, let oL \Ilﬁ, i = 1, 2, be the solutions to

Li(t, Sy +®) =0, Rt S;+ i) =0.
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It is easy to check that U} = W? and ®; > ®7. By Theorem we have X} =
S+ K!,i=1,2, where

K} = min((—(@é)_)\/ sup WL, inf [Cbi\/ sup \IIZ«D
r€(0,t] s€[0,1] r€ls,t]

Thus, we obtain K} > K? and

(3.14) X} > X2

Note that Kf’l =K} + Kt” It suffices to prove that for any ¢ > 0,
(3.15) K} > K]

At time 0, if R(0,Sp) = R2(0,Sp) > 0, then K" = K" = 0. If R'(0, Sp)
= R%(0,5p) < 0, then K" = K" = W} > 0. Hence, (3.13) holds at the initial
time.

Now, set
t*=inf{s>0: K> < K!"}.

We claim that t* = oo, which will complete the proof.

Towards a contradiction, suppose that t* < co. Then
(3.16) K2 > K"
and for any € > 0 there exists € € (0,£¢) such that
(3.17) KM < KM

We first show that K12 > K 2" If K" — K" = 0, itis clear that K" — K 2"
> Ktl*’r — Ktl*{ since K27 is nondecreasing. If KL — Ktl*’i > 0, we have
RY(t*,X}) = 0. The facts that R* = R2 and that (X2, K2) solves SP¥, ()

imply that
Rz(t*ath*) =0< R2(t*7XtQ*)a
which together with (3:14) indicates that X2 = X}.. Recalling Remark [2.10, we
obtain
K& — K& = (X2 — X2 — (Sp — Sp-_ )t
> (Xp = Xpoo = (Sp = Spe- )t
= K - KX,
where we have used (3.14) in the second inequality. Therefore, the inequality
K2 — K2 > K" — K;2" always holds true. Combining it with (3.16) yields
Kff > Ktlf. Now, we consider the following two cases.
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CASE 1: Ktz*r > Kl*r. Due to the right-continuity of K" and K", fore > 0
small enough we have K2" e > Kt* t» Which contradicts (3.17).

CASE 2: Ktz*’r = K . Noting that K" are nondecreasing, by (3.17)), for any
go > 0 there exists ¢ € (0, £0) such that K\" < Ktl*ie According to Definition
2.1} this implies that R*(t*, X)) = 0. Recalling (3.14) and the fact that R! = R?,
it follows that

0= R*(t", X)) > R*(t", X2) > 0,

which indicates that X = X2 and R'(t*, X}) = R?(t*, X2) = 0. Conse-
quently,
LY(t*, XL) <0 and L*(t*, X2) <.

Due to the right-continuity of X, there exists some § > 0 small enough such that
forany t € [t*,t* + 4],

LYy(t, X} <0, L*t,X}?) <o0.

Therefore, for any ¢t € [t*,t* + 6], we have K" = KZ* and thus K} — K}, =
K" — K}, i = 1,2. Then, similar to Theorem 3.1, we deduce that on the time
interval [0, d],

(Hp (X7), Ty (7)) solves SPE™ (X0 + T3-(S)), i=1,2,

where R""" (t,x) = R'(t + t*,x) and Ty-, Hy~ are defined in (3.1). For any s €
[0,6], let W5"", i = 1,2, be the solution to

RO (s, Xb + (Ty=(S))s + UHY) = 0.
Since R! = R? and X} = X2, it follows that U} = w2'" By Remark [2.11]

KLT o Ktl*,r _ (Tt* (Kl’r))(s

546
= sup (U;")" = sup (¥3)F

5€[0,0] 5€[0,9]
2, 2,r
= (T (K?*"))s = Kt*gé - K"

Since we are cons1der1ng the case K2 = Ktl*r, we deduce that K 5= - KL P
which contradicts (3.17).

Therefore, all the above analysis indicates that ¢t* = oo, and the desired result
holds true. m

REMARK 3.4. Suppose [, 1, 7,7 € DJ0, 00) with [ = I,r <7 and infy>o(re —
l;) > 0.Let R (t,2) = x — I, R*(t,z) = x — I, L' (t,2) =  — 7 and L?(t, ) =
x —r¢. Clearly, R, Lii= 1, 2, satisfy the assumptions in Lemma In this case,
our result reduces to [[1, Lemma 3.1].
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By a similar analysis to the proof of Lemma (3.1, we obtain the following
lemma.

LEMMA 3.2. Suppose (L', R") satisfy Assumption fqri = 1,2 with R' >
R% and L' = L2. For any given S € D0, ), let (X', K*) solve the Skorokhod
problem SIP’IL%Z(S) with K = K" — K%, Then, for any t > 0,

KP" > K" and KPP > KM

PROPOSITION 3.3. Suppose (L', R?) satisfy Assumption fqri = 1,2 with
R' > R? and L' < L?. For any given S € DI[0,00), let (X', K") solve the
Skorokhod problem SP¥; (S) with K* = K" — K. Then, for any t > 0,

K} > K and KX > KM
Proof. Let (X*, K*) solve SIP’?? (S) with K* = K*" — K*! By Lemma
K} > K and K> > K}
By Lemma[3.2]
K" > K} and K> KM
The above inequalities yield the desired result. m

REMARK 3.5. Proposition [3.3]is an extension of [1, Proposition 3.3] to the
case of two nonlinear reflecting boundaries.

3.3. Continuity properties. In this subsection, we discuss the continuity properties
of Skorokhod problems with two nonlinear reflecting boundaries under the uniform
metric and J; metric dy. The proofs are based on the representation for & obtained
in (2.4). Therefore, we first establish some estimates for ® and V.

- LEMMA 3.3. Suppose that (L', RY) satisfy Assumption 2.1|for i = 1,2. Given
S* € D[0,00), i = 1,2, foranyt > 0, let &', V", i = 1,2, be the solutions to

Li(t, S + @) =0, R(t,S!+ W) =0.

Then
1 2 C ' 1 1 2
|®; — @7 < =[St — Si| + —sup |[L*(t,x) — L*(t,z)],
& C zeR
1 2 C / 1 1 2
|\Ijt - ‘ljt‘ < 7‘St *St| + fsup\R (t,ﬂf) - R (t7$)|
& C zeR
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Proof. It suffices to prove the first inequality. A simple calculation yields

c|®f — ©F|
<|LY(t, S} + @) — LY(t, S} + ®2)| = |L%(t, S? + ®?) — L(t, S} + ®2)|
< |LA(t, 8% + ®2) — L2(t, S} + ®2)| + |L*(t, S} + @) — L(t, S} + @2))
< C|S} — 82| + sup |[LY(t, z) — L2(t, z)).
xeR

The proof is complete. =

PROPOSITION 3.4. Suppose that .(Li, RY) satisfy Assumption forz' =1,2.
Given S* € D[0,00), let (X', K") solve the nonlinear Skorokhod problem
SPE; (S%). Then

C 1 - _
sup |K{ — K7| < = sup |5} —S?|+~=(Lr V Rr),

t€[0,7] € tcl0,T7 c
where
Lri= s |LMta)— LA(ta)],
(t,z)€[0,T]xR
Ry = sup  |R(t,x) — R%(t,z)|.
(t,z)€[0,T]xR

Proof. Note that for any x;,y; € R, ¢ = 1, 2, the following inequalities hold:

|z1 Ao — 1 Ay2| < |z1 —y1] V|22 — 92,
2] — 2| < |z1 — 2ol

It is easy to check that

—®NT A inf (—0)) — (—®2)T A inf (—02
(—®p) Tg[{)’ﬂ( r) — (=95) rér&),ﬂ( )

<|(=@p)* = (= 95) 7|V

inf (—0!)— inf (—02
Téﬁb,ﬂ( r) Tg[b’t]( )
< |[@g — @F| vV sup ¥ — U2

rel0,t]
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and

sup [(~@1) A inf (~wh)] ~ sup [(~82) A inf (~w2)]|
s€[0,] T€[s,t] 5€[0,1] T€ls,t]

< sup (=) A inf (—UL) — (=®H A inf (—U?)
s€[0,¢] ASIER] r€ls,t]

< sup [|® — %V | inf (~0})— inf (_\1/1%)@
s€l0,t] - re(s,t] rels,t]

< sup |0} - 82V sup |W) - v
s€0,t] - re(s,t]

N

sup |®! — ®?| v sup |Ul - W2

s€[0,t] s€[0,¢]

Recalling the construction of K* in (2.4) and applying Lemma we obtain the
desired result. =

REMARK 3.6. Proposition[3.4]is a generalization of [9, Corollary 1.6] and [[12,
Proposition 4.1]. In fact, for any given o, 3¢ € D|0, 00) with inf, (8! — ai) > 0,
i=1,2,let L'(t,z) = v — B} and R'(t,z) = x — a}. The result in Proposition
coincides with [[12, (4.2)].

For any fixed 7' > 0, let M7 be the collection of strictly increasing continuous
functions X of [0, T'] onto itself. The .J; metric dy 7 on D[0,T] is defined by

dor(f,g9) = inf ( sup |A(t)—t|V sup |fi—g .
or(fog) = it sup INO =tV sup 1fi = 0:0])

PROPOSITION 3.5. Suppose that Assumption holds. Given S,S' €
DJ0,00), let (X, K), (X', K') solve the nonlinear Skorokhod problems SPZ(S)
and SPE(S"), respectively. Then, for any T > 0,

1 . - C
dojT(K, K/) < E(LT \Y RT) + ;dO,T(Sy S/),

where
IA/T = sSup |L(t7x) —L(S,JZ‘)‘,
(t,s,2)€[0,T]1%x[0,T]|xR
Ry := sup |R(t,z) — R(s,x)|.

(t,s,2)€[0,T]x[0,T]xR

Proof. Without loss of generality, we assume that S # S’. By the definition of
do T, for any § > 0 there exists some A € M such that
sup |A(t) —t] < dor(S,S") +0[1 Ador(S,S)],
t€[0,T

sup |S; — Syl < do,r(S,58") +6[1 Ador(S,8").
te(0,7)
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Given A € My, for any ¢ € [0, T, applying the definition of K in (2.4), it is
easy to check that

Kypy=— —®g)T A inf (=T —® A inf (=0 )
At) maX(( 0) rér[B,t]( A(r)),ssel[a]( A(s)) rg[lé"t]( ,\(r))D

That is, (X o A, K o \) solves SPF%(S o \) on [0, T, where (f o \); = Fa for
f=X,K,Sand (go\)(t,z) = g(\(t),z) for g = L, R. By Proposition [3.4] we
have

sup Ky — Ky
te[0,T]

<t swp (L) - LOW.a)|V  swp [R(tx) — RO, )]
C L(t,z)€[0,T]xR (t,x)€[0,T]xR

C
+ — sup [S;— Sy
C telo,1)

¢ (doj(S, S,) + 5[1 A do,T(S, Sl)]) .

< —
C

(SR

(i/T V RT) +

Since the above inequality holds for any § > 0, we obtain the desired result. m

REMARK 3.7. Proposition is a generalization of [9, Corollary 1.6] and
[12) Proposition 4.2]. In contrast to the results in [9]] for the Skorokhod map on
a time-independent interval [0, a], where a is a positive constant, the solution to
the Skorokhod problem with two nonlinear reflecting boundaries is not continuous
under the J; metric. The terms ﬁT, RT may be regarded as the “oscillations” of L
and R, which cannot be omitted (see [12, Example 4.1]).
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