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Abstract. Consider the model Y;,; = g(zni)+0ni€ni, ¢ = 1,...,n, where
02, = f(uni), the design points (;, un;) are known and nonrandom, g(-)
and f(-) are unknown functions defined on [0, 1], and the random errors
{eni, 1 < i < n} are assumed to have the same distribution as {J;, 1 <
i < n}, which is a sequence of identically distributed a-mixing random
variables with mean zero. Estimators of f(-) and g(-) are constructed by the
G-M method and their rth (» > 2) mean consistency and strong consistency
are obtained under appropriate conditions. To demonstrate the validity of
theoretical results, finite sample behaviors of the estimators are considered
via a simulation study.
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1. INTRODUCTION

Consider the following heteroscedastic regression model:

(L. Yo :g(xni)+ani5ni7 t=1,...,n,

where 02, = f(uy;), the design points (z,;, un;) are known and nonrandom with
ni gnp )

0 =2po < @p1 <K Tp2 < - < Tpp-1 < Tpp = land 0 = uyg < upp <
- < Upn—1 < Upp = 1, Yy, are the response variables, €,; are random errors
with Ee2, = 1, and ¢(-) and f(-) are unknown functions defined on [0, 1].
The heteroscedastic regression model solves the problem caused by the con-
stant variance in traditional econometrics and has attracted the attention of many
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scholars due to its applications in practical problems such as economic analysis
and time series (see Fan and Yao [7] for the latter applications). Concerning the
properties of this model, the interested readers can refer to Liang and Lu [13]] for
the asymptotic normality of wavelet estimators of ¢(-) and f(-) being known or
unknown functions in the model under the condition that the errors are as-
sumed to be martingale differences, to Liang [10] for the asymptotic normality of
wavelet estimators of g(-) and f(-) when f(-) is known or unknown in with
a-mixing errors, revealing the limit distribution of the wavelet estimator, to Liang
and Liu [12]] for the asymptotic normality of an estimator of f(-) in under the
condition that the error sequence is a stationary and a-mixing time series, etc.

It is worth pointing out that the model boils down to the usual nonpara-
metric regression model if afn- = 02, and the latter model has been extensively
studied under both independent and dependent noises. For the details, one can re-
fer to Gasser and Miiller [8]], Georgiev and Greblicki [9], Miiller [15]], Priestley and
Chao [[16] for the independent case. In the dependent cases, Liang and Jing [[11]]
and Chen [3]] considered a weighted function estimator of the unknown function
in the model with negatively associated errors and martingale difference errors, re-
spectively, Wu et al. [23] and Ding and Li [3]] studied the Priestley—Chao estimator
in the model with extended negatively dependent errors and linear process errors
generated by LNQD random errors, respectively, etc.

Now let us recall the definition of a-mixing random variables.

DEFINITION 1.1. Let {X,, n > 1} be a sequence of random variables, and let
Ff=0(X;;1<j<k)and Fie, = 0(Xj;7 > k + n) be two o-algebras. If

a(n) = sup sup |P(AB) — P(A)P(B)] - 0 asn — oo,
k=1 AcFF, BeFg,

then {X,,, n > 1} is called a-mixing.

Rosenblatt [[17] introduced the concept of a-mixing and many related results
have been obtained recently. For instance, Ekstrom [6] gave a central limit theo-
rem for a-mixing sequences, Thanh and Yin [19] proved complete convergence
for weighted sums of a-mixing random variables, Asghari and Fakoor [1]] derived
the asymptotic normality as well as a Berry—Esseen type bound for the kernel den-
sity estimator of left truncated and a-mixing data, Tabacu [18] studied the weak
convergence of the linear rank statistics under a-mixing conditions, Yang et al.
[24] investigated the change point detection for nonparametric regression under o-
mixing process, Dedecker and Merlevede [4] proved a strong invariance principle
for the Kantorovich distance between the empirical distribution and the marginal
distribution of stationary a-mixing sequences, Wang and Shen [20] established
some asymptotic results such as weak consistency, strong consistency, uniformly
strong consistency and the corresponding rates for the nearest neighbour estimator
of the density function under a-mixing samples, Wu et al. [23]] established a gen-
eral form of Berry—Esseen bound for c-mixing random variables, Wang et al. [21]]
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investigated the Bahadur type representation of a nonparametric expected shortfall
estimator for a-mixing financial losses, Wang et al. [22] investigated weak con-
sistency, uniformly weak consistency and the rate of uniformly weak consistency
for a generalized edge frequency polygon of the density function under a-mixing
samples, etc.

The Gasser—Miiller (G-M, for short) estimator was originally proposed by
Gasser and Miiller [8]], and has been widely discussed by many scholars; see e.g. [8]]
and Miiller [[15] for more details. Recently, Benhenni et al. [2] analyzed the effect
of regularity of the error process on the performance of the estimator with cor-
related errors, and Yang and Yang [26] proved strong consistency and uniformly
strong consistency of the estimator under weaker conditions. Now let us introduce
the estimators.

According to [8], the G-M estimator of ¢(-) for the model is defined by

(12) Gulx) =0ty K(“h_ 3) ds Yp;.

=1 Tn,i—1 In

Hence, the G-M estimator of f(-) for the model (|1.1)) is given by

)ds

where the kernel function K (-) is measurable and bounded on R and we have
0< hln,hgn—>0asn—>oo.

The G-M estimator is based on kernel functions and it is easy to compute and
implement. Furthermore, it can adapt to different bandwidth choices and performs
stably under various errors. To date, the consistency properties of G-M estimators
for the nonparametric component in the model remain unestablished. Inspired
by the literature, we aim to investigate the rth (r > 2) mean consistency and strong
consistency for the estimators and (1.2]) of f(-) and g(-) in the model
under a-mixing error structures. Slnce a- m1x1ng is weaker than (-mixing or p-
mixing, the study of a-mixing is reasonable. Additionally, in order to illustrate the
validity of the theoretical results established, we also make a simulation study of
finite samples.

Throughout this paper, the random errors {e,;, 1 < i < n} are assumed to
have the same distribution as {¢;, 1 < ¢ < n}, which is a sequence of identically
distributed a-mixing random variables with mean zero. The work is organized as
follows. In the next section, we state the assumptions and main results. In Sec-
tion 3, a simulation study including numerical simulation and real data example
is presented. Preliminary lemmas used to prove our main results are given in Sec-
tion 4. The proofs of our main results can be found in Section 5.

Let ] stand for the integer part of z, | X |, = (E|X|")Y/", and let C' be
a positive constant, whose value may be different in different places. We write

(1.3) ﬁ(u>:h;i< Gula))? | K<

Un,i—1
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ap, = O(by,) instead of a,, < Cb,, and a,, = o(by,) instead of a,, /b, — 0 as
n — oo, where {a,, n > 1} and {b,, n > 1} are sequences of positive numbers.

2. ASSUMPTIONS AND MAIN RESULTS

2.1. Assumptions. Firstly, we introduce some assumptions, which play an impor-
tant role in this paper.

(A1) (i) g(-) and f(-) satisfy the Lipschitz condition of order 1 on [0, 1];

(i) 0 < mop < minigicn f(uni) < maxigicn f(uni) < My < oo and
SUPze[0,1] g9(z) == G1 (< 00).

(A2) (i) K(-)isbounded on R;
(i) [7° K(v)dv=1.

(A3) h]’n — 0, 5jn — 0, 6jn/hjn — O,j = 1, 2, where

51n = max |xm — xm_1| and (Sgn = 1I£laX Uni — um_l y
i<n

1\\ LA

(A4) For some 0 < 01,03 < 1 and any z,u € (0,1),

() masicen ) [0 K (52) ds| = O

Tn,i—1
(i) maxi<i<n ‘h2 fu”’ ( ;f) ds‘ = 0O(n=%).

(A4) (A4) holds for some 1/2 < 61,602 < 1 and any x,u € (0,1).

REMARK 2.1. In fact, (A1)-(A3) are quite common. Specifically, (Al) is a
mild regularity condition for a heteroscedastic regression model, like (B1) in Liang
and Liu [12]. It is well known that (A2) and (A3) are mild conditions for kernel
smoothing, like (A2) and (A3) in Ding and Li [5].

REMARK 2.2. From (A2)(i) and (A3) we can deduce that as n — o0,

Tnd ] Coin
hit K ds| < 0
e i < i ) o
and
Un uU—8 Chon
<
19ien hon | K< haon )dS' han 0

Un -1
thus (A4) is reasonable.

Next, our main results are given, which are divided into two parts: rth mean
consistency and strong consistency.
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2.2. rth mean consistency

THEOREM 2.1. In the model (1.1)), let (A1)~(A4) hold, and {¥;, i > 1} be a
sequence of identically distributed o--mixing random variables with mean zero and
E|01]"+° < oo for some r > 2 and § > 0. Suppose that a(n) = O(n=?) for some
A > r(r+0)/(28). Then for each x € (0, 1),

(2.1) Elgn(z) — g(z)|" —— 0.
n—oo
THEOREM 2.2. In the model (1.1)), let (A1)~(A3) and (A4)' hold, and
{¥;, 1 > 1} be a sequence of identically distributed a-mixing random variables
with mean zero and E|91*" 19 < oo for some v > 2 and § > 0. Suppose that
a(n) = O(n=?) for some X\ > r(r + 6)/(20). Then for each u € (0, 1),
(22) B| fa(u) = f(u)|" ——0.

n—oo
2.3. Almost sure consistency

THEOREM 2.3. In the model 1} let (A1)—(A3) and (A4) hold, and
{¥i, i > 1} be a sequence of identically distributed c-mixing random variables
with mean zero and E|01|>T0 < oo for some 6 > 0. Suppose that a(n) = O(n™)

for some A > max {2%56, (2516(12)J(r254)_i)1+1, (2;26(22)53524_1 } Then for each x € (0,1),

(2.3) Gn(z) —=— g(2).

THEOREM 2.4. In the model 1) let (A1)~(A3) and (A4) hold and
{¥;, 1 > 1} be a sequence of identically distributed a-mixing random variables
with mean zero and E|91|*T2° < oo for some § > 0. Suppose that a(n) = O(n™>)

—0 § —0 §
for some A > max {ZT""S, 3 7 (12)_%—;_)1“, (392 (22)_%—’)__)1“ } Then for each u € (0,1),

2.4) Falu) =2 f(u).

n—oo

REMARK 2.3. Theorems 2.3 and 2.4 state the almost sure convergence for
the estimators and in the model based on identically distributed
a-mixing errors, which can help readers to solve some statistical inference prob-
lems more generally.

3. SIMULATION STUDY

3.1. Numerical simulation. In this subsection, we investigate the finite sample
performance of the estimators and (L.3). In particular, we test the consis-
tency by drawing the figures of the estimations g, (x) and fn(u) Taking g(x) =
sin(27x), f(u) = [1 4 0.5 cos(27u)]?, the observations are generated from

(3.1 Yoi = sin(27wzy;) + [1 + 0.5 cos(2muy;)]€;,
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where x,,; = (i — 0.5)/n, un; = (i — 0.99)/n. ¢; are errors, which are considered
under three different scenarios: (i) an AR(1) process ¢; = 0.3¢;—1 + e;, where e;
are i.i.d. N(0,1) random variables; (ii) an MA(oo) process with aj coefficients
decaying as k7 with 7 = 4; (iii) a Student’s law ¢(4). Here we take the Gaussian

kernel function K (u) = \/127 exp(—u?/2), bandwidths h1,, = ny or n3 and ha,, =

n1 or ny in the estimators and 1) where n, = n*1/3,n2 = n=5/12 gpd
ns = n~1/5. Thus the conditions of Theorems 2.3 and 2.4 can be verified easily.

From the model , we generate the observed data with sample sizes n =
500, 1000, 2000 and 5000 respectively, and calculate the estimated Valuei for each
Zp; and uy,; with M = 5000 replications. In particular, g, (z,;, k) and fy, (un, k)
are the kth estimates of g(x,,;) and f(u,,;) in M calculations respectively. Then the
GMSE of g,,(-) based on M replications is defined as

[Gn (Tt k) — g(xnl)]Z = DEL@\n)

3

=~
Mz
M=

i
—
o~
I

_

(32)  GMSE(G,) =
The GMSE of ﬁb() based on M replications is defined as

33)  GMSE(f,) =

S
:\H
s

3 (Faoa ) = flw) [ = D)

Obviously, 0 < D,(:) := /GMSE(:). Furthermore, the estimated values g, (-)

and f,(-) with the sample sizes n = 500, 1000, 2000 and 5000 are drawn in
Figure 1, and only one of them is shown due to similar features.
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FIGURE 1. The estimated values g, (+) (left plot) and fn() (right plot); the true values (solid line)
and the estimated values (dotted line) with n = 2000 and h1,, = n1 and ha, = no

Due to the possible lack of graphical explanation, we also calculated the
GMSE:s of g, () and f,,(-) based on M replications, using the expressions 1’
and ([3.3). The calculation results are shown in Tables 1 and 2.
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TABLE 1. D,, (g ) under different scenarios

Bandwidths Sample sizes (n)
" Sequences
hin  hon 500 1000 2000 5000
AR(1) 0.20009 0.15435 0.10720 0.06702
ny na MA(c0)  0.19489  0.13761  0.09523  0.06111
t(4) 0.21691 0.14633  0.10670  0.06969
AR(1) 0.48492  0.42877 0.37360 0.30163
na N2 MA(co) 048562 0.42912 0.36974  0.30548
t(4) 0.48242  0.42501 0.37431  0.30408
AR(1) 0.20990 0.15174 0.10393  0.06827
n1 ni MA(co) 021074  0.14041  0.09606  0.06422
t(4) 0.20486 0.14649 0.10251 0.06937
AR(1) 0.48492  0.42877 0.37360 0.30163
ns ni MA(co) 048562 0.42912 0.36974 0.30548
t(4) 0.48242 0.42501 0.37431 0.30408
TABLE 2. D,, (ﬁz) under different scenarios
M Sequences Sample sizes ()
hin  hon 500 1000 2000 5000
AR(1) 0.36309 0.29549 0.25136  0.20880
ny N2 MA(c0)  0.38757 032183 0.26145  0.20883
t(4) 1.15736  1.22723  1.26396  1.25455
AR(1) 0.48344 0.42187 0.35096 0.27700
na na MA(co) 044840 0.39908 0.31131 0.23510
t(4) 1.58030 1.43573 1.31758 1.31559
AR(1) 0.49445  0.39779  0.32680  0.26466
ni ni MA(co)  0.50483  0.44439  0.35745 0.29045
t(4) 1.12825 1.03574 0.99298  1.05035
AR(1) 0.54191 0.46483 0.39072 0.31289
n3 ny MA(c0)  0.52883 0.47416 0.38772  0.30973
t(4) 1.29740 1.19314 1.12361 1.13306

Concluding remarks. Tables 1-2 show the following:

(i) The values of D, (g,) and Dn(ﬁb) decrease as the sample size increases
under different bandwidths. This indicates that the precision of the estimators im-
proves with larger sample sizes. There are some differences in accuracy between
the two estimators, mainly because the estimated values fn() depend on the esti-

mated values gy, ().

(ii) The performance of the G-M estimators varies under different error struc-
tures (AR(1), MA(oco) and t(4)). For the two cases of AR(1), MA(c0), the esti-
mators perform similarly, while for the ¢(4) error structure, the estimators exhibit
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larger errors, indicating that the heavy-tailed nature of the ¢(4) distribution sig-
nificantly affects the precision of the estimators. Under AR(1) and MA(co) error
structures, the estimators show relatively stable performance, and the errors de-
crease as the sample size increases.

(ii) The choice of bandwidth significantly affects the precision of the estimators.
Smaller bandwidths (e.g., h1, = n~'/% and ho,, = n~%/12) perform better with
larger sample sizes, indicating that bandwidth selection plays a crucial role in the
convergence rate of the estimators.

Simulation results show that the G-M estimators can quantify the model param-
eters well when the model errors are weakly dependent. In general, these simula-
tions show a good fit of our theoretical results established in Section 2.

3.2. Real data analysis. To illustrate the methodology described in this paper, we
consider the Boston house price data set relating to 14 explanatory variables, which
has been analyzed by various authors. The purpose of this research is to evaluate
the relationship between house prices and air quality in neighboring areas by using
regression models. There are a total of 506 observations. Here we consider the vari-
able RM (average number of rooms per dwelling) due to its nonlinear relationship
with LSTAT (% lower status of the population); see Figure 2.
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FIGURE 2. The scatter plot of LSTAT versus RM

We employ the Gaussian kernel function K (u) = \/% exp(—u?/2) and the

bandwidth hy,, = n~/3, and obtain 7; = §(z;), i = 1,..., 506, where z; denotes
the average number of rooms per dwelling. At this point, we draw the scatter plot of
the fitted values and the absolute values of residuals, as shown in Figure 3. Given
hon = n~>/12 it follows that g(-) and f(-) are given in Figures 4 and 5.

In particular, we draw the auto-correlation function plot and partial auto-corre-
lation function plot about &; in Figure 6. After performing a goodness-of-fit test on
the residuals of the real data, they fitted an ARIMA(1,0,1) model, which includes
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FIGURE 3. The scatter plot of the absolute values of residuals versus the fitted values
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FIGURE 4. Estimates of g, where the symbols * are the estimated values

both AR(1) and MA(1) components. This indicates that the residuals contain both
autoregressive (AR) and moving average (MA) components. The p-value of the
Ljung-Box test is extremely small (p-value < 2.2e—16), strongly rejecting the null
hypothesis that the residuals are white noise. This indicates significant autocorre-
lation in the residuals. And the ARMA(1,1) process is stationary since the AR(1)
coefficient ¢; = 0.8928 satisfies |¢1| < 1, i.e., the residuals form an a-mixing
sequence (because a stationary ARMA(-,-) process is a-mixing according to Fan
and Yao [7])). This is consistent with our theoretical conditions on error sequences.

Concluding remarks. For nonparametric regression models with heteroscedastic
errors, we have studied the G-M estimators for the nonparametric regression func-
tion and volatility function. G-M estimation is based on a kernel function. Com-
pared with alternative estimators such as wavelet, it is simpler to calculate and
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FIGURE 5. Estimates of f, where the symbols * are the estimated values
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FIGURE 6. ACF plot and PACF plot of &;

easier to realize. For example, one does not need to make assumptions about the
spectral function and carry out the wavelet transform of the data.

4. PRELIMINARY LEMMAS

In this section, we provide some lemmas that will be used to prove our main re-
sults. The first lemma is the moment inequality for a-mixing random variables
with 7 > 2.
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LEMMA 4.1 (cf. Yang [25| Theorem 2.2]). Letr > 2,5 > 0 and {X;, i > 1}
be a sequence of a-mixing random variables with EX; = 0 and E|X;|"" < oo
for each i > 1. Suppose that a(n) < Cn= P for some By > r(r + 6)/(26),
where C is a positive constant. Then, for any € > 0, there exists a positive constant
K = K(e,r,6,01,C) < oo such that

i
> Xi

E( max
i=1

1<j<n

r n
) < K[n S EX + (L1, 2.4)"].
1=
The following lemma is the moment inequality for a-mixing random variables
with 7 = 2.

LEMMA 4.2 (cf. Zhang and Liang [27, Lemma 5.2(b)]). Let {X;, i > 1} be
a sequence of o-mixing random variables with EX; = 0 and FE|X;|**° < oo for
some § > 0 and each i > 1. Then

E(; X)) <[r+s l; a/9) 1) ; 1Xil1Z5

The next lemma is an important property of the kernel function, which is useful
in proving the main results.

LEMMA 4.3. Let ly; be fixed design points from [ , ] satisfying 0 = l,0 <
ln1<~-<lnn1<lnn—1Supp0sethatf (u)|du < oo and 0 <
b, — 0asn — oo. Then for anyl € (0,1),

< » >‘ds— [ K (u)| du.

Proof. Inspired by the proof of Lemma 4 in Yang and Yang [26], we argue as
follows. For any [ € (0, 1), we obtain

< )‘ds—f\K )| du
n,i—1 n
< , >‘ds—b1f K<lbn8>‘ds
l—s l—s
K K
(%) (%)
(1-1)/bn

<OfO|K(u)|du+ [ |K(w)|du.
l/bn —00

4.1) im0 1 Z f

=11

n,i—1

0< bty f

=11

1
— |p- 1‘f
0

0

= [-b,! f

—0o0

ds
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Note that [/b,, — oo and (I — 1)/b, — —o0 as n — o0, which combined with
o . .
S 1K (u)] du < oo implies that as n — oo,

0o (i-1)/bp
[ |K(u)|du— 0 and [ |K(u)|du— o0.
1/bn ~o0

This yields (4.1]). =

REMARK 4.1. From the above proof, we can note that (4.1)) still holds if
lpi = Tng, by = h1p and | = z, or if 1,,; = Uy, by = hop and [ = u.

The following Bernstein-type inequality is useful in proving the subsequent

lemmas.

LEMMA 4.4 (cf. Liebscher [14} Proposition 5.1]). Let {X;, i > 1} be a se-
quence of a-mixing random variables with EX; = 0 and | X;| < S < ~© a.s.,
1 =1,...,n, where S is a positive constant. Denote

i
D, = max Var( X-).
" agi<em ; !

Then, forn,m € N, 0 < m < n/2, and any € > 0,

P(;X,-

LEMMA 4.5. In the model (1.1)), assume that {ep;, 1 < i < n, n > 1} have
the same distribution as {9;, i > 1}, which are identically distributed o-mixing
random variables with EY1 = 0. Suppose that (A1)—(A3) and (A4)’ are satisfied

and a(n) = O(n=>) for some A > max {2%57 (3—91)(2+5)+17 (3—92)(2+6)+1} with

2 1 -1
> e) < 4exp{—;6 <nm1Dm + 365m> } + 32§na(m).
€

0:1(2+08)—1 02(2+06)—1
§ > 0. If E|91|**° < o, then
max |h; ! Zn: If K k5 g Y2 (upi )i | =22 0.
1<k<n In i=1 @y i1 hin M p—oo

Proof. Set 19§1) =% I(|9] < nﬁ) and 191(-2) = % I(|9;| > nﬁ) It is easy to
check that

4.2) max
1<k<

v

ma s TR (T ds 2,

=1y ;1 1n

< max
1<k<n

(Y il

=1zpn 1 In

4+ max =1 + Is.

1<k<n

£ () a

1=1Tpni—1
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For I, by (A1)(ii) and (A2)(i) we have

R T et

=1y ;1

4.3) max
1<k<n

ofn s 3 (0] > n3%),

Noting that E[d;|**? < oo, we have
s 1
4.4) > P(|94] > i7¥) < o0,
i=1
and thus
n n
4.5) z |G| L(]94] > n2+6 Z |G| I(]94] > z2+5) <00 as.

Hence, by (A3) we get

o
™ Tnk — S 1/2 (2)| as.
(4.6) [max. hit zz:mn‘{ 1 K("hln> ds f1/ (uni)9;” | = 0.
Due to EvY; = 0, E[1/**° < oo and Lemma 4.3, we have
& nd Tnk — S 1/2 E'l9(1)
4.7 max hi, ;mn {71 K T ds [/ (uns ) EY;
IR Tpg — 5 1/2 5
= max hin > [ K T ds [ (upi ) BV (9] > n2+s)
X 7;:1-7771,2‘71 n

< CK sup[ B |1(|9i] > n7+7)]
7
< Cn~ T8 B, 2P —— 0.
n—oo

In order to complete the proof, we only need to deduce from (#.2)—(4.7) that

x hin 3 K<$hk_> ds 12 (uni) (0] — BO(Y)
n 1n

=1Tpni 1

n Tnig
(4.8) max
1<k<

a.s.
— 0.

n—oo

According to the Borel-Cantelli lemma, it suffices to prove that

S P (max

1<k<n

Tnig

hln Z f K<xn;;1n> ds f1/2(unl)(19£1) - Eﬁgl))‘ > 6) <0

= lxnl 1

for any € > 0.
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In fact, we denote, for: =1,...,n,

Caite =m0V T K(”C"’f > ds 2 (u) (087 — EOV).

xn i—1 hln
We can easily see that

max |G| < Cnf1=1/@+0) =01 p1/C+0) — 0 « .
1<i,k<n

2+6

Furthermore, for some A > , by Lemma 4.2 and Jensen’s inequality we get

— 2/(249)
D : 1Sk 145 83m Var(Z:I ka) ¢ Z [Guill345 < Cmn '

Applying Lemma 4.4 with m = |n?~1/(2+9) 1og=2 p |, for some

(3—01)(2+9)+1

A
7 ey 1

1
with§<91<1

we get, for any € > 0 and some sufficiently large IV,

i P max h_l Z mfz K M dS fl/Q(UnZ)(/ﬂ(l) _ Eﬁ(l)) > €
n=1 Isksn " i=1xy, -1 hln ’ v
[&.°] n n Tni _
DY P( hny | K (x,j) del/z(uni)(ﬁgl)—Eﬂgl))‘ > )
n=1k=1 i=1ay i1 1n
=3 3 P(|3 G| > en 7
- nik| > €N +
n=1k=1 i=1
X & —Cen® T (3’77,-04(n'91_2w+5log*2 n)
=1k= n 2+t ten 2+5 log™“n en’t 243
oo n _C€2n201 Cnl—al—f—ﬁ
<CZZ|:€XP< 29 — )—i— R— }
n=1k=1 n+en<’1log™ " n ("5 1og*2 n)>
C 2— 91+2+6

o0
<C Z nexp(—C min {2n?" 71 elog?n})+ 3
n=1 n=1 (n%~ 4 log™2n)A

1
Cn* 01tz
61—

< 00,

oo o0
<C+C Y nexp(—Celog?n)+ > -
n=N n=N (n"'72%3 log =2 n)*

which yields (4.8)). This completes the proof of the lemma. m

In order to simplify the proof of the main results, we give the following two
lemmas, which play important roles in proving Theorems 2.3 and 2.4.
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LEMMA 4.6. Suppose that (A1)—(A3) and (A4) are satisfied and a(n) =

O(n=?) for some \ > maX{2+5, (2 gf(1;i254)_6)+1, (2526(22)J(r25—|)—f)1+1} with § > 0. If

E|91)?%0 < oo, then for any x € (0, 1),

a.s.
— 0.
n—o0

(4.9)

iy K( .

1= 1xnz 1

> dS f1/2(um)191

Proof. The proof is similar to that of Lemma 4.5. =

LEMMA 4.7. Suppose that the assumptions of Lemma 4.6 hold. If E|01|*t?
< 00, then for any x € (0,1),

(4.10)

iy | oR(

1= lxnl 1

) ds Flun) (0 — E02)| 5, 0.

n—oo

Proof. Taking ¥; := 9¥? — E¥? in the proof of Lemma 4.6, we can derive the
result analogously to that proof. =

LEMMA 4.8. Suppose that the assumptions of Lemma 4.5 hold. Then for any
€ (0,1),

@ St TR () ds ) (9 - Bl <=0
i=1 Un, i1 2n e

Proof. Taking k; = |¥;| — E|0;|, we note that Ex; = 0. The proof is analogous
to the proof of Lemma 4.5. =

5. THE PROOFS OF THE MAIN RESULTS

5.1. The proof of Theorem 2.1. For any x € (0, 1), we have

(5.1) E‘/g\n(x) - g(fL‘)|T = E|:q\n(l‘) - Egn(x) + E/g\n(l‘) - g(m)|r
<2 E[ga(z) — Egn(z)|” + 2" E|Ega(z) — g(z)["

iy f K<$hzs) ds /2 (tng )i

i=1wp ;1 n
T—S
ds — g(x
o) ds (o

=2""'F

T

+ 27’—1

hfnli xj g(ﬂfm')K(

1=1 Tn,i—1

= 271G () + 27 Gop ().
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Firstly, we deal with G1,,(z). Let 0 < € < 61(r — 1). By (A1)(ii), (A4), and
Lemmas 4.1 and 4.3 we obtain

_ n Tni Tr— 8
E hln1 Z f K( - >dsf1/2(um)€m

=lz,,;1 1n

r

5.2)

Tni

<SK|n Y Elhy, [ K (T) ds 12 (uni)ens
Tni—1 n

i=1
K[i (E hil mjz K(x_8> ds {12 (up;)e
] 1n h ni )Eni
1= Tn,i—1 n
<cn Y |t [ K<xh_3> ds
=1 Tp,i—1 1In

hit ]‘ K(xh_ 8) ds Y2 (up:)

Tn,i—1 1n

]
o

E‘Em'r

2

CKlneEwl |r —01(r—1)

r/2
<Ereni|r+5>r+ﬂ

+OK{ (B0 ) Fan 0 0,

n—oo

which yields

(5.3) Gin(z) —— 0.

n—oo

Next, we consider G, (z). By the C)-inequality we have

_ n Tni Tr — 8 r
(5.4) hlnl > f g(xm)K< n ) ds — g(x)
1=1zpn -1 n
1 Tni Tni Tr— S8 r
<2 Hny! Z [ g(zni)K ds—h, Z [ a(s ds
1= 1xn1 1 h = la:nl 1 hln
,_ Tni T —8 r
4or—1 hln Z f g(s < ™ )ds—g(w)

1=1ay ;1

= 271Gy (2) + 27 1G8) ().
For G (x), by (A1)(i), (A2), (A3) and Lemma 4.3 we get

DY xf (@n)K (h >ds—h1nz T gs <”’ )ds

K3 1xnz 1 hln

il 3 T loto) - g(s)}K(xh;s> s

(5.5)

T

< CKI6,

in

—>O.
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2)

For Gén (x), by the C,.-inequality again we obtain

r

mi s | awr(5) ds - gto)

1=1wy ;-1 In

T

L T —5
= ot (%) ds = gt
0 hln
z/hin 00 r
= | g —vhip)K@w)dv —g(z) [ K(v) dy‘
(z=1)/h1n -
x/hin (z=1)/h1n
= [ lol@—vhi)—g@)K@)dv—gx) [ K()dv
(z=1)/h1n -
—g() [ K@)dv|,
z/hin
which is less than or equal to
z/h1y, r (z=1)/h1n r
g7 o= vhi) — g@IK W) dv| 43 g@) [ K@)dv
(z=1)/h1n -

+3r_1‘g(x) T K|
z/hin

= 371G (2) + 371G (2) + 371G (x).

For G2V (x), by (A2)(ii) we find that for any ¢ > 0,

z/hin %)
l9(z — vhin) = g(@)| [K(W)|dv < [ |g(x — vhin) — g(x)| | K (v)| dv
(z—=1)/hin —o0
= [ lgle—vhin) = g(@)| |K(v)|dv
lv[<¢/hin
+ [ lgle —vhin) — (@) |K(v)| dv
[v[2¢/hin
<CK; sup |g(z—vhin)—g()|+C [ |K(v) dv— 0.
lv|<¢/han [v[>¢/h1n

The limit is zero because of (A1)(i), (A2)(ii) and letting { = (,, | 0 such that
Cn/h1n — 00 as n — oo. Thus

(5.6) G3(z) —— 0.

n—oo
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Note that f (v)| dv < oo from (A2)(ii). For Gén )( ) and Gg?) (x), it fol-
lows from (A2)(11) and (A3) that for any = € (0, 1),
(z=1)/h1n 00
/ |KWw)dv ——0 and [ |K(v )\dv—>0
— 00 n—oo x/hln n—oo

which implies that

(5.7) G (z) ——0, j=2,3.
From ([5.4)—(5.7]), we derive
(5.8) Gon(z) — 0.

Hence, we attain ([2.1)) according to (5.1)), (5.3) and (5.8). =
5.2. The proof of Theorem 2.2. For any u € (0, 1), we have

(5.9 E|fa(u) — f(u)]"

—Ehyly | K (
=1l up ;1

> | K (

1= 1un, 1

T

) ( 1/2 um Eni +g($m) Z}\n(xm,))Q - f(u)

T

<3 'E

) ds flun)eti— 1w

T

+3

iy | (Y )ds<g<wm> ()

1=lup 1 2n

_ _ n Ung uU—3S N
vt 3 T w (U0 ds P en(atn) )

1=lup ;1 2n

T

—=: 3" L, (u) + 37 Py (u) 4+ 37 Py (u).

Firstly, we deal with F},(u). Referring to the proof of Theorem 2.1, we
make the following transformations: €y;, Ty, h1, and f 1/ 2(um) are replaced by
(éfw — Esfw), Uni, hop and f(uy;) in , respectively, and at the same time, ,,;,
hin, g(xn;) and g(x) are replaced by i, hon, f(un;) and f(u) in , respec-
tively. Repeating the proofs of and — in Section 5.1, we deduce that
forr > 2,

E hz_nl i sz K<uh;ns> ds f(um)sii — f(u)

=1 Un,i—1

T

(5.10)

T

< 2’!’—1E

a3 T w () ds Ftunied - B22)

i=1 Un,i—1 2n

T

— 0
n— o0

+2r 1

)

s T K( = >dsf(um') - f(w)

i= lunl 1
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which yields

(5.11) Fin(u) — 0.

n—oo
Next, we consider Fb, (u). We get

r

(5.12)

Blngt 32 T w (50 ds gton) — o)

=1 Up -1 2n

T

g Y u—s " R .
=F h21% Z f K( h2n > ds (g(xm')_Egn($ni)+Egn(l'ni)_gn(l‘ni))z

=1 Un,i—1

nz K d
unj; 1 ( h2n > ‘
Tnk "Eni — s 2\r
x | g(zni) — hy,! Z [ gl@w)K 3 ds
=1zp k-1 In
unl u
K ds
un{_l < h2n )
n Tnk :an —_ 2\ r
<h’1n Z f K( h > ds fl/g(unk)gnk> )

=lxp k-1 In

= QT_ITl(u) + 2T_1T2(u) =:T1 4+ Ts.

=1

+2 ' (h;nl 3

i=1

Note that
n Tnk T — S 2r
(5.13) Ty < C sup —ht > Ik g(:ﬂnk)K< > ds
2€(0,1) F=la, hin
Uni U — r
K( > s )
( i=1 unfl . han
Tnk T —3 2r
< CK7 sup hln Z f 9(Tnk) ( >ds
JEE(O,l) k= 1acnk 1 hln

and

2r

5.14) Tp < C’Ema<x

1<i<n

Tnk _
hiy Z / K<$m ) ds fY2 (unk)enk

=1 Tn k—1
Uni < >
ds
un ,i—1 h2n

X <h2_n i

=1
< CKJE hit Z xfk i 75 ds Y2 (unp)e i
1 112&5(” = h nk)cnk
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The decomposition is as follows:

(5.15) sup b > [ g(xm)K<x - 8) ds
z€(0, 1) S hin
Tnj T — Tni xr—S
= sup 9(Tn; K( > ds—hi, g(s)K( ) ds
16(0,1) i=1 iUnJ: 1 hin ! Zzzl xn{_1 hin
2 r—s
it T o () s gt
_1 n Tni T — S
= sup |hy, 30 [ (g(@n) —g() K —— ) ds
z€(0,1) i=1 Ty i1 In
+ f g(x —uhin) K(u)du — g f K(u
which is less than or equal to
(5.16) sup <h1_n1 > f lg(zni) — g(s)] ’K( S) ds
2€(0,1) =1 2y g1 hin

+  lote —uhia) — o) 1K ) du)

su
(p)< ey J

=1y ;1

xr— s
K
(h1n>

+ [ lgle —uhin) = g(2)] | K (u)| du

lu[<¢/hin
FO [ gl = uhn) = g(o)] K ()] du)
[ul2¢/h1n
< sup (Cdln > (Tni — xn,i1>
ze@)\ Pin =1
+ Ky sup |g(z —uhi,) —g(z)|+C f | K (u)] du)
[ul<¢/hin [u|=¢/h1n
Cop
<My o up ( sup |g(mfuh1n)fg(x)|>+0 [ 1K (u)|du— 0,
1n z€(0,1) Mu|<¢/hin [ul=C/h1n
by letting { = ¢,, — 0 such that ¢,,/h1,, — 00 as n — oc.
Taking 0 < e < 61(2r —1) — 1, by Lemma 4.1 and 6 > 5 (> 1 > -1-) we

get
2r

(5.17) E max
1<i<n

n Tnk .
iy | K(x”h S)dsfl/Z(unk)enk

k= 1xpk_1 1n

Tnk 2r

hln Z f K(mm _ )ds fl/ (Unk)Enk

k= lxnk 1

<3 E

=1
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2r
E‘Enk‘zr

hl_nl i x]k K(x’z> ds f1/2(u k)

1n

2 5 r
(E|8nk’2r+6)27°+5> 7

which is less than or equal to

(5.18) Z CKn 2

Tnk
hlnz i K( i >ds

=1 Tn k—1
Tnk L 2r—1
x| [ K(wm S> ds Elenk)®
Tn,k—1 hln
n n _ Tnk Ti s
+ Z CK Z h f K N ds
i=1 k=1 T, k—1 1n
Tnk P r
x| K ("””’;; 3) ds <E|snk|2’“+5)2r2+6>
Tn,k—1 In

< CKKnn' ==V B9, | + CKKn}=07 (B9, | +0)zts — 0,

n—oo

Therefore, we conclude from (5.12))—(5.18)) that

(5.19) Fon(u) — 0.

n—o0

For F3,,(u), we have
(5.20)  Fyp(u)

Bty K(“h_ ) ds [/ (uni)eni(9(2ni) = Ga(@ni)

=1up i1 2n

T

"Bl Y, [ K<uh;8>d3fl/2(um)€m

=1 Un,i—1 n

Tnk .
(o £ T s (557) )

T

lxnk 1
+2"E hQn 231 qu K< " > ds f1/2(um)€m
? Un,i—1 n
Tnk an _ 1/ T
hln Z f K dsf (unk)gnk:
k= 1xnk 1 In

= 2T11(U) + 2TIQ(U) =: Il + .[2.
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Now we deal with ; and I>. By Lemmas 4.1 and 4.3, we obtain

) ds Y% (uni)eni

Tnk .
«(otewd - 33 T stewi® (35 ) )

1$nk 1

= 1unl 1

T

—Elhy'S | K(uh_ s) ds 12 (upy)
=1 Up,i—1 2n

Tk .
X < xnz hln Z f g xnk <$71};1 S) ds)&u’

=lap k-1

T

<Kn‘S|ong! [ K(“_S> ds FY/2(un)
=1

Un,i—1 h2”
Tnk T i — s T
><< Tni) hm Z f 9(Tnr) < nh )ds) Elen|”
1xnk 1 in
n Unig
K<Z hon [ K<h )ds
=1 Up,i—1 2n

2

r/2
<E|em’“+5>ri5)

Tnk Tpi — S
X < Tni) hln Z f 9(Tnk) ( . )ds)
1$nk 1 in

=: 11 + L1s.
On the one hand, taking 0 < e < 03(r — 1) it follows by (/5.16]) that

s Uni U—s r—1
Ii < CKn®> by K d hyy | K d
< K 3 b mfu () sl mas it 30 ) s
Tnk Tni — S " T
9(@ns) hln Z f g(xnn) K . ds| Elenil
=lxp k-1 In

TlTL unz

< CKn® max
1<i<n

Uni -5
2n f K ( h2n )ds

= )
Un,i—1

Tnk r
X sup hln Z f 9(Tnk) < . )d E|9,|"

=1 unz 1

2

me(O,l) =1xp k-1

< CKKynfn 02001

as| B[

Tk
X sup han [ g(zm) (

a:e(O,l) =1Zp k-1

— 0.
n— 00
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On the other hand, it follows by (/5.16)) that

T K(“h_ )ds
2n

7

I < K<h2_n1 >

| K(“ )d
max s
=1 U, i—1 1<Z\TL 2n Up,i—1 h2n
Tnk Tpi — S 2 2 \"?
X < Tni) hln z f 9(Tnk) ( n}i )ds) (E|5ni‘r+6)r+6
=lapk—1 in

< KK(Pn~0xr/?

Tnk r T
X sup hm z f 9(Tnr) < S> ds (E|191\’"+5)m
xe(O,l) =12y k1 hin
— 0.
n—oo

Thus we have

(5.21) I, ——0.

n—oo

As for I, it follows by the Cauchy inequality that

(5.22)

1= lunl 1
Tnk _
(h’ln > K<xm >d8 172 (unk)Enk>

=lxp k-1

Un,i—1

) ds Y% (uni)eni

T

in

2\ 7
no uU—S
< {E<i:1 h2nl unjz‘ 1K< h2n ) ds fl/Q(um')gni >

n n  Tnk Tpi — 2\ ry1/2
X E(Z hit Y f K( . ) ds fl/Z(unk)snk > } )
i=1 k=1, 1 In

Note that 1/2 < 61,02 < 1. For a sufficiently small positive number
0<er <Oa2r—1)+0ir—r (<261(2r—1)—r),

from ([5.18)) and I;; — 0 we get
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U u—S
h2nl f K<h2n> dS fl/z(um)em

Un,i—1

>

el

=1

Y

2

(5.23) E(

h2n n'L (uh— S> ds fl/Q(Um')Em'

unz 1 2n

Ui _ 2 T
—Eh;n1 f K<uh 8) dsf1/2(um)6m )}

Up,i—1 2n

2 r
E|sm~|2>

+ 27“—1<Z

=1

ho ! f K< - )dsfl/Q(um)
Un,i—1
< (CKKnSin~%2@ =Y L CKTn=%") B9, |*

+ CKK{n=30r/2( Bl 2r+9)) w5
— O(n61792(2r71)n702r + n7392r/2)'

2n

In order to prove the desired result, we argue as follows. Firstly, taking 0 < € <
min {(61+62)(2r—1)—r—e€1,01(2r—1)+60or—1r} < (61+602)(2r—1) —r—e,

by (.18) we get

(5.24) Cpa=f2@r=D

R

Y

=lxp k-1 hin
€1—02(2r— 1 ik xnz — / o
<Cn Z E hln Z f K ds f (unk‘)gnk
k= ]-xnk 1

< CKKlnq—92(2r—1)nr—1+e+1—91(2r 1)E”191|2r
+ CKKI‘nT—GlT-‘rEl—GQ(QT—l)(E|191‘27‘+5)% _ 0(1).

Secondly, taking 0 < € < min {(61+62)(2r—1)—r—e€1,01(2r—1)+60or —r} <
01(2r — 1) + a7 — r, we find analogously that
2) r
Tnk

Tni — S
il Z i K(m) ds Y2 (ung ek

k= ]-xnk 1

Tk Tnsg —
h‘ln Z f K( > ds f1/2(unk)€nk

1$nk1 hn

(5.25) cn—eﬂE(Z

)

2r
< Cn—@gr r—1 Z E

< CKKlnenr—Ol(Qr—l _92TE|?91‘2T
+ OKKTnm=0m=b2r (B9, |2 +0) 555 = o(1).

Lastly, taking 0 < e < min {(0; +62)(2r —1) —r —€1,01(2r — 1) + bar —r} <
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01(2r — 1) + 3627/2 — r, we conclude analogously that

(5.26) Cn392’“/2E<Z

)

Tnk ‘T’I’L’L_S 1/2
h1 Z f K ds % (Unk)Enk

k= 1xnk1 1n

2)7“
< CKKinn"™ 01(2r71)7392r/2E’191 |2r
+ CKKTn=0r=302r/2 (g, [2r+0) 27455 = o(1).
Then (522)-(5.26) yield

(5.27) Ih, —— 0.

n—o0

Therefore, we deduce from ([5.20)), (5.21]) and (5.27) that

(5.28) Fyn(u) —— 0.

n—o0

By (5.9), (5.11)), (5.19) and ([5.28)), the proof is complete. m

5.3. The proof of Theorem 2.3. For any = € (0, 1), we have

(5.29)  [gn(z) — g(2)| < [gn(x) — EGn(2)| + [EGn(z) — g(x)
Inz

hln z f K( h > ds f1/2(uni)5ni

=12y 1

+ |1, i f g(a:m>K<xh:> ds — g(z)).

1=12p ;-1

Thus we only need to prove that

(5.30) o> [ K(xh_ 3) ds Y2 (uni)eni| —= 0,
i=12n,1 In e
and
1 n Tni Tr— S
(5.31) hon > [ glani)K - ds — g(z)| —— 0.

These follow by Lemma 4.6 and (/5.8]). =
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5.4. The proof of Theorem 2.4. For any u € (0, 1), from (5.9) and (/5.10|) we have

(532) | fulu) — f(u)|
a3 T w () ds ftun (el - B2

=1 up ;-1 n

< 3r—1 X 27”—1

+ 37’—1 . 21"—1

s K<“h‘3)dsf<um>—f<u>

=1 Un,i—1 2n

+ 37"—1

h;;i | K(“h;ns>ds(g(mm)—an(xm))?

=1 Up ;1

i= 1unz 1

+3T’1

) s £ i)~ G|

2n

Thus we only need to prove that

(5.33) hQT}fjl N K<“h2 >ds Fluni) (2, — Be2)| 220,
=1 up i—1 n
CENI ool | K(UhQS)de(uni)—f(U) —
1=1up ;-1 n
(5.35) h;&f; o (“h;8> ds (g(xni) = Gn(2ni))?| —— =0,
i=1 ;1 n
and
(5.36) h2_n1 zn:l u]y K(uh; S) ds fl/Q(um)am(g(xm)—E]\n(acm-)) % 0.
Sl n

Firstly, we get (5.33) from Lemma 4.7. Secondly, (5.34)) follows from ([5.10)).
Thirdly, by (5.16|) and Lemma 4.5,

(5.37)  max |g(zni) — Gn(zni)|

1<K
Tnk — 8
< sup —hy) Z [ gl@wm)K h ds
z€(0, 1) =lap k-1 In
+ max |hy} Z mTk o (i ds fY%(unp)e
1<i<n In k=12, k1 hln nk/=nk
a.s. 0,

n—oo
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which combined with Lemma 4.3 shows that the left side of (|5.35]) is less than or

equal to
Uni u—8
K ds
f ( han )

Un,i—1

a.s.
— 0.
n— o0

(5.38)  max (g(zni) — Gnlwni))?hs, i

Lastly, note that the left side of (5.36]) is less than

n

(5:39)  max |g(wn;) — Gn(ni) hy Y

SIS i=1

JL"L K(Uh_s> ds fl/Q(unz)gnz

Un,i—1 2n

and
5400 S |nyt [ K(“h_3> ds 2 (uni)| |enil
=1 Un,i—1 2n
B n 1 Unig u— S 1/2
=St T g () s £ ) (el — Bl
= U, i—1 n
n _ Uns u— S
+Zl how [ K( " >d3f1/2(um) Elenil.
= Un,i—1 n

Clearly, by Lemmas 4.3 and 4.8 respectively it follows that

n

G4 Y |k [ K(uh_3> ds Y2 (un;) | Bleni]
=1 Up,i—1 2n
_ - —1 Hni u—=:s 1/2
=> |ha [ K<> ds 172 (un;) | B[94
i=1 U1 han

< CK 1 E|Y| < oo

and

i=1 Up,i—1 2n n—oo

Combining these with ([5.39)), (5.40) and (5.37)) yields (5.36)). The proof is com-
plete. =
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