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1. INTRODUCTION

In the case of continuous time, asymptotic normality of the nonparametric esti-
mator for the transition probabilities of a continuous-time Markov renewal chain
has been studied by Moore–Pyke [14] in one dimension, and was generalized by
Gill [6] to higher dimensions, together with a characterization of the asymptotic
correlation between the estimators considered. Ouhbi–Limnios [16, 17] studied
the asymptotic normality of other nonparametric estimators related to the asso-
ciated semi-Markov chain. Several statistical properties of those estimators were
studied in [11, 1, 9, 7, 2, 13, 12, 3], and some applications were discussed in [8].

In the case of discrete time, the asymptotic normality in one dimension of var-
ious nonparametric estimators has been investigated by Barbu–Limnios [4]. Our
aim is to establish asymptotic normality in higher dimensions of the nonparamet-
ric estimator of the transition probabilities of the underlying Markov renewal chain,
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and to provide a systematic and greatly simplified method of deriving the asymp-
totic normality results of Barbu–Limnios [4].

Let E be a finite state space and N = {0, 1, 2, . . .}. We write Ẽ := E×E×N.
Let q = (q(k))k∈N = (qij(k))(i,j,k)∈Ẽ be a matrix sequence with nonnegative
entries such that qij(0) = 0 for i, j ∈ E and∑

j∈E

∑
k∈N

qij(k) = 1 for all i ∈ E.

A Markov renewal chain is a time-homogeneous Markov chain

(J, S) = (Jn, Sn)
∞
n=0

with values in E × N defined on probability spaces (Ω,F ,Pi0) for i0 ∈ E such
that the process (J,X) = (Jn, Xn)

∞
n=0 defined by J0 = i0, X0 := S0 := 0 and

Xn := Sn − Sn−1 for n ­ 1 is a Markov chain whose transition probabilities are
given by

Pi0(Jn+1 = j, Xn+1 = k | Jn = i, Xn) = qij(k) for all i, j ∈ E and n, k ∈ N.

(The quantity qij(k) is often called the semi-Markov kernel, although it describes
the transition of the Markov renewal chain, not of the associated semi-Markov
chain.) Note that the embedded Markov chain J = (Jn)

∞
n=0 is anE-valued Markov

chain whose transition probabilities are

Pi0(Jn+1 = j | Jn = i) = qJij :=
∑
k∈N

qij(k) for all i, j ∈ E and n ∈ N.

For j ∈ E, we write τj = inf {n ­ 1 : Jn = j}. We assume the following
conditions:

(A1) The embedded Markov chain J is irreducible, i.e., Pi(τj < ∞) > 0 for all
i, j ∈ E.

(A2) The Markov renewal chain (J, S) is aperiodic, i.e., the greatest common
divisor of {k ∈ N : Pi(Sτi = k) > 0} is 1 for all i ∈ E.

(A3) The Markov renewal chain (J, S) is positive recurrent, i.e., µii := EiSτi
<∞ for all i ∈ E.

We write (A) for all of the above assumptions being satisfied. In this case (see,
e.g., [15, Theorem 1.7.7]) the embedded Markov chain J has a unique invariant
probability ν = (νi)i∈E , and moreover (see [4, Proposition 3.6])

(1.1) m :=
∑
i∈E

νiEiS1 = µjjνj for all j ∈ E.
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For M ∈ N and i ∈ E, we set

N(M) := max {n ∈ N : Sn ¬M} and Ni(M) :=
N(M)∑
n=1

1{Jn−1=i},

so that N(M) =
∑

i∈E Ni(M). For the unknown quantity q, we consider the
nonparametric estimator

(1.2) q̂(M) = (q̂(k,M))k∈N = (q̂ij(k,M))
(i,j,k)∈Ẽ

defined by

q̂ij(k,M) :=
1

Ni(M)

N(M)∑
n=1

1{Jn−1=i, Jn=j, Xn=k}

so that
∑

j∈E
∑

k∈N q̂ij(k,M) = 1 for all i ∈ E. The strong consistency of q̂(M)
is known:

THEOREM 1.1 (Barbu–Limnios [4, Theorem 4.1]). Suppose (A) is satisfied.
Then

q̂(M)
a.s.−−−−→

M→∞
q,

or equivalently

q̂ij(k,M)
a.s.−−−−→

M→∞
qij(k) for all (i, j, k) ∈ Ẽ,

under Pi0 for all initial values i0 ∈ E.

LetN (0, v) stand for the centered normal distribution whose variance is v. The
asymptotic normality of q̂(M) in one dimension has been obtained as follows.

THEOREM 1.2 (Barbu–Limnios [4, Theorem 4.2]). Suppose (A) is satisfied.
Then, for any fixed (i, j, k) ∈ Ẽ, we have

√
M(q̂ij(k,M)− qij(k))

d−−−−→
M→∞

N (0, vq(i, j, k))

under Pi0 for all initial values i0 ∈ E, where the asymptotic variance vq(i, j, k)
is given by

vq(i, j, k) := µiiqij(k)(1− qij(k)).

Let us discuss convergence in the multi-dimensional case. For a nonnega-
tive definite matrix V = (Vee′)e,e′∈Ẽ , we write N (0, V ) for the distribution
of a centered Gaussian system Y = (Ye)e∈Ẽ whose covariances are given by
EYeYe′ = Vee′ , and we call V the variance matrix of N (0, V ). We now state our
main theorem about the asymptotic normality of q̂(M) in the multi-dimensional
case.
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THEOREM 1.3. Suppose (A) is satisfied. Then, on the product space

RẼ = {x = (xe)e∈Ẽ = (xij(k))(i,j,k)∈Ẽ : xe ∈ R for e ∈ Ẽ}

equipped with the product topology, we have

(1.3)
√
M(q̂(M)− q) d−−−−→

M→∞
N (0, V q)

under Pi0 for all initial values i0 ∈ E, where the asymptotic variance matrix
V q = (V qee′)e,e′∈Ẽ is given by

V q(i,j,k)(i′,j′,k′) = µii1{i=i′}qij(k)
(
1{j=j′, k=k′} − qi′j′(k′)

)
.

Noting that V q(i,j,k)(i,j,k) = vq(i, j, k), we can derive the result of Theorem 1.2
directly from Theorem 1.3.

Let us consider the semi-Markov chain Z = (Zk)k∈N associated to (J, S),
which is defined as the time-changed processZk := JN(k) for k ∈ N withN(k) :=
max {n ∈ N : Sn ¬ k}. Note that Z0 = J0. We set

Pij(k) := Pi(Zk = j),

and we call P = (P (k))k∈N = (Pij(k))(i,j,k)∈Ẽ the distribution matrix sequence
of the semi-Markov chain Z.

Let E = U ∪D be a nontrivial partition of the finite state space E and write

TD = inf {k ∈ N : Zk ∈ D}.

We define

Ri(k) = Pi(TD > k) for i ∈ U,

and callR = (R(k))k∈N = (Ri(k))(i,k)∈U×N the reliability vector sequence.
As applications of our Theorem 1.3, we shall generalize the asymptotic normal-

ity results in one dimension to higher dimensions for certain estimators P̂ (M) and
R̂(M) of the distribution matrix sequenceP and the reliability vector sequenceR,
respectively.

This paper is organized as follows. In Section 2, we prove Theorem 1.3 about
the asymptotic normality of q̂(M). In Section 3, we discuss matrix convolution
inverse. Sections 4 and 5 are devoted to the asymptotic normality of the estima-
tors P̂ (M) and R̂(M), respectively. In Section 6, we discuss applications and
give several examples. In Appendix, we deduce the asymptotic variances for the
asymptotic normality in one dimension from our results in higher dimensions.
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2. ESTIMATION OF THE TRANSITION PROBABILITIES

We write a · b for the inner product in RẼ : for a = (ae)e∈Ẽ and b = (be)e∈Ẽ , set

a · b :=
∑
e∈Ẽ

aebe.

We denote

RẼ
0 := {x = (xe)e∈Ẽ ∈ RẼ : xe ̸= 0 only for a finite number of e ∈ Ẽ}.

It is well-known (see, e.g., [10, Theorem 4.29]) that, for RẼ-valued processes,
convergence in distribution on RẼ ,

X(M) = (Xe(M))
e∈Ẽ

d−−−−→
M→∞

X = (Xe)e∈Ẽ ,

is equivalent to convergence of finite-dimensional distributions,

(Xe(M))e∈I
d−−−−→

M→∞
(Xe)e∈I

for all finite subsets I of Ẽ. By the Cramér–Wold device, the latter convergence is
reduced to the convergence

a ·X(M)
d−−−−→

M→∞
a ·X

for all constant a = (ae)e∈Ẽ ∈ RẼ
0 .

Let us proceed to the proof of our main theorem.

Proof of Theorem 1.3. In order to obtain the desired convergence

q̃(M) :=
√
M(q̂(M)− q) d−−−−→

M→∞
N (0, V q),

it suffices to show that the convergence

(2.1) a · q̃(M)
d−−−−→

M→∞
N (0,a · V qa)

holds for all constant a = (ae)e∈Ẽ ∈ RẼ
0 , where we define

a · V qa :=
∑

e,e′∈Ẽ
aeV

q
ee′ae′ .

We may represent

a · q̃(M) = A(M) · Y (M)



162 H. Ogata et al.

if we defineA(M) = (Ae(M))
e∈Ẽ and Y (M) = (Ye(M))

e∈Ẽ by setting

A(i,j,k)(M) := a(i,j,k)

√
MN(M)

Ni(M)
,

Y(i,j,k)(M) :=
1√
N(M)

N(M)∑
n=1

1{Jn−1=i}(1{Jn=j, Xn=k} − qij(k)).

By (1.1) and by [4, Propositions 3.7 and 3.8], we see that

Ni(M)

M

a.s.−−−−→
M→∞

1

µii
,

N(M)

M

a.s.−−−−→
M→∞

1

m
,

and hence

A(i,j,k)(M)
a.s.−−−−→

M→∞
a(i,j,k)

µii√
m
.

By Slutsky’s theorem, the convergence (2.1) for all constant a = (ae)e∈Ẽ ∈ RẼ
0 is

reduced to the convergence

(2.2) b · Y (M)
d−−−−→

M→∞
N (0, b · V Y b)

for all constant b = (be)e∈Ẽ ∈ RẼ
0 , where, by (1.1),

V Yee′ :=
m

µiiµi′i′
V qee′ = νi1{i=i′}qij(k)

(
1{j=j′, k=k′} − qi′j′(k′)

)
for e = (i, j, k) and e′ = (i′, j′, k′). Since N(M)/M

a.s.−−−−→
M→∞

1/m > 0, the

convergence (2.2) is reduced to the convergence

(2.3) Z(M) :=
1√
M

M∑
n=1

ξn
d−−−−→

M→∞
N (0, b · V Y b),

where

ξn :=
∑

e=(i,j,k)∈Ẽ
be1{Jn−1=i}

(
1{Jn=j,Xn=k} − qij(k)

)
.

Let us apply the martingale CLT (see, e.g., [5, Theorem 8.2.8]) to prove (2.3).
Set Fn = σ(Jl, Xl; l ¬ n) for n ∈ N. Then we see that {ξn}∞n=1 is a martingale
difference with respect to the filtration {Fn}∞n=0, since

Ei0 [ξn | Fn−1] =
∑

e=(i,j,k)∈Ẽ
be1{Jn−1=i}Ei0 [1{Jn=j,Xn=k} − qij(k) | Fn−1] = 0.
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Since |ξn| ¬
∑

e |be| <∞, it is obvious that

1

M

M∑
n=1

Ei0 [ξ
2
n ; |ξn| > ε

√
M ] = 0 for large enough M for all ε > 0.

We have now only to prove that

F (M) :=
1

M

M∑
n=1

Ei0 [ξ
2
n | Fn−1]

a.s.−−−−→
M→∞

b · V Y b.

Expanding the square, we obtain

F (M) =
1

M

M∑
n=1

∑
e=(i,j,k)∈Ẽ

e′=(i′,j′,k′)∈Ẽ

bebe′1{Jn−1=i}1{i=i′}Eee′(n),

where, for i = i′,

Eee′(n) := Ei0

[
(1{Jn=j,Xn=k} − qij(k))

(
1{Jn=j′, Xn=k′} − qi′j′(k′)

) ∣∣ Fn−1]
= Ei0 [1{Jn=j,Xn=k}1{Jn=j′, Xn=k′} | Fn−1]− qij(k)qi′j′(k′)
= Ei0 [1{Jn=j,Xn=k} | Fn−1]1{j=j′, k=k′} − qij(k)qi′j′(k′)
= qij(k)(1{j=j′, k=k′} − qi′j′(k′)).

Since from the ergodic theorem (see, e.g., [15, Theorem 1.10.2]) we know that

1

M

M∑
n=1

1{Jn−1=i}
a.s.−−−−→

M→∞
νi,

we obtain

F (M)

=
∑

ce=(i,j,k)∈Ẽ
e′=(i′,j′,k′)∈Ẽ

bebe′

(
1

M

M∑
n=1

1{Jn−1=i}

)
1{i=i′}qij(k)(1{j=j′, k=k′} − qi′j′(k′))

a.s.−−−−→
M→∞

∑
e=(i,j,k)∈Ẽ

e′=(i′,j′,k′)∈Ẽ

bebe′νiqij(k)(1{j=j′, k=k′} − qi′j′(k′)) = b · V Y b.

The proof is now complete. ■
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3. ESTIMATION OF THE MATRIX CONVOLUTION INVERSE

For two matrix sequences

A= (A(k))k∈N = (Aij(k))(i,j,k)∈Ẽ and B = (B(k))k∈N = (Bij(k))(i,j,k)∈Ẽ ,

we define the matrix convolution of A and B by A ∗B = ((A ∗B)(k))k∈N =
((A ∗B)ij(k))(i,j,k)∈Ẽ with

(A ∗B)(k) :=
k∑

l=0

A(l)B(k − l),

or equivalently

(A ∗B)ij(k) :=
k∑

l=0

∑
u∈E

Aiu(l)Buj(k − l).

Define δI = (δI(k))k∈N by

δI(k) =

{
I for k = 0,

0 for k ­ 1,

where I and 0 stand for the identity and zero matrices, respectively, so that δI is
an identity of matrix convolution:

δI ∗A = A ∗ δI = A.

We denote the n-fold matrix convolution of A by A(n), that is, A(0) = δI and
A(n) = A ∗ A(n−1) for n ­ 1. For any matrix-valued sequence A such that
A(n)(k) = 0 whenever n > k, we may define

(δI −A)(−1) :=
∞∑
n=0

A(n),

which is the inverse of δI −A with respect to matrix convolution:

(δI −A)(−1) ∗ (δI −A) = (δI −A) ∗ (δI −A)(−1) = δI

(see [4, Proposition 3.4]).
Note that the n-fold matrix convolution of the transition probabilities, which

we denote by q(n) = (q(n)(k))k∈N = (q
(n)
ij (k))

(i,j,k)∈Ẽ , satisfies

Pi(Jn = j, Sn = k) = q
(n)
ij (k).
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By the assumption q(0) = 0, it is obvious that q(n)(k) = 0 whenever n > k, and
hence the matrix convolution inverse

ψ := (δI − q)(−1) =
∞∑
n=0

q(n)

is well-defined. Since (δI − q) ∗ ψ = ψ ∗ (δI − q) = δI , we have the renewal
equation

(3.1) ψ = δI + q ∗ψ = δI +ψ ∗ q.

For the estimator q̂(M) introduced in (1.2) and its n-fold matrix convolution
q̂(n)(M), the inverse of the matrix convolution

ψ̂(M) := (δI − q̂(M))(−1) =
∞∑
n=0

q̂(n)(M)

is well-defined and satisfies the renewal equation

(3.2) ψ̂(M) = δI + q̂(M) ∗ ψ̂(M) = δI + ψ̂(M) ∗ q̂(M).

The strong consistency of ψ̂(M) is known:

THEOREM 3.1 (Barbu–Limnios [4, Theorem 4.4]). Suppose (A) is satisfied.
Then

(3.3) ψ̂(M)
a.s.−−−−→

M→∞
ψ

under Pi0 for all initial values i0 ∈ E.

The asymptotic normality of ψ̂(M) = (ψij(k,M))
(i,j,k)∈Ẽ in one dimension

has been obtained as follows.

THEOREM 3.2 (Barbu–Limnios [4, Theorem 4.5]). Suppose (A) is satisfied.
Then, for any fixed (i, j, k) ∈ Ẽ, we have

√
M
(
ψ̂ij(k,M)− ψij(k)

) d−−−−→
M→∞

N (0, vψ(i, j, k))

under Pi0 for all initial values i0 ∈ E, where the asymptotic variance vψ(i, j, k)
is given by

(3.4) vψ(i, j, k)

:=
∑̃
i∈E

µĩ ĩ

{ ∑̃
j∈E

[(ψi ĩ ∗ ψj̃j)
2 ∗ q̃i j̃ ](k)−

[ ∑̃
j∈E

(ψi ĩ ∗ q̃i j̃ ∗ ψj̃j)(k)
]2}

.

Let us generalize Theorem 3.2 to higher dimensions, as a corollary of
Theorem 1.3. Define the matrix sequences q = (qij(k))(i,j,k)∈Ẽ and qĩ =
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(qĩij(k))(i,j,k)∈Ẽ for ĩ ∈ E by

qij(k) = µiiqij(k), qĩij(k) = 1{i=ĩ}qij(k),

and define the matrix sequence δẽ = (δẽe)e∈Ẽ for ẽ ∈ Ẽ by

δẽe = 1{e=ẽ}

for e = (i, j, k) ∈ Ẽ. For two matrix sequences A and B, we define their tensor
productA⊗B to be the Ẽ × Ẽ-matrix (AeBe′)e,e′∈Ẽ .

THEOREM 3.3. Suppose (A) is satisfied. Then
√
M(ψ̂(M)−ψ) d−−−−→

M→∞
N (0, V ψ)

under Pi0 for all initial values i0 ∈ E, where the asymptotic variance matrix
V ψ = (V ψee′)e,e′∈Ẽ is given by

(3.5) V ψ =
∑̃
e∈Ẽ

qẽ(ψ ∗ δẽ ∗ψ)⊗2 −
∑̃
i∈E

µĩ ĩ(ψ ∗ q
ĩ ∗ψ)⊗2.

Proof. In what follows, we sometimes omit writing M in estimators, say q̂
for q̂(M).

By the renewal equations (3.1) and (3.2), we have

δI = (δI − q) ∗ψ = ψ̂ ∗ (δI − q̂),

and hence

ψ̂ −ψ = ψ̂ ∗ δI − δI ∗ψ

= ψ̂ ∗ (δI − q) ∗ψ − ψ̂ ∗ (δI − q̂) ∗ψ

= ψ̂ ∗ (q̂ − q) ∗ψ,

which leads to the identity

(3.6)
√
M(ψ̂−ψ) = ψ ∗ {

√
M(q̂− q)} ∗ψ+ (ψ̂−ψ) ∗ {

√
M(q̂− q)} ∗ψ.

By the strong consistency (3.3), the asymptotic normality (1.3) and Slutsky’s the-
orem, we have

(3.7) (ψ̂ −ψ) ∗ {
√
M(q̂ − q)} ∗ψ d−−−−→

M→∞
0.

Hence, by the asymptotic normality (1.3) and Slutsky’s theorem, we obtain
√
M(ψ̂ −ψ) d−−−−→

M→∞
ψ ∗Zq ∗ψ,
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where Zq d
= N (0, V q). Since Zq is a centered Gaussian system, we see that so is

Zψ := ψ ∗Zq ∗ψ. The asymptotic variance matrix V ψ of Zψ is

V ψ = E[(ψ ∗Zq ∗ψ)⊗ (ψ ∗Zq ∗ψ)]

=
∑

ẽ,ẽ′∈Ẽ
E[ZqẽZ

q
ẽ′ ](ψ ∗ δ

ẽ ∗ψ)⊗ (ψ ∗ δẽ′ ∗ψ)

=
∑

ẽ,ẽ′∈Ẽ
V qẽẽ′(ψ ∗ δ

ẽ ∗ψ)⊗ (ψ ∗ δẽ′ ∗ψ)

=
∑̃
e∈Ẽ

qẽ(ψ ∗ δẽ ∗ψ)⊗2 −
∑̃
i∈E

µĩ ĩ(ψ ∗ q
ĩ ∗ψ)⊗2.

The proof is complete. ■

4. ESTIMATION OF THE DISTRIBUTION MATRIX SEQUENCE

LetM denote the set of all random matrix sequences A = (Aij(k))(i,j,k)∈Ẽ and
set

D =
{
A ∈M : lim

K→∞

∑
j∈E

∑
k¬K

Aij(k) exists in L2 for all i ∈ E
}
.

We define the linear operator S : D →M by

(SA)ij(k) := lim
K→∞

1{i=j}
∑
j′∈E

∑
k<k′¬K

Aij′(k
′) in L2

with SA = ((SA)ij(k))(i,j,k)∈Ẽ .
For the semi-Markov chain Zk = JN(k) with N(k) = max {n ∈ N : Sn ¬ k},

its distribution matrix sequence P = (Pij(k))(i,j,k)∈Ẽ is given by

Pij(k) := Pi(Zk = j) = Pi(Zk = j, X1 > k) + Pi(Zk = j, X1 ¬ k).

Note that

Pi(Zk = j, X1 > k) = 1{i=j}Pi(X1 > k) = 1{i=j}
∑
j′∈E

∑
k′>k

qij′(k
′)

= (Sq)ij(k)

and

Pi(Zk = j, X1 ¬ k) =
∑
j′∈E

∑
k′¬k

Pi(Zk = j, J1 = j′, X1 = k′)

=
∑
j′∈E

∑
k′¬k

qij′(k
′)Pj′(Zk−k′ = j)

=
∑
j′∈E

∑
k′¬k

qij′(k
′)Pj′j(k − k′) = (q ∗ P )ij(k).
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We thus obtain the renewal equation

P = Sq + q ∗ P ,

which can be solved as

P = (δI − q)(−1) ∗ Sq = ψ ∗ Sq.

Let us introduce the estimator of the distribution matrix sequence by

P̂ (M) := ψ̂(M) ∗ Sq̂(M).

The strong consistency of P̂ (M) is known:

THEOREM 4.1 (Barbu–Limnios [4, Theorem 4.6]). Suppose (A) is satisfied.
Then

P̂ (M)
a.s.−−−−→

M→∞
P

under Pi0 for all initial values i0 ∈ E.

The asymptotic normality of P̂ (M) = (Pij(k,M))
(i,j,k)∈Ẽ in one dimension

has also been obtained.

THEOREM 4.2 (Barbu–Limnios [4, Theorem 4.7]). Suppose (A) is satisfied.
Then, for any fixed (i, j, k) ∈ Ẽ, we have

√
M
(
P̂ij(k,M)− Pij(k)

) d−−−−→
M→∞

N (0, vP (i, j, k))

under Pi0 for all initial values i0 ∈ E, where the asymptotic variance vP (i, j, k)
is given by

(4.1) vP (i, j, k) :=
∑̃
i∈E

µĩ ĩ

{ ∑̃
j∈E

[(Cij

ĩ j̃
− 1{̃i=j}Ψij)

2 ∗ q̃i j̃ ](k)

−
[ ∑̃
j∈E

Cij

ĩ j̃
∗ q̃i j̃ − 1{̃i=j}ψij ∗Hj

]2
(k)
}
,

where

Ψij(k) =
∑
k′¬k

ψij(k
′), Hj(k) =

∑
j′∈E

∑
k′¬k

qjj′(k
′),

Cij

ĩ j̃
= ψi ĩ ∗ ψj̃j ∗ (1−Hj).

Let us generalize Theorem 4.2 to higher dimensions, as a corollary of Theo-
rem 1.3.
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THEOREM 4.3. Suppose (A) is satisfied. Then

√
M(P̂ (M)− P )

d−−−−→
M→∞

N (0, V P )

under Pi0 for all initial values i0 ∈ E, where the asymptotic variance matrix
V P = (V Pee′)e,e′∈Ẽ is given by

(4.2) V P =
∑̃
e∈Ẽ

qẽ(ψ ∗ δẽ ∗ψ ∗ Sq +ψ ∗ Sδẽ)⊗2

−
∑̃
i∈E

µĩ ĩ(ψ ∗ q
ĩ ∗ψ ∗ Sq +ψ ∗ Sqĩ)⊗2.

We need the following lemma.

LEMMA 4.1. Let Zq = (Zqe )e∈Ẽ = (Zqij(k))(i,j,k)∈Ẽ
d
= N (0, V q). Then

(4.3) lim
K→∞

∑
j∈E

∑
k¬K

Zqij(k) = 0 in L2

for all i ∈ E. Consequently, Zq ∈ D and

(4.4) (SZq)ij(k) = −1{i=j}
∑
j′∈E

∑
k′¬k

Zqij′(k
′)

for all (i, j, k) ∈ Ẽ.

Proof. Expanding the square, we obtain

E
(∑
j∈E

∑
k¬K

Zqij(k)
)2

=
∑
j∈E

∑
k¬K

∑
j′∈E

∑
k′¬K

V(i,j,k)(i,j′,k′)

= µii
∑
j∈E

∑
k¬K

qij(k)
∑
j′∈E

∑
k′¬K

(1{j=j′, k=k′} − qij′(k′))

= µii
∑
j∈E

∑
k¬K

qij(k)
(
1−

∑
j′∈E

∑
k′¬K

qij′(k
′)
)

¬µii
∑
j∈E

∑
k∈N

qij(k)
∑
j′∈E

∑
k′>K

qij′(k
′) −−−−→

K→∞
0

by the dominated convergence theorem. ■

We also need the following lemma.

LEMMA 4.2. Suppose (A) is satisfied. Then(√
M(q̂ − q), S

√
M(q̂ − q)

) d−−−−→
M→∞

(Zq, SZq)

in the product topology.
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Proof. Set q̃ :=
√
M(q̂−q), so that q̃ d−−−−→

M→∞
Zq by the asymptotic normality

(1.3). It suffices to show that

a · q̃ + b · Sq̃ d−−−−→
M→∞

a ·Zq + b · SZq

for all constants a, b ∈ RẼ
0 . Since∑

j′∈E

∑
k′∈N

q̃ij′(k
′) =
√
M
∑
j′∈E

∑
k′∈N

q̂ij′(k
′)−
√
M
∑
j′∈E

∑
k′∈N

qij′(k
′)

=
√
M · 1−

√
M · 1 = 0,

we obtain

a · q̃ + b · Sq̃ =
∑
e∈Ẽ

aeq̃e +
∑

e=(i,j,k)∈Ẽ
be1{i=j}

∑
j′∈E

∑
k′>k

q̃ij′(k
′)(4.5)

=
∑
e∈Ẽ

aeq̃e −
∑

e=(i,j,k)∈Ẽ
be1{i=j}

∑
j′∈E

∑
k′¬k

q̃ij′(k
′)

d−−−−→
M→∞

∑
e∈Ẽ

aeZ
q
e −

∑
e=(i,j,k)∈Ẽ

be1{i=j}
∑
j′∈E

∑
k′¬k

Zqij′(k
′)

= a ·Zq + b · SZq,

where (4.5)3 is obtained by applying (4.3) to the finite sum, and where (4.5)4 is
obtained from (4.4). The proof is complete. ■

Proof of Theorem 4.3. By (3.6) and (3.7), we have
√
M(ψ̂ −ψ) = ψ ∗

√
M(q̂ − q) ∗ψ + o(1);

here and in the sequel, o(1) stands for an error term which vanishes in distribution
as M →∞. Hence we have
√
M(P̂ − P ) =

√
M(ψ̂ ∗ Sq̂ −ψ ∗ Sq)

=
√
M(ψ̂ −ψ) ∗ Sq̂ +

√
Mψ ∗ S(q̂ − q)

=
√
M(ψ̂ −ψ) ∗ Sq + o(1) +ψ ∗ S

√
M(q̂ − q)

= ψ ∗
√
M(q̂ − q) ∗ψ ∗ Sq +ψ ∗ S

√
M(q̂ − q) + o(1).

By the asymptotic normality (1.3) and by Slutsky’s theorem, we obtain

√
M(P̂ − P )

d−−−−→
M→∞

ψ ∗Zq ∗ψ ∗ Sq +ψ ∗ SZq.

The remainder of the proof is the same as that of Theorem 3.3. ■
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5. ESTIMATION OF THE RELIABILITY VECTOR SEQUENCE

Recall that the partition E = U ∪ D and the reliability vector sequence R have
been introduced at the end of Introduction.

Let Ũ := U×U×N and let qUU = ((qUU )ij(k))(i,j,k)∈Ũ denote the restriction

of q to Ũ , i.e.,

(qUU )ij(k) := qij(k) for (i, j, k) ∈ Ũ .

Let q(n)UU = ((q
(n)
UU )ij(k))(i,j,k)∈Ũ denotes the n-fold matrix convolution of qUU ,

which satisfies

Pi(Jn = j, Sn = k, TD > k) = (q
(n)
UU )ij(k).

We denote the matrix convolution inverse of δI − qUU by

ψUU := (δI − qUU )
(−1) =

∞∑
n=0

q
(n)
UU .

Note that q(n)UU for n ­ 2 and ψUU differ from the restriction of q(n) and ψ to Ũ ,
respectively.

The reliability vector sequenceR = (Ri(k))(i,k)∈U×N is given by

Ri(k) := Pi(TD > k) = Pi(TD > k, X1 > k) + Pi(TD > k, X1 ¬ k).

Note that

Pi(TD > k, X1 > k) = Pi(X1 > k) = (Sq)ii(k) = ((Sq)U )i(k),

where we write AU = ((AU )i(k))(i,k)∈U×N := (Aii(k))(i,k)∈U×N for a matrix
sequenceA = (Aij(k))(i,j,k)∈Ẽ , and

Pi(TD > k, X1 ¬ k) =
∑
j′∈U

∑
k′¬k

Pi(TD > k, J1 = j′, X1 = k′)

=
∑
j′∈U

∑
k′¬k

qij′(k
′)Pj′(TD > k − k′)

=
∑
j′∈U

∑
k′¬k

qij′(k
′)Rj′(k − k′) = (qUU ∗R)i(k).

We thus obtain the renewal equation

R = (Sq)U + qUU ∗R,

which can be solved as

R = (δI − qUU )
(−1) ∗ (Sq)U = ψUU ∗ (Sq)U .
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Define q̂UU = ((q̂UU )ij(k))(i,j,k)∈Ũ by (q̂UU )ij(k) := q̂ij(k) for (i, j, k) ∈ Ũ
and

ψ̂UU := (δI − q̂UU )
(−1) =

∞∑
n=0

q̂
(n)
UU ,

where q̂(n)UU = ((q̂
(n)
UU )ij(k))(i,j,k)∈Ũ denotes the n-fold matrix convolution of q̂UU .

Let us introduce an estimator of the reliability vector sequence by

R̂ := ψ̂UU ∗ (Sq̂)U .

The strong consistency of R̂ is known:

THEOREM 5.1 (Barbu–Limnios [4, Theorem 5.1]). Suppose (A) is satisfied.
Then

R̂
a.s.−−−−→

M→∞
R

under Pi0 for all initial values i0 ∈ U .

The asymptotic normality of R̂ = (R̂i(k,M))(i,k)∈U×N in one dimension is as
follows, which corrects the statement of Barbu–Limnios [4, Theorem 5.1].

THEOREM 5.2. Suppose (A) is satisfied. Then, for any fixed (i, k) ∈ U × N,
we have

√
M
(
R̂i(k,M)−Ri(k)

) d−−−−→
M→∞

N (0, vR(i, k))

under Pi0 for all initial values i0 ∈ U , where the asymptotic variance vR(i, k) is
given by

(5.1) vR(i, k) :=
∑̃
i∈U

µĩ ĩ

{ ∑̃
j∈U

[(Di
ĩ j̃
− (ΨUU )i ĩ)

2 ∗ q̃i j̃ ](k)

−
∑̃
j∈U

[Di
ĩ j̃
∗ q̃i j̃ − (ψUU )i ĩ ∗Hĩ]

2(k)
}

+
∑̃
i∈U

µĩ ĩ
∑̃
j∈D

[
((ΨUU )i ĩ(k)− (ΨUU )i ĩ)

2 ∗ q̃i j̃
]
(k),

where

(ΨUU )ij(k) =
∑
k′¬k

(ψUU )ij(k
′)

and

Di
ĩ j̃

=
∑
j∈U

(ψUU )i ĩ ∗ (ψUU )j̃j ∗ (1−Hj).



Asymptotic normality in multi-dimension 173

Let us generalize Theorem 5.2 to higher dimensions, as a corollary of Theo-
rem 1.3.

THEOREM 5.3. Suppose (A) is satisfied. Then

(5.2)
√
M(R̂−R)

d−−−−→
M→∞

N (0, V R)

under Pi0 for all initial values i0 ∈ U , where the asymptotic variance matrix
V R = (V Ree′)e,e′∈U×N is given by

(5.3) V R =
∑̃
e∈Ũ

qẽ
(
ψUU ∗ δẽ ∗ψUU ∗ (Sq)U +ψUU ∗ (Sδẽ)U

)⊗2
−
∑̃
i∈U

µĩ ĩ
(
ψUU ∗ qĩUU ∗ψUU ∗ (Sq)U +ψUU ∗ (Sqĩ)U

)⊗2
+

∑
ẽ∈U×D×N

qẽ
(
ψUU ∗ (Sδẽ)U

)⊗2
.

Proof. By the same arguments as in (3.6) and (3.7), we have
√
M(ψ̂UU −ψUU ) = ψUU ∗

√
M(q̂UU − qUU ) ∗ψUU + o(1).

Hence we have

√
M(R̂−R) =

√
M(ψ̂UU ∗ (Sq̂)U −ψUU ∗ (Sq)U )

=
√
M(ψ̂UU −ψUU ) ∗ (Sq̂)U +

√
MψU ∗ (S(q̂− q))U

=
√
M(ψ̂UU −ψUU ) ∗ (Sq)U + o(1)+ψUU ∗ (S

√
M(q̂− q))U

= ψUU ∗
√
M(q̂UU − qUU ) ∗ψUU ∗ (Sq)U

+ψUU ∗ (S
√
M(q̂− q))U + o(1).

By the asymptotic normality (1.3) and Slutsky’s theorem, we obtain

√
M(R̂−R)

d−−−−→
M→∞

ψUU ∗ZqUU ∗ψUU ∗ (Sq)U +ψUU ∗ (SZq)U .

By the same arguments as in the proof of Theorem 3.3, we obtain (5.2) with the
asymptotic covariance matrix given by

V R =
∑̃
e∈Ẽ

qẽ
(
ψUU ∗ δẽUU ∗ψUU ∗ (Sq)U +ψUU ∗ (Sδẽ)U

)⊗2
−
∑̃
i∈E

µĩ ĩ
(
ψUU ∗ qĩUU ∗ψUU ∗ (Sq)U +ψUU ∗ (Sqĩ)U

)⊗2
,
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where δẽUU stands for the restriction of δẽ on Ũ . Since we easily see that

ψUU ∗ δẽUU ∗ψUU = 0 for ẽ /∈ Ũ ,
ψUU ∗ (Sδẽ)U = 0 for ẽ ∈ D × E × N,

ψUU ∗ qĩUU ∗ψUU = ψUU ∗ (Sqĩ)U = 0 for ĩ ∈ D,

we obtain (5.3). ■

6. APPLICATION AND EXAMPLES

6.1. Asymptotic confidence regions. Let X = (Xe)e∈E be a family of unknown
parameters indexed by a finite set E. Suppose that we have estimators X̂(M) =

(X̂e(M))e∈E ofX and obtain asymptotic normality in higher dimensions:

(6.1)
√
M(X̂(M)−X)

d−−−−→
M→∞

N (0, V )

with an asymptotic variance matrix V = (Vee′)e,e′∈E . Let us discuss asymptotic
confidence regions for the parameterX .

LetN = (Ne)e∈E denote the family of independent standard normal variables.
For u > 0, set

B(u) = {x = (xe)e∈E : xe ∈ [−u, u] for all e ∈ E},

τ(u) = P(N /∈ B(u)) = 1−
( u∫
−u

e−x
2/2 dx√

2π

)#E

,

where #E denotes the number of elements of E. Then the asymptotic normality
formula (6.1) yields

P
(√
M(X − X̂(M)) /∈

√
V B(u)

)
−−−−→
M→∞

P (N /∈ B(u)) = τ(u),

where
√
V denotes the matrix square-root of the nonnegative-definite symmetric

matrix V . We can now conclude that, for any α ∈ [0, 1], the region

X̂(M) +
1√
M

√
V B(u)

with u = τ−1(α) and M being large enough is a 100(1 − α)% asymptotic confi-
dence region of the parameterX .

6.2. Several examples of our main theorems. Let E = {1, 2} and suppose that
q(k) = (qij(k))(i,j,k)∈Ẽ is of the form(

q11(k) q12(k)
q21(k) q22(k)

)
=

(
a11xk a12xk
a21xk a22xk

)
for all i, j ∈ E and k ∈ N,
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with x0 = 0, and that the parameters a11, a12, a21, a22, x1, x2, . . . are positive and
satisfy

a11 + a12 = a21 + a22 = 1,
∑
k∈N

xk = 1, x :=
∑
k∈N

kxk <∞.

The transition probabilities of the embedded Markov chain J are given by

(qJij)i,j∈E = A :=

(
a11 a12
a21 a22

)
,

so that assumption (A1) is satisfied. Since, for all i ∈ E and k ­ 1, we have

Pi(Sτi = k) ­ Pi(J1 = i, X1 = k) = qii(k) = aiixk > 0,

we see that assumption (A2) is satisfied. For i, j ∈ E, we have

µij = EiSτj =
∑
k∈N

kpij(k) +
∑
r ̸=j

∑
k∈N

pir(k)Er[Sτj + k]

= aijx+
∑
r ̸=j

air(µrj + x) = x+
∑
r ̸=j

airµrj .

This shows

µ12 =
x

a12
, µ21 =

x

a21
, µ11 =

a12 + a21
a21

· x, µ22 =
a12 + a21
a12

· x,

and hence assumption (A3) is satisfied. Sincem = µ11ν1 = µ22ν2 and ν1+ν2 = 1,
we obtain

m = x, ν1 =
a21

a12 + a21
, ν2 =

a12
a12 + a21

.

If we write (x
(n)
k )k∈N for the n-fold convolution of (xk)k∈N, i.e., x(1)k = xk and

x
(n)
k =

k∑
l=0

x
(n−1)
l xk−l for n ­ 2 and k ∈ N,

we can see by induction that

q(n)(k) = x
(n)
k An for n ­ 1 and k ∈ N.

The matrix convolution inverse ψ is then given by

ψ(0) = I, ψ(k) =
∞∑
n=1

x
(n)
k An =

k∑
n=1

x
(n)
k An for k ­ 1.
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Since

(Sq)ij(k) = 1{i=j}
∑
k′>k

xk′ for i, j ∈ E, k ∈ N,

the distribution matrix sequence P is given by P (0) = I and

Pij(k) = 1{i=j}
∑
k′>k

xk′ +
k∑

l=1

( l∑
n=1

An
ijx

(n)
l

) ∑
k′>k−l

xk′ for i, j ∈ E, k ­ 1,

whereAn = (An
ij)i,j∈E (so that A1

ij = aij). In particular, we obtain

ψ11(1) = a11x1, ψ22(1) = a22x1,

P11(1) = 1− x1 + a11x1, P22(1) = 1− x1 + a22x1.

If we apply Theorem 1.3 to the two-dimensional estimator (q̂11(1), q̂22(1))⊤,
we obtain

√
M

(
q̂11(1,M)− q11(1)
q̂22(1,M)− q22(1)

)
d−−−−→

M→∞
N (0,W 1),

where the asymptotic variance matrix W 1 is given by

(6.2) W 1 =

(
V q(1,1,1),(1,1,1) V q(1,1,1),(2,2,1)
V q(2,2,1),(1,1,1) V q(2,2,1),(2,2,1)

)
=

(
vq(1, 1, 1) 0

0 vq(2, 2, 1)

)
with

vq(1, 1, 1) = µ11a11x1(1− a11x1), vq(2, 2, 1) = µ22a22x1(1− a22x1).

Formula (6.2) shows that q̂11(1) and q̂22(1) are asymptotically independent. If we
apply Theorem 3.3 to (ψ̂11(1), ψ̂22(1))

⊤, we obtain

√
M

(
ψ̂11(1,M)− ψ11(1)

ψ̂22(1,M)− ψ22(1)

)
d−−−−→

M→∞
N (0,W 2),

where the asymptotic variance matrix W 2 is given by

W 2 =

(
V ψ(1,1,1),(1,1,1) V ψ(1,1,1),(2,2,1)
V ψ(2,2,1),(1,1,1) V ψ(2,2,1),(2,2,1)

)
=

(
vψ(1, 1, 1) 0

0 vψ(2, 2, 1)

)
with

vψ(1, 1, 1) = µ11a11x1(1− a11x1), vψ(2, 2, 1) = µ22a22x1(1− a22x1).
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If we apply Theorem 4.3 to (P̂11(1), P̂22(1))
⊤, we obtain

√
M

(
P̂11(1,M)− P11(1)

P̂22(1,M)− P22(1)

)
d−−−−→

M→∞
N (0,W 3),

where the asymptotic variance matrix W 3 is given by

W 3 =

(
V P(1,1,1),(1,1,1) V P(1,1,1),(2,2,1)
V P(2,2,1),(1,1,1) V P(2,2,1),(2,2,1)

)
=

(
vP (1, 1, 1) 0

0 vP (2, 2, 1)

)
with

vP (1, 1, 1) = µ11{(1− a11)x1}2, vP (2, 2, 1) = µ22{(1− a22)x1}2.
If we apply Theorem 1.3 to (q̂11(1), q̂11(2))

⊤, we obtain
√
M

(
q̂11(1,M)− q11(1)
q̂11(2,M)− q11(2)

)
d−−−−→

M→∞
N (0,W 4),

where the asymptotic variance matrix W 4 is given by

(6.3) W 4 =

(
V q(1,1,1),(1,1,1) V q(1,1,1),(1,1,2)
V q(1,1,2),(1,1,1) V q(1,1,2),(1,1,2)

)

=

(
vq(1, 1, 1) −µ11a211x1x2
−µ11a211x1x2 vq(1, 1, 2)

)
with

vq(1, 1, 2) = µ11a11x2(1− a11x2).
Formula (6.3) shows that q̂11(1) and q̂22(1) are asymptotically in negative correla-
tion. If we apply Theorem 3.3 to (ψ̂11(1), ψ̂11(2))

⊤, we obtain

√
M

(
ψ̂11(1,M)− ψ11(1)

ψ̂11(2,M)− ψ11(2)

)
d−−−−→

M→∞
N (0,W 5),

where the asymptotic variance matrix W 5 is given by

(6.4) W 5 =

(
V ψ(1,1,1),(1,1,1) V ψ(1,1,1),(1,1,2)
V ψ(1,1,2),(1,1,1) V ψ(1,1,2),(1,1,2)

)

=

(
vψ(1, 1, 1) 2ψ11(1)v

ψ(1, 1, 1)
2ψ11(1)v

ψ(1, 1, 1) vψ(1, 1, 2)

)
with

vψ(1, 1, 2) = µ11a11x1 · (2ψ11(1))
2 + µ11a11x2

− µ11 · (2ψ11(1) · a11x1 + a11x2)
2.

Formula (6.4) shows that ψ̂11(1) and ψ̂22(1) are asymptotically in positive corre-
lation.
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7. APPENDIX: COMPUTATION OF ASYMPTOTIC VARIANCES

7.1. The asymptotic variance for the matrix convolution inverse. Let us check that
V ψee′ in (3.5) for e = e′ = (i, j, k) ∈ Ẽ coincides with vψ(i, j, k) in (3.4). Set

V 1 :=
∑̃
e∈Ẽ

qẽ(ψ ∗ δẽ ∗ψ)⊗2, V 2 :=
∑̃
i∈E

µĩ ĩ(ψ ∗ q
ĩ ∗ψ)⊗2,

so that V ψ = V 1 − V 2. For V 1
ee, we have

V 1
ee =

∑̃
e∈Ẽ

qẽ[(ψ ∗ δẽ ∗ψ)e]2 =
∑

ẽ=(̃i,̃j,k̃)∈Ẽ
qẽ[(ψi ĩ ∗ ψj̃j)(k − k̃)]

2

=
∑̃
i∈E

µĩ ĩ
∑̃
j∈E

∑̃
k∈N

q̃i j̃(k̃)[(ψi ĩ ∗ ψj̃j)(k − k̃)]
2

=
∑̃
i∈E

µĩ ĩ
∑̃
j∈E

[(ψi ĩ ∗ ψj̃j)
2 ∗ q̃i j̃ ](k).

For V 2
ee, we have

V 2
ee =

∑̃
i∈E

µĩ ĩ[(ψ ∗ q
ĩ ∗ψ)e]2 =

∑̃
i∈E

µĩ ĩ

[ ∑̃
j∈E

(ψi ĩ ∗ q̃i j̃ ∗ ψj̃j)(k)
]2
.

Hence V ψee = vψ(i, j, k).

7.2. The asymptotic variance for the distribution matrix sequence. Let us check
that V Pee′ in (4.2) for e = e′ = (i, j, k) ∈ Ẽ coincides with vP (i, j, k) in (4.1). Set

V 1 :=
∑̃
e∈Ẽ

qẽ(ψ ∗ δẽ ∗ψ ∗ Sq +ψ ∗ Sδẽ)⊗2,

V 2 :=
∑̃
i∈E

µĩ ĩ(ψ ∗ q
ĩ ∗ψ ∗ Sq +ψ ∗ Sqĩ)⊗2,

so that V P = V 1 − V 2. Since

(ψ ∗ δẽ ∗ψ ∗ Sq)e =
∑

k′′∈N: k̃¬k′′¬k
(ψi ĩ ∗ ψj̃j)(k

′′ − k̃)
∑
j′∈E

∑
k′>k−k′′

qjj′(k
′)

=
∑

k′′∈N: k̃¬k′′¬k
(ψi ĩ ∗ ψj̃j)(k

′′ − k̃) · (1−Hj(k − k′′))

=
(
ψi ĩ ∗ ψj̃j ∗ (1−Hj)

)
(k − k̃) = Cij

ĩ j̃
(k − k̃)

and
(ψ ∗ Sδẽ)e = 1{̃i=j}

∑
k′¬k

ψi ĩ(k
′)1{k′>k−k̃­0}

= 1{̃i=j}
(
Ψij(k)−Ψij(k − k̃)

)
1{k̃¬k},
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we have

V 1
ee =

∑̃
i∈E

µĩ ĩ
∑̃
j∈E

∑̃
k∈N

q̃i j̃(k̃)[(ψ ∗ δ
ẽ ∗ψ ∗ Sq)e + (ψ ∗ Sδẽ)e]2

=
∑̃
i∈E

µĩ ĩ
∑̃
j∈E

[(Cij

ĩ j̃
+ 1{̃i=j}(Ψij(k)−Ψij))

2 ∗ q̃i j̃ ](k).

Since

(ψ ∗ qĩ ∗ψ ∗ Sq)e =
∑̃
j∈E

∑
k′′∈N

(ψi ĩ ∗ q̃i j̃ ∗ ψj̃j)(k
′′)
∑
j′∈E

∑
k′>k−k′′

qjj′(k
′)

=
∑̃
j∈E

[ψi ĩ ∗ q̃i j̃ ∗ ψj̃j ∗ (1−Hj)](k)

=
∑̃
j∈E

[Cij

ĩ j̃
∗ q̃i j̃ ](k)

and

(ψ ∗ Sqĩ)e = 1{̃i=j}
∑

k′′¬k
ψi ĩ(k

′′)
∑
j′∈E

∑
k′>k−k′′

qjj′(k
′)

= 1{̃i=j}[ψij ∗ (1−Hj)](k),

we have

V 2
ee =

∑̃
i∈E

µĩ ĩ[(ψ ∗ q
ĩ ∗ψ ∗ Sq)e + (ψ ∗ Sqĩ)e]2,

=
∑̃
i∈E

µĩ ĩ

[( ∑̃
j∈E

Cij

ĩ j̃
∗ q̃i j̃ + 1{̃i=j}ψij ∗ (1−Hj)

)2]
(k).

Since ψij ∗ 1 = Ψij ,
∑

j̃∈E qij̃ ∗ 1 = 1 and
∑

j̃∈E Ψij ∗ q̃i j̃ = ψij ∗Hĩ, we have

∑̃
j∈E

[(Cij

ĩ j̃
+ 1{̃i=j}(Ψij(k)−Ψij))

2 ∗ q̃i j̃ ](k)

−
[( ∑̃

j∈E
Cij

ĩ j̃
∗ q̃i j̃ + 1{̃i=j}ψij ∗ (1−Hj)

)2]
(k)

=
∑̃
j∈E

[(Cij

ĩ j̃
− 1{̃i=j}Ψij)

2 ∗ q̃i j̃ ](k)

−
[( ∑̃

j∈E
Cij

ĩ j̃
∗ q̃i j̃ − 1{̃i=j}ψij ∗Hj

)2]
(k).

Hence V Pee = vP (i, j, k).
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7.3. The asymptotic variance for the reliability vector sequence. Let us check that
V Ree′ in (5.3) for e = e′ = (i, k) ∈ U × N coincides with vR(i, k) in (5.1). Set

V 1 :=
∑̃
e∈Ũ

qẽ
(
ψUU ∗ δẽ ∗ψUU ∗ (Sq)U +ψUU ∗ (Sδẽ)U

)⊗2
,

V 2 :=
∑̃
i∈U

µĩ ĩ
(
ψUU ∗ qĩUU ∗ψUU ∗ (Sq)U +ψUU ∗ (Sqĩ)U

)⊗2
,

V 3 :=
∑

ẽ∈U×D×N
qẽ
(
ψUU ∗ (Sδẽ)U

)⊗2
,

so that V R = V 1 − V 2 + V 3. Since(
ψUU ∗ δẽ ∗ψUU ∗ (Sq)U

)
e

=
∑
j∈U

∑
k′′∈N: k̃¬k′′¬k

(
(ψUU )i ĩ ∗ (ψUU )j̃j

)
(k′′ − k̃)

∑
j′∈E

∑
k′>k−k′′

qjj′(k
′)

=
∑
j∈U

(
(ψUU )i ĩ ∗ (ψUU )j̃j ∗ (1−Hj)

)
(k − k̃) = Di

ĩ j̃
(k − k̃)

and

(ψUU ∗ (Sδẽ)U )e =
∑
k′¬k

(ψUU )i ĩ(k
′)1{k′>k−k̃­0}

=
(
(ΨUU )i ĩ(k)− (ΨUU )i ĩ(k − k̃)

)
1{k̃¬k},

we have

V 1
ee =

∑̃
i∈U

µĩ ĩ
∑̃
j∈U

∑̃
k∈N

q̃i j̃(k̃)
[(
ψUU ∗ δẽ ∗ψUU ∗ (Sq)U

)
e
+(ψUU ∗ (Sδẽ)U )e

]2
=
∑̃
i∈U

µĩ ĩ
∑̃
j∈U

[(
Di

ĩ j̃
+(ΨUU )i ĩ(k)− (ΨUU )i ĩ

)2 ∗ q̃i j̃](k)
and

V 3
ee =

∑̃
i∈U

µĩ ĩ
∑̃
j∈D

∑̃
k∈N

q̃i j̃(k̃)[(ψUU ∗ (Sδẽ)U )e]2,

=
∑̃
i∈U

µĩ ĩ
∑̃
j∈D

[(
(ΨUU )i ĩ(k)− (ΨUU )i ĩ

)2 ∗ q̃i j̃](k).
Since(

ψUU ∗ qĩUU ∗ψUU ∗ (Sq)U
)
e

=
∑̃
j∈U

∑
k′′∈N

∑
j∈U

(
(ψUU )i ĩ ∗ q̃i j̃ ∗ (ψUU )j̃j

)
(k′′)

∑
j′∈E

∑
k′>k−k′′

qjj′(k
′)
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=
∑̃
j∈U

[(ψUU )i ĩ ∗ q̃i j̃ ∗ (ψUU )j̃j ∗ (1−Hj)](k)

=
∑̃
j∈U

[Di
ĩ j̃
∗ q̃i j̃ ](k)

and

(ψUU ∗ (Sqĩ)U )e =
∑

k′′¬k
(ψUU )i ĩ(k

′′)
∑
j′∈E

∑
k′>k−k′′

q̃ij′(k
′)

= [(ψUU )i ĩ ∗ (1−Hĩ)](k),

we have

V 2
ee =

∑̃
i∈U

µĩ ĩ
[(
ψUU ∗ qĩUU ∗ψUU ∗ (Sq)U

)
e
+
(
ψUU ∗ (Sqĩ)U

)
e

]2
=
∑̃
i∈U

µĩ ĩ

[( ∑̃
j∈U

Di
ĩ j̃
∗ q̃i j̃ + (ψUU )i ĩ ∗ (1−Hĩ)

)2]
(k).

Since (ψUU )ij ∗ 1 = (ΨUU )ij ,
∑

j̃∈E qij̃ ∗ 1 = 1 and
∑

j̃∈E(ΨUU )ij ∗ q̃i j̃ =

(ψUU )ij ∗Hĩ, we have∑̃
j∈U

[(
Di

ĩ j̃
+ (ΨUU )i ĩ(k)− (ΨUU )i ĩ

)2 ∗ q̃i j̃](k)
−
[( ∑̃

j∈U
Di

ĩ j̃
∗ q̃i j̃ + (ψUU )i ĩ ∗ (1−Hĩ)

)2]
(k)

=
∑̃
j∈U

[(Di
ĩ j̃
− (ΨUU )i ĩ)

2 ∗ q̃i j̃ ](k)

−
[( ∑̃

j∈U
Di

ĩ j̃
∗ q̃i j̃ − (ψUU )i ĩ ∗Hĩ

)2]
(k).

Hence V Ree = vR(i, k).
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