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1. INTRODUCTION

In the case of continuous time, asymptotic normality of the nonparametric esti-
mator for the transition probabilities of a continuous-time Markov renewal chain
has been studied by Moore-Pyke [14] in one dimension, and was generalized by
Gill [6] to higher dimensions, together with a characterization of the asymptotic
correlation between the estimators considered. Ouhbi—Limnios [16, [17] studied
the asymptotic normality of other nonparametric estimators related to the asso-
ciated semi-Markov chain. Several statistical properties of those estimators were
studied in [IL1} 11194 7, 12 [13} 12} 13]], and some applications were discussed in [§].
In the case of discrete time, the asymptotic normality in one dimension of var-
ious nonparametric estimators has been investigated by Barbu—Limnios [4]. Our
aim is to establish asymptotic normality in higher dimensions of the nonparamet-
ric estimator of the transition probabilities of the underlying Markov renewal chain,
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and to provide a systematic and greatly simplified method of deriving the asymp-
totic normality results of Barbu—Limnios [4]. _

Let E be a finite state space and N = {0,1,2,...}. We write £ := E x E x N.
Let g = (q(k))ken = (qij(k))(” yep bea matrlx sequence with nonnegative

entries such that ¢;;(0) = 0 for i, j € E and

> > gij(k)=1 forallie E.
jEE keN

A Markov renewal chain is a time-homogeneous Markov chain
(J7 S) = (Jna Sn)?f:o

with values in £ x N defined on probability spaces (2, F,P;,) for ig € E such
that the process (J, X) = (Jy, Xp)po defined by Jy = iy, Xo := Sp := 0 and
X, (=5, — Sp—1 forn > 1is a Markov chain whose transition probabilities are
given by

Pio(Jn1 =J, Xny1 =k | Jn=1, Xp) =qi;(k) foralli,j€ Eandn,keN.

(The quantity ¢;;(k) is often called the semi-Markov kernel, although it describes
the transition of the Markov renewal chain, not of the associated semi-Markov
chain.) Note that the embedded Markov chain J = (J,,)2 is an E-valued Markov
chain whose transition probabilities are

Pig(Jny1 =7 | Jn = 1) _ng~ > qij(k) foralli,j € Eandn € N.
keN

For j € E, we write 7; = inf{n > 1 : J, = j}. We assume the following
conditions:

(A1) The embedded Markov chain J is irreducible, i.e., P;(1; < o0) > 0 for all
i,j€E.
(A2) The Markov renewal chain (J,S) is aperiodic, i.e., the greatest common

divisor of {k € N: P;(S;, = k) >0} is 1 foralli € E.

(A3) The Markov renewal chain (J, S) is positive recurrent, i.e., j; = E;S.,
< ooforallz € FE.

We write (A) for all of the above assumptions being satisfied. In this case (see,
e.g., [15, Theorem 1.7.7]) the embedded Markov chain J has a unique invariant
probability v = (v;);cp, and moreover (see [4] Proposition 3.6])

(L.1) m:= Z viE; S| = iV forall j € F.
i€E
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For M € Nandi € F, we set
N(M)
N(M) = max{n eN: S, < M} and NI(M) = Z 1{Jn—1:i}’
n=1

so that N(M) = ) .. Ni(M). For the unknown quantity g, we consider the
nonparametric estimator

(1.2) q(M) = (q(k, M))ren = (@i (k, M) ; i 1y
defined by
1 NW)
Gij(k, M) == N.OT) n;l L g, 1=, Jn=j, Xn=k}

sothat >y > ey @ij(k, M) = 1forall i € E. The strong consistency of g(M)
is known:

THEOREM 1.1 (Barbu—-Limnios [4, Theorem 4.1]). Suppose (A) is satisfied.
Then

o~ M a.s.
q(M) gyt

or equivalently
Gij (K, M) —*>— qij(k)  forall (i,j.k) € E,
—0Q

under P;, for all initial values ig € E.

Let (0, v) stand for the centered normal distribution whose variance is v. The
asymptotic normality of g()/) in one dimension has been obtained as follows.

THEOREM 1.2 (Barbu-Limnios [4, Theorem 4.2]). Suppose (A) is satisfied.
Then, for any fixed (i, j, k) € E, we have
~ d .
VM (Gij (R, M) = qij (k) ——— N(0,0%(7, j, k)
under P;, for all initial values ig € E, where the asymptotic variance vi(i, j, k)
is given by

v1(i, 5, k) == piigi; (k) (1 — qi5(k)).

Let us discuss convergence in the multi-dimensional case. For a nonnega-
tive definite matrix V' = (Veer), s We write N(0,V) for the distribution
of a centered Gaussian system Y = (Ye)66 5 Whose covariances are given by
EY.Y, = V., and we call V' the variance matrix of N'(0,V'). We now state our
main theorem about the asymptotic normality of g(M) in the multi-dimensional
case.
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THEOREM 1.3. Suppose (A) is satisfied. Then, on the product space

RY = {z = (Te) e = (@ij(k)) i jayes : Te ER foree E}

equipped with the product topology, we have

(13) VM(G(M) — q) —*— N(0,V9)

— 00
under P;, for all initial values iy € E, where the asymptotic variance matrix
Ve =(V1%), .cpis given by

V(?’j,k)(i/’j/’k/) = Mz‘il{i:z‘/}%(k)(l{jzj/, k=k'} — Qi’j’(k,))'

- q —
Noting that V(z‘,j,k)(z‘,j,k =
directly from Theorem (1.3
Let us consider the semi-Markov chain Z = (Zj)ren associated to (J,S),
which is defined as the time-changed process Zj, := Jy ) for k € N with N (k) :=

max {n € N: S, < k}. Note that Zy = .Jy. We set

v4(i, j, k), we can derive the result of Theorem

Pij(k) :==Pi(Z), = j),

and we call P = (P (k))ren = (Py5(k))
of the semi-Markov chain Z.
Let £ = U U D be a nontrivial partition of the finite state space F and write

(g k)EE the distribution matrix sequence

Tp =inf{k e N: Z, € D}.
We define
Rz(k‘) = Pi(TD > k) fori € U,

and call R = (R(k))ren = (Ri(k)) (i x)ev < the reliability vector sequence.

As applications of our Theorem|[I.3] we shall generalize the asymptotic normal-
ity results in one dimension to higher dimensions for certain estimators 13(M ) and
ﬁ(M ) of the distribution matrix sequence P and the reliability vector sequence R,
respectively.

This paper is organized as follows. In Section 2] we prove Theorem [1.3]about
the asymptotic normality of g(M). In Section (3, we discuss matrix convolution
inverse. Sections [4] and [5] are devoted to the asymptotic normality of the estima-
tors 13(M ) and R(M), respectively. In Section |6, we discuss applications and
give several examples. In Appendix, we deduce the asymptotic variances for the
asymptotic normality in one dimension from our results in higher dimensions.
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2. ESTIMATION OF THE TRANSITION PROBABILITIES

We write a - b for the inner product in RE: for a = (ae), ez and b= (be), .- set
a-b:=> acbe.
eGE

We denote

R(‘? ={x = (z.) .5 € R : 2, - 0 only for a finite number of ¢ € E}.

It is well-known (see, e.g., [10,~Theorem 4.29]) that, for RE—valued processes,
convergence in distribution on R,

LX:(Xe)

M—o0

X (M) = (Xe(M)) e

ecE
is equivalent to convergence of finite-dimensional distributions,

(Xe(M))eGI L) (Xe)eel

M—oo

for all finite subsets I of E. By the Cramér—Wold device, the latter convergence is
reduced to the convergence

a- X(M)—2-a X

M—o0

for all constant @ = (ae), . € RE.
Let us proceed to the proof of our main theorem.

Proof of Theorem[[.3] In order to obtain the desired convergence
~ ~ d
q(M) := VM(q(M) - q) ——— N(0,V9),

it suffices to show that the convergence

2.1) a-gM)—2— N(0,a-Via)
M—o0
holds for all constant a = (a.), e € R(‘? , where we define

o q
a-Via:= Y aVl%a..

e,e’EE

We may represent
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if we define A(M) = (Ae(M)), . and Y (M) = (Ye(M)) . by setting

MN (M)
A gy (M) = Uik N
1 N(M)
Yii ey (M) := JNGD n; L=y (M g=j, Xp=k} — @i (K))-

By (1.1I) and by [4] Propositions 3.7 and 3.8], we see that

Nz(M) a.s. 1 N(M) a.s. 1

M M—o00 ,U/ii’ M M—o0 %’
and hence
a.s. Mg
REUI v (S by =

By Slutsky’s theorem, the convergence (2.1)) for all constant a@ = (ae), .5 € RE is
reduced to the convergence

2.2) b-Y (M) —L— N(©0,b- VYD)

M—oco

for all constant b = (b.) .5 € ]ROE, where, by (L.1),

m
VY = ——VI, = vl ai (k) (Lg=jr, keiry — aijr (K))
Hig fbgr i

fore = (i,5,k) and ¢ = (¢, 5, k). Since N(M)/M Ma—s> 1/m > 0, the
convergence (2.2)) is reduced to the convergence
(2.3) Z(M) = — %4; & —2— N(0,b-VYb)

. == n 7 y U ’

M =1 M—o0
where
Eni= > Cbelyg, =iy (L gz, Xnety — @i (K))-

e=(i,j,k)EE

Let us apply the martingale CLT (see, e.g., [5, Theorem 8.2.8]) to prove (2.3).
Set F,, = o(J;, Xi;1 < n) for n € N. Then we see that {£,}°° ; is a martingale
difference with respect to the filtration {F,, }2° ), since

Eiolén | Fn1l = >0 belyy,_ =iyBio[l{s=j, x,=k} — 95 (k) | Fn1] = 0.
e=(i,j,k)eE
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Since [&,] < >, [be| < 00, it is obvious that
1 M
Vi SR [€2; €, > eVM] =0  for large enough M for all ¢ > 0.
n=1
We have now only to prove that
M
F(M): Z iol&n | Faa] —=—b- Vb,

Expanding the square, we obtain

F(M) = M Z Z bebe’1{Jn_1:i}1{i:i’}Eee’(n)7
n=1"e=(i,j,k)eE_
e=(i,5 k' )eE

where, for i = 4/,

) | Fu]

Eig [(11s,=, xp=k} — 65 (E)) (Lgs=s7, X=hy — qirjr (k')
=E;, [1{Jn—]7Xn—k}]‘{Jn_]/ Xn=k'} | Fr-1] — qU( )qu (k )
=E; ’)

gi

oL gn=j, Xu=k} | Fr—11gj=jr k=rry — @ij(K)qirjr (K
i (B) (Lgjmgir, =iy — g (K')).

Since from the ergodic theorem (see, e.g., [15, Theorem 1.10.2]) we know that
M
Mn; ]‘{Jn 1= Z} —> Vi,
we obtain
F(M)

1 M
= Z B beber (M 21 1{Jn1:i}> 1{i:i’}qij(k)(1{j:j’, k=k'} — Qi’j’(kl))
ce=(i,5,k)EE n=
e'=(i' j' k')EE

ﬁ Z N bebe’ViQij(k;)(l{j:j’, k:k’} — %’]’(k/)) = b . VYb
e=(i,5,k)EE
e'=(i',j k' )eE

The proof is now complete. =
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3. ESTIMATION OF THE MATRIX CONVOLUTION INVERSE

For two matrix sequences
A= (AK)ken = (Ag(R) g ppep ad B = (Bk)kew = (Bij (k) pei

we define the matrix convolution of A and Bby A « B = ((A * B)(k))ren =

(A% B)ij()) ;e With

k
(AxB)(k) := > A()B(k - 1),

or equivalently

Define 01 = (dI(k))ren by

I fork=0
oI(k) = ’
() {O fork > 1,

where I and O stand for the identity and zero matrices, respectively, so that 61 is
an identity of matrix convolution:

oI+ A=AxdI = A.

We denote the n-fold matrix convolution of A by A that is, A© = §T and
A = A% A1 for n > 1. For any matrix-valued sequence A such that
A (k) = 0 whenever n > k, we may define
o0
(6 — A)Y .= 5 AW,

n=0

which is the inverse of I — A with respect to matrix convolution:
(8 — A)TY 5 (8T — A) = (8T — A) + (6T — A)Y =61

(see [4} Proposition 3.4]).
Note that the n-fold matrix convolution of the transition probabilities, which
we denote by ¢ = (¢ (k))peny = (qgl)(k))(ij ke i Satisfies

Pi(Jn =J, Sn = k) = qz(]n)(k)
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By the assumption g(0) = 0, it is obvious that ¢(™ (k) = 0 whenever n > k, and
hence the matrix convolution inverse

o0

n=0
is well-defined. Since (01 — q) x ¥ = ¥ * (61 — q) = 41, we have the renewal
equation

(3.1) PY=06I+qxp =0+ x*q.

For the estimator g(M ) introduced in (I.2)) and its n-fold matrix convolution
g™ (M), the inverse of the matrix convolution

~ [e.e]
$(M) := (81 —q(M) TV = 3 g™ (M)
n=0
is well-defined and satisfies the renewal equation

(3.2) P(M) = 81 + G(M) = 9p(M) = 8T + (M) * G(M).

The strong consistency of (M) is known:

THEOREM 3.1 (Barbu-Limnios [4, Theorem 4.4]). Suppose (A) is satisfied.
Then

(3.3) P(M) 2=

under P;, for all initial values ig € E.

The asymptotic normality of {Z;\(M ) = (Vi (k, M))
has been obtained as follows.

(k)R in one dimension

THEOREM 3.2 (Barbu-Limnios [4, Theorem 4.5]). Suppose (A) is satisfied.
Then, for any fixed (i, j, k) € E, we have

VM (i (k, M) — (k) MdTOJ N(0,v% (i, 5, k)

under P;, for all initial values ig € E, where the asymptotic variance v¥ (i, j, k)
is given by

G4 V¥, k)
2
= 5 i S [ 25, i )(k) — [ (g s ) (8] ).
ek jeE jelE

Let us generalize Theorem [3.2] to higher dimensions, as a corollary of
Theorem ﬁ

Define the matrix sequences ¢ = (@-j(k:))( and ¢' =

ij,k)eE
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(qu(k))(i,jﬁk)eﬁ fori € E by
@i (k) = paaig(k),  ai;(k) = 1,505 (k),
and define the matrix sequence §° = (55).3 cpforee E by

0 = lje—gy

fore = (i,7,k) € E. For two matrix sequences A and B, we define their tensor
product A ® B to be the £ x E-matrix (AeBer), /-

THEOREM 3.3. Suppose (A) is satisfied. Then
VM (M) - ) —— N (0, V¥)
under P;, for all initial values iy € E, where the asymptotic variance matrix

VY = (V;f,)e wcF 1S given by

(3.5) V¥ =3 Ge(p 8% h)¥2 — 3 p~(ah + ¢' x p) =2
eCcE i€E
Proof. In what follows, we sometimes omit writing M in estimators, say q
for q(M).
By the renewal equations (3.1)) and (3.2)), we have

I = (81— q) p =P * (51 — @),
and hence
W —p =8I — &I
=tpx (01 — q) xp — 1+ (8 — §) + )

which leads to the identity

(3.6) VM —vp) =+ {VM(@G—q)} 9+ (P — )« {VM(G—q)} xp.

By the strong consistency (3.3)), the asymptotic normality (I.3)) and Slutsky’s the-
orem, we have

-~ ~ d
(3.7 (¢*’¢’)*{VM(Q*Q)}*1/’M—_W’O-
Hence, by the asymptotic normality (1.3) and Slutsky’s theorem, we obtain
VM —) s 294,
—00
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where Z9 £ A/ (0,V9). Since Z9 is a centered Gaussian system, we see that so is
Z¥ .= ) x Z9 x1p. The asymptotic variance matrix V¥ of Z¥ is

VY =E[(4 * Z9 %) @ (¢ * ZT x1p)]
= X E[Z2Z%](¢ 6" x o) ® (¢ # 8% % 1p)

ee'ekr

= X VAW k)0 (8 x9)
eecE

= 30 Gl 8 ) = 3 (g x )2
ecFE 1€ER

The proof is complete. =

4. ESTIMATION OF THE DISTRIBUTION MATRIX SEQUENCE

Let M denote the set of all random matrix sequences A = (Aij(k))(i ikyei and
set

D= {A eM: lim > > Ay(k)existsin L? forall i € E}
K—00 jep i<k

We define the linear operator S : D — M by
(SA)ij(k) := lim 1y 35 30 Aip(K) in L?

JEE k<K' <K
with SA = ((SA)ij(k))(z‘,j,k)eE'
For the semi-Markov chain Zj, = J ) with N (k) = max {n € N: S, < k},

its distribution matrix sequence P = (P;;(k)) (i.j.k)cE is given by

Pij(k) =Pi(Z, = j) =Pi(Zr = j, X1 > k) + Pi(Z), = j, X1 <k).

Note that
Pi(Zlc =7, X1 > k:) = 1{z':j}]P)i(X1 > k‘) = 1{i:j} Z Z qij/(k/)
J'EE K >k
= (S8q)i;(k)
and
Pi(Zr =j, X1 <k) = Pi(Zy =4, i=j, X1 =k)
JEE k'<k
g Z Ql]/(k/)Pj'(Zk—k’ = j)
J'eE k' <k
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We thus obtain the renewal equation
P=Sq+qxP,
which can be solved as
P=0I—-qYxSq=1x*Sq.
Let us introduce the estimator of the distribution matrix sequence by
P(M) = (M) = SG(M).

The strong consistency of 13(M ) is known:

THEOREM 4.1 (Barbu-Limnios [4, Theorem 4.6]). Suppose (A) is satisfied.
Then

under Py, for all initial values 19 € E.

~ in one dimension

The asymptotic normality of 13(M) = (P (k, M))(Z ik)eE

has also been obtained.

THEOREM 4.2 (Barbu-Limnios [4, Theorem 4.7]). Suppose (A) is satisfied.
Then, for any fixed (i, j, k) € E, we have

under P;, for all initial values iy € E, where the asymptotic variance oP (i,4,k)
is given by

@1 P35,k = M;;{ > [(C% — Ly Vig)® * ay5)(k)

i€E JjEE
ij 2
| ey = 1y < Hy | ()
jeE
where
Wii(k) = > vi(K), Hi(k)= > > qj(K),
K<k JEE K<k
(/A _ 7.
CZ} = x5 * (1—-Hj).

Let us generalize Theorem to higher dimensions, as a corollary of Theo-
rem|[L3]
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THEOREM 4.3. Suppose (A) is satisfied. Then

VM(P(M) - P) —%— N(0,VP)

M—oo

under P;, for all initial values 19 € E, where the asymptotic variance matrix

VP = (VP)6 ocF IS given by
(4.2) VP = 3 G(ah % 6% % op + Sq + 1 + S6°) 2
ecE
— 2 (Y @' x 9 x Sq + 9 x Sq')¥?
i€k

We need the following lemma.

d
LEMMA 4.1. Let Z9 = (Z8), ;= (ij(k))(m)eé < N(0,V9). Then

(4.3) lim Y > Z&(k in L?
K—00 jep <k

forall i € E. Consequently, Z1 € D and

(4.4) (8Z%)ij(k) = —Lpzjy >° > Z

JEE K<k

forall (i,j,k) € E.

Proof. Expanding the square, we obtain

B Y 2M) = L % 5 5 Ve

jeEE kLK JEEkELK j'/eE kK'<K
=iy 9o qii(k) Do D0 (gjmjr, k=iry — it (K'))
JjeEE kLK J'eE KK
=i ), D qz’j(k‘)<1— > 2 q,-j/(k’))
JEE kELK JEEK KK
St Z z qU z z Qz] —__’ 0
JEE keN J/EEK >K -

by the dominated convergence theorem. =
We also need the following lemma.

LEMMA 4.2. Suppose (A) is satisfied. Then

(VM(G - q), SVM(§—q)) —— (29, 29

M—o0

in the product topology.
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Proof. Setq := v M(q—q),sothatq ML> Z'9 by the asymptotic normality
(L.3). It suffices to show that o

a-G+b-SGg—2 a -Z211+b.521
M—o0

for all constants a, b € RY. Since

>3 G (K) = VM 3 3 G () = VM 33 aip (K)

J'EEK'EN J'€E KEN JEEKEN
=VM-1-vVM-1=0,
we obtain
45 a-q+b-8q= ) acdet+ 3 belp—jp 20 X0 Giyr(K)
ecE e=(i,j,k)€E JEE K >k
= Y acle— X bel=py 30 3 @y (K)
ecE e=(i,j,k)€E J€EE K<k
d
M*)—> Z ang — Z bel{z:]} Z Z ZZ,(k/)
* eeE e=(i,j,k)€E '€ k'<k

—a-Z9+b-829,

where (4.5))3 is obtained by applying (4.3) to the finite sum, and where (4.5)4 is
obtained from (@.4). The proof is complete. m

Proof of Theoremd.3] By (3.6) and (3.7), we have
VM (4 — ) =3+ VM(G — q) 9 + o(1);

here and in the sequel, o(1) stands for an error term which vanishes in distribution
as M — oo. Hence we have

VM(P — P) = VM(% + 8G — ¢ * Sq)
= VM) — 1) * SG+ VMp + S(G — q)
= VM(§ — ) * Sq+ o(1) + ¥ « SVM(§ — q)
=« VM(@—q) * b+ Sq+ v+ SVM(G— q) + o(1).

By the asymptotic normality (1.3)) and by Slutsky’s theorem, we obtain

\/M(ﬁ—P)L'zp*Zq*w*Sq—l—'qb*SZq.

M—o0

The remainder of the proof is the same as that of Theorem L]
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5. ESTIMATION OF THE RELIABILITY VECTOR SEQUENCE

Recall that the partition £ = U U D and the reliability vector sequence R have
been introduced at the end of Introduction.
LetU := U xU xNandlet qyy = ((qUU)Z-j(k:))

of g to ﬁ, i.e.,

(g k)T denote the restriction

(quuv)ij (k) :== gij(k) for (i,j,k) € U.

Let qg;} = ((qgl&)w(k:))(z jkyerr denotes the n-fold matrix convolution of gy,

which satisfies
Pi(Jo = j, Sn =k, Tp > k) = (455 (k).

We denote the matrix convolution inverse of I — gy by
Yuu = (61 — quu) Z qUU

Note that q((J& for n > 2 and vy differ from the restriction of ¢(™ and 4 to U,
respectively.
The reliability vector sequence R = (R;(k))(; icu <y is given by

Rz(kj) = ]P)l(TD > k‘) = Pl(TD >k, X1 > k‘) +]P)1(TD >k, X; < k‘)
Note that
Pi(TD > k, Xi > ]{7) = Pi(Xl > k) = (Sq)u(k) = ((Sq)U)z(k:),

where we write Ay = ((Av)i(k)) G mevxn = (Ai(k))@rerxn for a matrix
sequence A = (Aij(k))(i i kyei» and

Pi(TD > k‘, X1 < k) = Z Z Pi(TD > k, Jl = j/, X1 = k/)

7'eU k' <k

= Z Z qw TD>I€ k)
7'eU k'<k

= > > 4y (K)Ry(k— k) = (quu * R)i(k).
j'eU k'<k

We thus obtain the renewal equation
R=(Sq)u +quu * R,

which can be solved as

= (0I — quv)"™V % (Sa)v = Yuu * (Sa)v.
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Define o = ((@ow)ij (k) yeir bY (@w)i(k) := Gij(k) for (i, j, k) € U
and

~(n
a7

8

Py = (61 — Guu) Y =

n=0

where (?(Un(} = ((qA((}z)w (k)) (i.j.k) 7 denotes the n-fold matrix convolution of quu-

Let us introduce an estimator of the reliability vector sequence by
ﬁ = '{.Z;UU * (S(/]\)U
The strong consistency of R is known:
THEOREM 5.1 (Barbu-Limnios [4, Theorem 5.1]). Suppose (A) is satisfied.
Then
ﬁ a.s. R
M—oo
under P;, for all initial values ig € U.

The asymptotic normality of R= (ﬁz(k, M)) i kyevxn in one dimension is as
follows, which corrects the statement of Barbu—Limnios [4), Theorem 5.1].
THEOREM 5.2. Suppose (A) is satisfied. Then, for any fixed (i, k) € U x N,
we have
VM (Ri(k, M) = Ri(k)) —— N(0,v"(i, k)

M —o0

under P, for all initial values ig € U, where the asymptotic variance vB(i, k) is
given by

G k) = Y D = (Wo))? a5 (K)

= jeu
= 2Dt x5 — (Yuv), 7+ HﬂQ(k)}
jet
+ 30 57 20 [(Yov) ;7 (k) — (Puv),5)° * 47 (k),
€U jeD
where
(\I]UU)’L] (k) k;k(qzz)UU)Z] (k/)
and

Diz= 3" (Yuu);;+ (Wou)y; * (1= Hj).

KA
=



Asymptotic normality in multi-dimension 173

Let us generalize Theorem to higher dimensions, as a corollary of Theo-
rem[L3]

THEOREM 5.3. Suppose (A) is satisfied. Then

(5.2) VM(R-R) —%— N(0,VR)

M—oco

under P;, for all initial values 19 € U, where the asymptotic variance matrix

VE = (Veg)e,e’eUxN is given by

(5.3) vE= qu(lbUU % 0 x Yy * (SQ)u + Yy * (55g)U)®2
el

= 22 (o + dhy *Pou * (Sa)u +Pou * (Sa')v) ™
ieu

+ > @g(lﬁUU*(S(sg)U)@Z-

ecUxDxN

Proof. By the same arguments as in and (3.7), we have
VM($uu — $uv) = Yoo * VM (Guu — quo) * $uu + o(1).

Hence we have

VM(R~ R) = VM ($uu * (S@)v — Yuv * (Sa)v)
= VM(uv —Puv) * (SG)u + VMpy *(S(G—q))u
= VM pyv —Yuv) * (Sq)u +o(1) + Yuu * (SVM(G— q))u
= Yy *VM(quu — quu) * Yoo * (SQ)u
+vpuu * (SVM(§—q))u +o(1).

By the asymptotic normality (1.3 and Slutsky’s theorem, we obtain

VM(R - R) —2— pyu  Z8, = puu * (SQ)u + Yuu * (SZ9)y.

M —o0

By the same arguments as in the proof of Theorem [3.3] we obtain (5.2) with the
asymptotic covariance matrix given by

VE =3 Ge(dvu + 85y * Yo * (Sa)u + pou * (S6%)1)*”
eckE

= > m7(uu * abu * You * (SQ)u + puu * (Sa')v) ™,
ik
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where 6?](] stands for the restriction of 8¢ on U. Since we easily see that

'l.bUU*(SgUU*dJUU =0 forggé ﬁ,
Yy * (S6%)y =0 forée D x E x N,

Yuu * diy * v = PYou * (Sq')y =0 fori € D,
we obtain (5.3). =

6. APPLICATION AND EXAMPLES

6.1. Asymptotic confidence regions. Let X = (X,).cp be a family of unknown
parameters indexed by a finite set E. Suppose that we have estimators X (M) =
(Xe(M))ecr of X and obtain asymptotic normality in higher dimensions:

(6.1) VMX(M) - X) —% N(0,V)

M—o0

with an asymptotic variance matrix V' = (Vee/)e e - Let us discuss asymptotic
confidence regions for the parameter X .

Let N = (N¢)ecr denote the family of independent standard normal variables.
For u > 0, set

B(u) = {x = (x¢)ecE : xc € [~u,u] foralle € E},
7(u) = u)=1-— ue_zg/d—x#E
() =BV ¢ B0) =1 - (o= 527

where # F denotes the number of elements of . Then the asymptotic normality
formula (6.1) yields

P(VM(X — X(M)) ¢ VVB(w)) —— P(N ¢ B(u)) = 7(u),
—00

where /V denotes the matrix square-root of the nonnegative-definite symmetric
matrix V. We can now conclude that, for any « € [0, 1], the region

= 1
X (M)+ ——=VVB(u

(M) + =V B()
with u = 77!(a) and M being large enough is a 100(1 — )% asymptotic confi-
dence region of the parameter X.

6.2. Several examples of our main theorems. Let £ = {1,2} and suppose that
q(k) = (4ij(k)); j e is of the form

qu (k) q2(k) — (11T 12Tk forallz,7 € EFand k € N,
@1(k)  qa(k) 21T a2
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with ¢ = 0, and that the parameters a1, aj2, as1, ass, 1, T2, ... are positive and
satisfy

ail + a2 = as1 + as =1, Zxkzl, f222k$k<00.
keN keN

The transition probabilities of the embedded Markov chain J are given by

J _ . [a11 a2
(qz])’b,]EE =A:= (CL21 CZQQ) ;

so that assumption (A1) is satisfied. Since, for all t € F and k > 1, we have
P;(Sr, = k) > Pi(J1 =14, X1 = k) = qui(k) = aguzr > 0,
we see that assumption (A2) is satisfied. For ¢, j € E, we have

pij = EiSe. = > kpij(k) + 32 > pir(k)E.[Sr, + K]

keN r#£j k€N
= ayT+ ) Ay (prj +T) =T+ ) Qipfirj.
r#j ]
This shows
x x a2 +as1 _ ai2 +as1 _
g =——, M1 =—y, M1 =—T—"°"2%2, fpp=——"—"7T,
a2 a1 a1 a

and hence assumption (A3) is satisfied. Since m = 1111 = poove and v 419 = 1,
we obtain

a21 a12

m=, V=-—, UlVjg=—:
aio + a1 aie + a1

(1)

If we write (x,(fn))keN for the n-fold convolution of (z)ken, i.€., xkl = x5 and

k
xl(c”) =3y xl(”_l)xk_l forn >2and k € N,
1=0

we can see by induction that
q™ (k) = xén)A” forn > 1and k € N.

The matrix convolution inverse 1/ is then given by

) k
P(0)=1, Pk)=> xﬁj‘)A” => xén)A" fork > 1.
n=1 n=1
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Since

(Sq)ij(k) = 1iizjy kzkxk/ fori,j € E, k € N,
/>

the distribution matrix sequence P is given by P(0) = I and
E o, 1 (n)
Pij(k):l{i:j} Z LI?k/—i—Z(Z AZJIZ ) Z xyp  fori,j e B, k> 1,
k'>k =1 ‘n=1 k'>k—l

where A" = (A7) jer (so that Aj; = a;;). In particular, we obtain

P11(1) = anz, YPoa(1) = agexy,
Pi(l)=1—z1+anz, Pu(l)=1-z+axn.

If we apply Theorem to the two-dimensional estimator (g11(1), g22(1)) ",
we obtain

Gii(1, M) — qn(1)) 4
VM (aiia,M) - q§§<1>> o N,

where the asymptotic variance matrix W is given by

q q
62 W= ‘/(3,1,1),(1,1,1) ‘/((},1,1),(2,2,1) :<Uq(171,1) . 0 >
‘/(2,2,1),(1,1,1) ‘/(2,2,1),(2,2,1) 0 v9(2,2,1)

with
v1(1,1,1) = pnanzi (1 — anzr),  v%4(2,2,1) = pogaszi (1 — agx).

Formula (6.2)) shows that q11(1) and g22(1) are asymptotically independent. If we
apply Theorem 3.3[to (1/11(1), ¢22(1)) ", we obtain

Yu(l, M) —yn(1) d
() i v

where the asymptotic variance matrix W?2 is given by

P P
W2 — ‘/(11171)7(17171) ‘/(17171)7(27211) — Uw(17 17 1) 0
\vY 1744 N 0 v¥(2,2,1)
(21271)7(17171) (27271)7(27211) B

with

¥ (1,1,1) = pranzi (1 — anzy), v¥(2,2,1) = pazasewi (1 — azws).
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If we apply Theorem 4.3{to (P11 (1), Py2(1))T, we obtain
— (Pu(1,M) - Pu(1)\
M A].l 9 —>N ()7 W3 ,
Pro(1, M) — Pyy(1) ) M—oo ( )
where the asymptotic variance matrix W? is given by
P P
W3 — ‘/(113,1,1),(1,1,1) ‘/(11),1,1),(2,2,1) _ <UP(1’ 1,1) R 0 >
Veanaiy Ve e 0 T2
with
UP(l, 1, 1) = Hll{(l - all)x1}27 UP(Z, 2, 1) = ,11,22{(1 - a22):c1}2.
If we apply Theoremto (711(1),G11(2)) ", we obtain

Gu(1, M) —qu(1)\
VM (aﬂ@, M) — qﬂ@)) o N,

where the asymptotic variance matrix W* is given by
q q
(6'3) W4 — (3&7171)7(17171) “3(}7171)7(17172)>
(17172)7(17171) (17172)7(17172)
[ v9(1,1,1) —p11a3, 7122
—Mlla%1$1$2 Uq(l, 1, 2)
with
v1(1,1,2) = pr1a1122(1 — arix2).

Formula shows that q11(1) and g22(1) are asymptotically in negative correla-
tion. If we apply Theorem [3.3|to (1/11(1),%11(2)) ", we obtain

Jii <7E11(1,M§ - w11(1)> —4 N0, WD),

Y11(2, M) — ¥11(2) ] M—eco

where the asymptotic variance matrix W? is given by
P )

(6.4) W5 = ‘/(1,171),(1,1,1) V(l,Ll)v(l,L?)
) - V¢ V¢

(17172)’(1?171) (1)172)7(1’172)

B v¥(1,1,1) 211 (1)v¥(1,1,1)
B (2¢11(1)v¢(1,1, 1) v¥(1,1,2) >

with
v¥(1,1,2) = prian e - (2¢11(1))% + pria s
— a1 - (2011 (1) - aprwy + agyze)?

Formula shows that 121\11(1) and 1522(1) are asymptotically in positive corre-
lation.
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7. APPENDIX: COMPUTATION OF ASYMPTOTIC VARIANCES

7.1. The asymptotic variance for the matrix convolution inverse. Let us check that
V¥ in 33) fore = ¢’ = (i, j, k) € E coincides with v¥ (i, j, k) in (3:4). Set

= Y T+ 67 k)2, V2= 3 (g )

eeE icE

sothat V¥ = V1 — V2, For V1, we have

Vh= @@« p)P= X qlWmrvs,)(k— k)
ecE e=(i,j,k)eE
= 217 2 3 g W)= vy (k = )
el ]EE keN

= 20 w57 2o W+ 05)* * 455 (k).

i€E JEE

For V2, we have

= S il @ ) = 3 s [Z %5*%)(/{)}2-

i€k i€E jEE
Hence V¥ = v¥(i, j, k).

7.2. The asymptotic variance for the distribution matrix sequence Let us check
that V.F in @2) fore = ¢’ = (i, j, k) € E coincides with vF (4, j, k) in @I). Set

V= 3G9+ 6° % ah + Sq + 9 + S6°)®?

ecE
V2= Y 59+ ¢ x4+ Sq + 4 + Sq')*
i€EE
sothat VP = V1 — V2, Since
(P pSqe= 3 (Waxvs ) —k) X > gk

k"eN: k<k"<k JEE K >k—k"

= X (WK k) (1 Hy(k— k")

k" eN: k<k"<k
= (17 * P (1—Hj))(k—k)= C’;”-]v(k — k)

and

('ﬂb *866) {z 5} k;szz k/ {k’>k k>0}

- 1{7:;‘}( ij(k) = Wij(k — k))l{fégk}’



Asymptotic normality in multi-dimension 179

we have

Vo= S 7 2 3 a5 (R)[(9 % 8% o+ Sq)e + (3 * S5°)c]

i€E jEE kEN
= > 157 ). [(C~J~ 1y (Wi (k) — Wij))? = g5 (k).

i€cE  jEE
Since
(Wxq xyp*Sqle= 3 > (xary*vy)(K) X > ajp (k)
;GE k'"eN J'EE K >k—Fk"
= Y [y e v, ¢ (L - HyI(K)
jEE
= YO *q5l(k)
jeE
and
(4 + Sq'). = Loy 2 va(K") 32 >0 a4 (K)
K<k ' EE K >k—Fk"
= 1{7:]'}[1/%’]' * (1 — HJ)](k)a
we have

V2 = 3 il + g 5+ Sq)e + (5 Sq'). ],

el
=%ﬂuﬁ[<]§30~~* Ly + (= 1)) )

Since wij x1 = \Ifij, ZEGE qi} *1=1and ZEGE \I/ij * (E; = wij * Hz, we have

SOG4 1y (Wi (k) — W35))° % 455 (K)

jeE

(S w1y - 1)) |0

JjeER
= YICEL — 153 Wi) * q5)(k)
JjEE
2
[( %:EC»«»« * ¢ z] {;:j}wij * HJ> } (k)
J

Hence V.E = vP (i, 5, k).
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7. 3 The asymptotic variance for the reliability vector sequence. Let us check that
VR in (53) fore = € = (i,k) € U x N coincides with v®(i, k) in (5-I). Set

V= Z%(QﬁUU 0% x hyy * (SqQ)u + Puu * (355)U)®2

el
V2= Y ps(Wuu * dhy * dou * (S@)u + Yuu * (Sq)v) ¥,
€U
V3= Y (o (S69))
ecUxDxN

sothat VE =V1 — V24 V3 Since

(v * 8%+ v * (Sq)u),
=2 > ((Wuv)gx uo)s;) (K~ )Y Y gpR)

JEU k" eN: k<k! <k JEE K >k—k"
= 2 ((@bow) iz (uw)g, (L= Hy) (k= k) = Di=(k — k)
J€
and
(Yo = (S6)0)e = k;k(@bUU)ﬁ(k/)1{k/>k-%>0}
= ((Twv) (k) = (Yov)5(k = ) gy
we have

Vi = Y 7 3 2 a0 [(You + 8+ v + (Sq)u), + (buv + (S5)0)e]”

ieu jeU keN
= 3 7 20 (D55 + (Ruu) (k) — (Pov);5)” * 53] (k)

e jeu
and
Vii= 27 20 2 4R (oo + (880,
€U eDkGN
= 3 7 2 [((Tow) (k) = (Ruv)7)” * ;5] (k).
€U JED
Since

(Yuu * q?]U * Yy * (Sq)u )
= > 2 2 (Wov)ig* gy Wou)y) (K') X0 >0 a4y (K)

Jeu k"eN jeU JEE K >k—k"
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= 2 [Wov)z a5 % (buu)s; = (1 — Hy)(k)

jeu
= ~Z [D%J* * Q?}](k)
jeu
and
(oo * (ST)r)e = Y Wor)7(K") X X a, (k)
K<k JEE K Shk'
= [(Yuv);7* (1 — H)|(k),
we have
Vi = 72 17| (Yoo * Qi * Pov * (Sq)v), + (Yuu * (&IZ)U)J2
€U | ,
=2 H{;[(}I Dz gz + (o) (1 - Hz)) } (k).
U jeu

Since ("L/JUU)Z‘]‘ x1 = (\I]UU)ija ZEEE qi']% x*1 = 1 and Z}eE(\IlUU)ij * 7,; =
(¢UU)ij * Hz, we have

> [(Df; + (Yyv) (k) — (‘I’UU)H)Q #q5) (k)
jeu

(S D g + o) e (- 1)) )

jeU
= 2D~ (You)7)* * 4;51(k)
jeu
Z, 2

- [<~Z D= q75 = (You)5* H{) }(k)

jeu
Hence V.EE = v®(i, k).
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