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AN OPERATOR-VALUED FREE POINCARE INEQUALITY
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Abstract. The purpose of this short note is to give an operator-valued free
Poincaré inequality, which provides a simple proof to (an improvement of)
a lemma of Voiculescu (2000) asserting that the kernel of the free difference
quotient is exactly the coefficients.
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1. INTRODUCTION

Let M be a von Neumann algebra with a faithful normal tracial state 7, and B be a
unital von Neumann subalgebra of M with a (unique) 7-preserving conditional
expectation E from M onto B. Let X be a self-adjoint element of M, which
is assumed to be algebraically free from B. Let B(X) denote the family of all
B-valued non-commutative polynomials, i.e., the linear span of all monomials
boXb1 X ... Xb,, b; € B, and i denotes the usual multiplication on B(X). The
free difference quotient
Ox.p : B(X) — B(X)®?

is a unique B{X)®2-valued derivation on B({X) that satisfies Ox.p[X]=1®1 and
Ox.p[b]=0forany b€ B. Let L?(M, )= L*(M) denote the completion of M with
respect to the (tracial) L2-norm defined by |a|y = 7(a*a)'/? for every a € M. Set
B(t):=Bx*C(t) (algebraic free product) with indeterminate ¢. Note that any element
of B(t) is a linear combination of monomials bytb;t - - - tby, (b; € B). For any R >0,
let Br{t} be the completion of B(t) with respect to the norm ||| - |||z defined by

llp@)lllz

= inf { S 1bkoll - N0s 1l - - 1Bk ey | R ‘ p(t) = > br oty - “tbk,m(k)}
k=1 k=1

for every p(t) € B(t).
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The purpose of this short note is to give an operator-valued free Poincaré in-
equality, which is almost of the same form as what Voiculescu conjectured (see [7])
but we choose the norm of Ox.p[p(X)] here to be the projective tensor norm
instead of the L?-norm. Hence, our inequality may be called a free Poincaré
inequality. Nevertheless, it gives a rather simple proof to (an improvement of)
(6l Lemma 3.4], an important fact asserting that the kernel of Jx.p is exactly the
algebra B in the analytic setup. Actually, the inequality is a byproduct of our inves-
tigation on [6], which became the groundwork for [2, 3]]. (Compare the discussion
here to Voiculescu’s.) We remark that a scalar-valued free Poincaré inequality has
been established by Voiculescu in his unpublished note, and its proof can also be
found in e.g. [4} Section 8.1].

2. RESULTS

In this section, C*(B(X))®2 and C*(B(X))®? denote the minimal tensor product
and the projective tensor product, respectively, that is, they are the completions of
the algebraic tensor product C*(B(X))®? with respect to the C*-norm || - || and
the Banach x-norm || - ||, respectively, defined as follows:

el = 111 ® p2) ()| Brory, € € CT(B(X)®,

with some faithful x-representations p; and po of C*(B(X)) on some Hilbert
spaces H; and Hs, respectively, and

N N
€|l = inf {];1 1€k 11l 11Ex2 ]l ‘ §= ’;fk,l ® &k kg € CT(B(X)), N € N}

for any ¢ € C*(B(X))®2. Note that the minimal C*-tensor norm || - || does not
depend on the choice of the faithful *-representations (p1, H1) and (po, Ha).

Assume that dx.p from (C*(B(X)),| - |) to (C*(B(X))®2,||-|) is clos-
able (this follows from the existence of conjugate variable in L?(M), see [5)
Corollary 4.2] and [6, Section 3.2]). We denote by Ox.p the closure of Ox.p
with respect to || - || on both sides. Note that the natural map from the tensor
product C*(B({X))®¥? ¢ M®? to C*(B(X))®? C M®? is injective. This in-
deed follows from Haagerup’s famous vzork [1, Proposition 2.2]. Hence, Jx.p
from (C*(B(X)), | -|]) to (C*(B(X))®2%,|-|.) is closable if it is so from
(C*(B(X)), | - 1) to (C*(B(X))®2,| - ||). Let dx.5 denote the closure of dx.
with respect to || - || and || - ||, .

Voiculescu introduced a certain smooth subalgebra of C*(B (X)), which is a
kind of Sobolev space (see [5, Section 4]). Let B(Y) (X) be the completion of B(X)
with respect to the norm || - [||(1) defined by

Py == PO + 19x:8[p(X)] ||~
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for any p(X) € B(X). The resulting space becomes a Banach *-algebra. Here, we
can show two lemmas.

LEMMA 2.1. We have the following facts:

(1) For any n € BWW(X) there exist a unique 1, € C’*(B(X))@Q, a unique s €

C*(B(X)) and a net {px} of B{X) such that |||n|| ) = |l and
Dy — 1 in BN (X),
PA = oo in C*(B(X)),
Ox:5lpl — 1 in C*(B(X))*

(2) The correspondence 1 : BMD (X)) — C*(B(X)) given by 1[n)] := 1o for every
n € BW(X) defines a contractive algebra homomorphism with | B(X) =
idg(xy. With this map, we regard BW(X) as a *-subalgebra of C*(B(X)).

(3) The correspondence dx.p : BV (X) — C’"(B(X))‘552 given by 5)(:5[7]] =
Nz for every n € B(l)(X) defines a contractive derivation. Moreover, Ox.gp =
aX:B o ¢ and hence 8X:B’B(X> = 8)(;3.

(4) The non-commutative functional calculus map f(t) — f(X) from Br{t} to
C*(B(X)) sending t to X is well defined as long as || X || < R, and its range
becomes a x-subalgebra of BV (X).

Proof. 'We give only a sketch of proof.

(1) This follows from the definition of (B (X), ||| - l¢1y)-

(2) The well-definedness of ¢ follows from the fact that 7)o is unique.

(3) The well-definedness of 8X .p follows similarly to (2) By the construction
of 8X .p and the closability of 8X .B, we have Ox.p = 8X .B o t. That 8X .B 18
a derivation follows from the first part of [6 Lemma 3.1], which is valid in the
present setting.

(4) Use the following inequalities (see [15, Section 4]):

(XN < llp@ [z, N0x:pp(X)] < [0x:8P(X)]lx < Clip®)llr
for any p(t) € B(t), where C = sup,,cy n|| X||""}/R". =

LEMMA 2.2. The map 1 : BM)(X) — C*(B(X)) is injective. Moreover, the
range of v is exactly dom(0x.p).

Proof. The first part is clear from Lemma [2.1] Next, we show the second
part. By Lemma 3), it follows that ran(¢) C dom(0x.p). Conversely, for any
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f(X) € dom(g)(:B) there exists a sequence {p,(X)}>2,; C B(X) such that
n—oo

Pa(X) 222 F(X) in | - || and Ox.5[pa(X)] 2= dx.p[f (X)) in | - | Then

1P (X) = P (X)) = Pa(X) = pm (X) | + 0x: B[P (X)] = Ox:B[Pm (X)) ||~
22 A(X) = £ + 10x:81f(X)] = Ox.8[f (X))l = 0.

n—oo

Therefore, there exists an 7 € B (X) such that p,, (X) = 7 in ||| - [l(1) and
we have f(X) = ¢[n]. Thus, dom(5X;B) Cran(t). m

We are now in a position to give the desired inequality.

THEOREM 2.1 (An operator-valued free Poincaré inequality). For an arbitrary
element f(X) € dom(9x.p),

[F(X) = E[f(X)]l2 < 2 Xal|Ox.[f (X)]||x;

equivalently, by Lemma forany f(X) € B (1)(X ), the same inequality also
holds with Ox.g|[f(X)] in place of Ox.g[f(X)], where || - ||.. is the projective ten-
sor norm on C*(B(X))®2.

Proof. By the continuity of £ and of the norm, it suffices to show the in-
equality for any non-commutative polynomial p(X) € B(X) (in this case, we
have dx.p[p(X)] = 5x:3[p(X)] = 5X;B[p(X)]). We denote by p the multiplica-
tion map from B(X)®? to B(X). Let # be a bilinear map on B(X)®? such that
(a1 ® az) § (a3 ® ag) = (a1a3) ® (aqsaz) for every a; € B(X). For any p(X) €
B(X) and any expression dx.5[p(X)] = SN ¢:1(X) @ gia(X) € B(X)®?
with monomials g; j(X), we have

(o (id® E))(0x:plp(X) § (X ®1 -1 X))

=2

= > (gi1(X)X Elgi2(X)] — ¢in(X)E[X ¢ 2(X)]).

7

On the other hand, for any monomial ¢(X) = by Xb; - -- Xb,, € B(X), we have
Oxplg(X)Nt(X®1-1®X)

:( boXb1~--b¢71®biX---an>jj(X®171®X)
=1

=bg X ®by---Xb, —bgp® Xby--- X0,
+bp X1 X @by Xb, —bgXby @ Xby---Xb,
+ b X1 XboX @bz -+ Xby, — bpXb1 Xby @ Xbg--- Xb,

+ b X1 X by 1 X ®b, —bgXb1 X b1 ®Xb,.
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Since E is a B-bimodule map, it follows that

(no(id® E))(Ox:pla(X)]f (X ®1-1® X))
— by X Eby - Xby] — boE[Xby - - - Xby]
+ boXb1 XE[by - - Xby] — boXb1 E[Xbs - - - Xby]
+ boX b1 Xbo X Elbs -+ Xby] — boXby Xbo E[Xbs - - - Xby,]

b Xb1X - by X Elbn] — boX01X - - byt E[Xby]
= bo X E[by - -- Xby] — Elg(X)]
F boXbLXEby- - Xbn] — boXE[b1 Xbo--- Xb,]
+ boXlebQXE[bg, .- an] — boXleE[ngbg .- an]

+ q(X) - boXle e XE[bnlebn]
= ¢(X) — E[g(X)].

By linearity, we obtain
(no(id® E))(0x:5p(X)] 1 (X ®1-1® X)) = p(X) — E[p(X)]
for any p(X) € B(X). Therefore,

[p(X) = E[p(X)]l2 = |(po (id® E))(9x:p[p| (X ©1 - 1® X))

|M2

(Qz 1(X)X Elgi2(X)] = qi1(X)E[X qi2(X)]) ‘2

Z (Jgi, . (X)X Elgi2(X)]|2 + |gi,1 (X) E[X g 2(X)]2)

=1

< 2| X0 Zl llgi,1 (XD - [lgi,2(X) ]
1=

=

since T is tracial and FE is contractive. It follows that

Ip(X) — Elp(X)][2 < 2[X|2[|0x:8[p(X)] ||~

by the definition of the projective tensor norm. m

The inequality still holds even if the L?-norm is replaced with the operator
norm. The proof is completely identical.

COROLLARY 2.1. Both ker 5X:B and ker 5X:B are exactly B.
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From [|0x.p[p(X)]l| < ||0x.8[p(X)]||r for every p(X) € B(X), and Lem-
mas [2.1(4) and 2.2] we have

{f(X)| f(t) € Br{t}} € BY(X) = dom(dx.5) C dom(dx.5)

when || X|| < R and dy.p is an extension of dx.p (via the natural injection from

M®2 to M®? due to [L, Proposition 2.2]). Therefore, Corollary |2.1|yields the fol-
lowing corollary:

COROLLARY 2.2. kerdy.p N BY(X) = B.

This statement is an improvement of [6, Lemma 3.4]; giving a concise proof of
it was our original purpose.
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