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Abstract. We provide a necessary and sufficient condition on a sequence of
random variables for the Boolean and Fermi central limit theorems to hold
true. The result allows us to connect the classical and the non-commutative
analogues of the central limit theorems. We show that the Boolean domain
of attraction of the symmetric Bernoulli distribution, the free domain of at-
traction of the semicircle law and the classical domain of attraction of the
Gaussian distribution coincide with each other.
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1. INTRODUCTION

In non-commutative probability there are several notions of independence; tensor,
Boolean, free, monotone, anti-monotone are some of them (see [9]). It was shown
in [14] that the only three universal notions of independence are tensor, Boolean
and free. Tensor independence and classical independence give rise to the same
convolutions of probability measures, while Boolean and free independence pro-
vide different notions of convolutions.

Central limit theorems essentially study the sum of many independent identi-
cally distributed random variables where each summand has high probability of
being small. When the random variables are chosen to be classically independent,
the sum (with a proper scaling and centring) will approximately have a Gaussian
distribution (also called the normal distribution). In non-commutative probability,
if we start with freely independent random variables then the sum distribution of
properly tuned terms tends to the semicircle law (see [8, 11, 18, 20]), and in the case
of a Boolean independent sequence of random variables the limit law for the sum
of adjusted terms turns out to be the centered Bernoulli distribution (see [15, 17]).
The speed of convergence in the above mentioned setup has been extensively stud-
ied in the literature. Andrew Campbell Berry (in 1941) and Carl-Gustav Esseen (in
1942) independently reported that given a sequence of classically independent and
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identically distributed random variables, (under some moment assumptions) the
cumulative distribution functions of the standardized sample mean and the stan-
dard normal distribution differ by no more than a specified amount (in particular,
the difference is O(n−1/2)). A similar bound in the free case was obtained in [5,
Theorems 2.4, 2.5] under the finite fourth moment assumption. It was proved in
[1] that the speed of convergence in the Boolean central limit theorem is of or-
der O(n−1/2) for measures with finite sixth moment, and the result was improved
in [13] by assuming finite fourth moment.

The characterization of the laws satisfying the central limit theorem is also an
important object of study in both classical and non-commutative probability theory.
Classically it is known that a law satisfies the classical central limit theorem if and
only if it has almost finite second moment. An analogous result in the free case was
detailed in [12]. We have proved parallel results in this direction for Boolean and
Fermi convolutions. One of the most important upshots of comparing the results
in classical, free and Boolean cases is that a law satisfies the classical central limit
theorem if and only if it satisfies the free central limit theorem if and only if it
satisfies the Boolean central limit theorem. In particular, the classical domain of
attraction of the normal distribution, the free domain of attraction of the semicircle
law and the Boolean domain of attraction of the centered Bernoulli distribution are
identical.

To state the main results of this article, we use the notations from [12]. Let µ
be a probability measure on the real line and α ⩾ 0, and define

µ(α) =
∞∫
−∞

tα dµ(t)

whenever the integral exists. The notation Var[µ] will be used for the variance of µ.
When µ is a finite positive measure, the function Hµ is defined on the non-negative
part of the real line in the following way:

Hµ(y) =
y∫
−y

t2 dµ(t).(1.1)

A measure µ is non-degenerate if it is not a Dirac measure at a real number. Let
Dλ be the dilation of probability measures by a factor λ ⩾ 0, defined as

(Dλµ)(A) = µ(λ−1A)(1.2)

for any Borel measurable subset A of the real line.
We are now ready to state the main theorems of the article.

THEOREM 1.1 (General Boolean CLT). Let µ be a non-degenerate probability
measure on the real line and let

νn := D 1
Bn

µ ⊎ · · · ⊎D 1
Bn

µ︸ ︷︷ ︸
n times

⊎ δ−An
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for any n > 0 (⊎ denotes the additive Boolean convolution). Then the sequence
{νn}∞n=1 of measures converges weakly as n → ∞ to b1 = 1

2δ−1 +
1
2δ1 for some

choices of positive constants {Bn}∞n=1 and real numbers {An}∞n=1 if and only if
the function Hµ is slowly varying.

We now note down the obvious central limit theorem for the Fermi convolution
which has not been mentioned before in the literature. Observing that µ has finite
variance implies Hµ(y) tends to a constant when y → ∞, we have the following
central limit theorem for Fermi convolutions:

THEOREM 1.2 (General Fermi CLT). Let µ be a non-degenerate probability
measure on the real line with finite second moment and let

νn := D 1
Bn

µ • · · · •D 1
Bn

µ︸ ︷︷ ︸
n times

• δ−An

for any n > 0 (• denotes the Fermi convolution). Then the sequence {νn}∞n=1 of
measures converges weakly as n → ∞ to b1 = 1

2δ−1 +
1
2δ1 for some choices of

positive constants {Bn}∞n=1 and real numbers {An}∞n=1.
In the above situation, Bn may be chosen to be c

√
n and An = c−1

√
nµ(1),

where µ(1) is the mean of µ and the constant c is (Var[µ])−1/2.

The next theorem is a particular case of the Boolean central limit theorem.

THEOREM 1.3 (Boolean CLT). Let µ be a non-degenerate probability measure
on the real line and let

νn := D 1√
nc
µ ⊎ · · · ⊎D 1√

nc
µ︸ ︷︷ ︸

n times

⊎ δ−An

for any n > 0. Then the sequence {νn}∞n=1 of measures converges weakly as
n → ∞ to b1 for some positive constant c and real numbers {An}∞n=1 if and
only if the measure µ has finite variance.

In the above situation, the constants c and An may be chosen to be c =
(Var[µ])−1/2 and An = c−1

√
nµ(1).

The proof of Theorem 1.2 is similar to those of Theorems 1.1 and 1.3 and
therefore will be skipped. In the next section we introduce the notions that are used
throughout this article. Section 3 describes the notion of domain of attraction and
the final section consists of the proofs of the main theorems.

2. PRELIMINARIES AND SOME KNOWN RESULTS

For a complex number z = x + iy, the imaginary part y of z will be denoted
by ℑz. We denote the upper complex half plane by C+ := {z ∈ C : ℑz > 0}. The
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set of all probability measures on R is represented byM. For two sequences of
numbers {an}∞n=1 and {bn}∞n=1 we write an = o(bn) if |an/bn| → 0 as n → ∞,
and an ∼ bn if |an/bn| → 1 as n→∞.

A complex normed algebra (A, ∥·∥) is a Banach algebra if the norm ∥·∥ induces
a complete metric. A Banach algebra is a C∗-algebra if it has an involution a 7→ a∗

that satisfies ∥aa∗∥ = ∥a∥2. A quadruple (A, ∥ · ∥, ∗, ϕ) is called a C∗-probability
space if (A, ∥·∥, ∗) is a C∗-algebra and ϕ is a linear functional such that ϕ(1) = 1.
Let B(H) be the set of all bounded linear operators on a Hilbert space H . A C∗-
algebra A ⊆ B(H) is said to be a von Neumann algebra (or a W ∗-algebra) if it
is closed with respect to the weak operator topology. The pair (A, ϕ) is called a
W ∗-probability space if A is a W ∗-algebra and ϕ is a linear functional which can
be written as ϕ(a) = ⟨aζ, ζ⟩ for some unit vector ζ ∈ H . Let (A, ϕ) be a W ∗-
probability space and let T be a self-adjoint operator affiliated with A, i.e. there
exists a complex number z in the spectrum of T such that (T − z)−1 ∈ A. Then
the law of T is the unique probability measure µT on R such that

ϕ(u(T )) =
∫
u(λ) dµT (λ)

for any bounded measurable function u on the spectrum of T .

2.1. Boolean convolution and Fermi convolution. The notion of interval partition
was introduced in [19, 4]. Later that notion was extended and Boolean convolution
was first defined in [15]. We are interested in the Boolean case. The following is
Definition 4.1 of [6].

DEFINITION 2.1 (Boolean independence). Subalgebras A1, . . . , AL of (A, ϕ)
(non-unital in general) are said to be Boolean independent (with respect to a unit
vector ζ where ϕ(a) = ⟨ζ, aζ⟩) whenever for any n ⩾ 1,

ϕ(a1 · · · an) = ϕ(a1) · · ·ϕ(an),

where ai ∈ Ak(i) and k(i) ̸= k(i+ 1) for all i ∈ {1, . . . , n− 1}.

Let X and Y be two self-adjoint, Boolean independent elements in a non-
commutative probability space (A, ϕ) with laws µX and µY respectively. Then the
law of X+Y is denoted by µX ⊎µY . Also for any two probability measures, there
exists a pair of Boolean independent random variables in some W ∗-probability
space such that the convolutions are well defined. For a measure space (Ω,F , P ),
denote by L2(Ω, P )0 the orthogonal complement of the constant functions, i.e.

L2(Ω, P )0 =
{
g ∈ L2(Ω, P ) :

∫
Ω

g dP = 0
}
.

Let µ1, µ2 ∈ M. It was shown in [6] that there exist two self-adjoint operators X
and Y , Boolean independent (with respect to the column vector ζ = (1, 0, 0)t) on
the space C⊕ L2(Ω, µ1)0 ⊕ L2(Ω, µ2)0 having laws µ1 and µ2 respectively.
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Now, we describe the additive Boolean convolution analytically. Set

Γα := {z = x+ iy ∈ C+ : x < αy} and Γα,β := {z ∈ Γα : |z| > β}

for positive real numbers α and β. The region Γα,β is known as a Stolz angle at∞.
We say that f(z) → l as z → ∞ non-tangentially if for any ϵ > 0 and α > 0,
there exists β ≡ β(α, ϵ) > 0 such that |f(z)− l| < ϵ whenever z ∈ Γα,β . We shall
write f(z) ∼ g(z) as z → ∞ to mean that f(z)/g(z) converges to 1 as z → ∞
non-tangentially.

Classically moment generating functions (whenever they exist) and characteris-
tic functions determine measures uniquely. In non-commutative probability, there
are several transforms which do the job of describing a probability measure. Sup-
pose µ ∈M. Then its Cauchy transform Gµ : C+ → C− is defined as

Gµ(z) =
∞∫
−∞

1

z − t
dµ(t), z ∈ C+.

The Cauchy transform characterizes a probability measure uniquely. The reciprocal
of the Cauchy transform is defined as

Fµ(z) =
1

Gµ(z)
,

which maps C+ to C+ analytically. The Nevanlinna representation of Fµ is given
by

(2.1) Fµ(z) = a+ z +
∞∫
−∞

1 + tz

t− z
dσ(t), z ∈ C+,

for some positive finite measure σ and some a ∈ R. The Boolean additive convo-
lution is determined by the transform Kµ (also called the energy transform) which
is defined for any z ∈ C+ by the formula

Kµ(z) = z − Fµ(z).(2.2)

For two probability measures µ, ν ∈ M, the additive Boolean convolution µ ⊎ ν
is determined by

Kµ⊎ν(z) = Kµ(z) +Kν(z), z ∈ C+,

and µ ⊎ ν is again a probability measure.
Following [10], the B̃-transform of a probability measure µ having finite sec-

ond moment is defined in the following way:

B̃µ(z) = λz + zKµ0

(
1

z

)
, z ∈ C−,(2.3)

where λ is the mean of µ and µ0 is the zero mean shift of µ.
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Let µ and ν be two probability measures on the real line both having finite
variances. The Fermi convolution µ • ν is determined by

(2.4) B̃µ•ν(z) = B̃µ(z) + B̃ν(z), z ∈ C−,

and µ • ν is again a probability measure.
The following proposition describing that µ 7→ Kµ behaves well relative to

weak convergence will be used in this article.

PROPOSITION 2.1 ([2, Proposition 6.2]). Let µn ∈ M be a sequence of prob-
ability measures. The following are equivalent:

(1) µn converges weakly to a probability measure µ.

(2) There exist α, β > 0 such that the sequence Kµn converges uniformly on Γα,β

to a function K, and Kµn(z) = o(|z|) uniformly in n as z →∞ on Γα,β .

(3) There exists a β0 > 0 such that the limit of Kµn(iy) exists as n→∞ for every
y > β0 and Kµn(iy) = o(iy) uniformly in n as y →∞.

In particular, in the above situation, we have K = Kµ.

The following proposition is an immediate consequence of the above proposi-
tion.

PROPOSITION 2.2. Let µn ∈M be a sequence of probability measures having
finite second moments. The following are equivalent:

(1) µn converges weakly to a probability measure µ.

(2) There exist α, β > 0 such that the sequence B̃µn converges uniformly on Γα,β

to a function B̃, and the limit of B̃µn(z
−1) exists non-tangentially uniformly in

n as z →∞ on Γα,β .

(3) There exists a β0 > 0 such that the limit of B̃µn(iy) exists as n→∞ for every
y > β0 and the limit of B̃µn((iy)

−1) exists non-tangentially uniformly in n as
y →∞.

In particular, in the above situation, we have B̃ = B̃µ.

It has already been mentioned that Theorem 1.2 may be proved using similar
arguments to those for Theorems 1.1 and 1.3 with the help of Proposition 2.2.

2.2. Slowly varying functions and some known results. A measurable function
r : R+ → R+ is said to be regularly varying of index α for some α > 0 if there
exists an M > 0 such that r((M,∞)) ⊆ (0,∞) and for every t > 0,

r(ty) ∼ t−αr(y) as y →∞.

A regularly varying function of index 0 is called a slowly varying function. A reg-
ularly varying function r of index α can be written as r(y) = yαl(y), where l is
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a slowly varying function. Let us denote by RVα the set of all regularly varying
functions of index α (α ⩾ 0). A positive sequence {hn}∞n=1 is said to be slowly
varying if for every k ∈ N,

hkn ∼ hn as n→∞.

In general, a slowly varying sequence cannot be extended to a slowly varying func-
tion. But, if hn is a slowly varying sequence such that hn ∼ hn+1 as n→∞, then
there exists a continuous function l ∈ RV0 such that l(n) = hn for all n ∈ N.

To keep the paper self-contained we record some known results. The following
proposition gives the tail asymptotics of the functions Hµ and another function.

PROPOSITION 2.3 ([12, Proposition 3.3]). Let µ be a finite positive measure
supported on the real line. Then the following are equivalent:

(1) Hµ ∈ RV0.

(2) Lµ ∈ RV0.

Here Hµ is defined in (1.1) and Lµ is defined by

Lµ(y) =
∞∫
−∞

y2t2(y2 + t2)−1 dµ(t).

In the above situation, Hµ(y) ∼ Lµ(y) as y →∞.

The following result is [12, Corollary 3.7].

PROPOSITION 2.4. Let µ ∈M with the Nevanlinna representation of Fµ given
by (2.1). Then µ(2) <∞ if and only if σ(2) <∞. In this case µ(1) = σ(1) − a and
Var[µ] = σ(0) + σ(2).

We record a result characterizing the behaviour of the normalizing constants
that appear in the standardized sum of Boolean independent random variables.

PROPOSITION 2.5. Let {Xn}∞n=1 be a sequence of Boolean independent iden-
tically distributed random variables. Also, let {Bn}∞n=1 and {An}∞n=1 be se-
quences of positive and real numbers respectively. If the distribution of

X1 + · · ·+Xn

Bn
−An

converges in distribution to the symmetric Bernoulli distribution 1
2δ−1 +

1
2δ1, then

the constants Bn are necessarily of the form Bn =
√
nhn, where {hn}∞n=1 is a

slowly varying sequence such that hn+1 ∼ hn as n→∞

This is proved by a computation similar to that for [11, Theorem 5.5].
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3. DOMAIN OF ATTRACTION

We recall the dilation of a probability measure defined in (1.2). It follows from the
definition of the energy transform that

(3.1) KDλµ(z) = λKµ(z/λ)

for any z ∈ C+.
The central limit theorem for Boolean additive convolution was first proved by

Roland Speicher and Reza Woroudi for measures with mean zero and finite second
moment. Theorem 3.4 in [15] states the following: Given a probability measure µ
with mean zero and finite variance σ2, the measure

D 1√
n
µ ⊎ · · · ⊎D 1√

n
µ︸ ︷︷ ︸

n times

converges weakly to the centered Bernoulli distribution bσ = 1
2(δ−σ + δσ) as

n → ∞. The result was further extended to a more general case in [17]. A simple
calculation shows that

(3.2) Kbσ(z) = σ2/z

and

Kbσ1
(z) +Kbσ2

(z) = Kb√
σ1+σ2

(z),

which implies that bσ1 ⊎ bσ2 = b√σ1+σ2
.

Now we are going to define the Boolean domain of attraction of the centered
Bernoulli distribution in an analogous way to the classical and free domains of
attraction. To that end, let {Xn}∞n=1 be Boolean independent (with respect to some
unit vector ζ) sequence of random variables having common distribution µ in a
W ∗-probability space. Also let {Bn}∞n=1 be a sequence of positive real numbers
and {An}∞n=1 be a sequence of real numbers. Define the random variables Zn as

Zn = Zn(µ,Bn, An) =
X1 + · · ·+Xn

Bn
−An.

We are interested in the asymptotic distribution of Zn under minimal assumptions
on the unknown measure µ.

DEFINITION 3.1. If for some choices of the constants An and Bn, the random
variable Zn = Zn(µ,Bn, An) converges in distribution to b1, then µ is said to be
in the Boolean domain of attraction of the centered Bernoulli distribution and we
write µ ∈ D[b1].
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It follows that µ ∈ D[b1] if and only if µ ∈ D[bσ] for any σ ∈ R, by appropriate
choices of Bn and An. Proposition 2.5 allows us to conclude that the constant Bn

is of the form Bn =
√
nhn for all n ∈ N, where {hn}∞n=1 is a slowly varying

sequence such that hn+1 ∼ hn as n → ∞. An interesting case is when hn is a
constant function. In that case, we have the following definition.

DEFINITION 3.2. If for some choices of the constants An and some positive
constant c, the random variable Zn = Zn(µ,

√
nc,An) converges in distribution

to b1, then µ is said to be in the normal Boolean domain of attraction of the cen-
tered Bernoulli distribution and we denote as µ ∈ ND[b1].

Again, µ ∈ ND[b1] if and only if µ ∈ ND[bσ] for any σ ∈ R.

REMARK 3.1. We characterize the Boolean domain of attraction of the cen-
tered Bernoulli distribution. This provides a general form of the central limit the-
orem for Boolean additive convolution. Analogously to the results in the classical
case [7, Theorem 2.6.2] and in the free case [12, Theorems 4.3, 4.4], the result here
(Theorem 1.1) shows that µ ∈ D[b1] if and only if µ has almost finite variance, and
Theorem 1.3 shows that µ ∈ ND[b1] if and only if µ has finite variance. In com-
bination we may conclude that the classical (normal) domain of attraction of the
Gaussian distribution, the free (normal) domain of attraction of the semicircle dis-
tribution and the Boolean (normal) domain of attraction of the centered Bernoulli
distribution are the same.

4. PROOF OF THEOREMS 1.1 AND 1.3

The proofs of Theorems 1.1 and 1.3 may be carried out using [2, Theorem 6.3] but
to prove Theorem 1.2 one needs to follow the following procedure and therefore
the following way of proof is described. The following lemma is going to be useful
in the proofs of the main results of this article.

LEMMA 4.1. Let µ ∈ M be non-degenerate and suppose µ is in the Boolean
domain of attraction of b1, the centered Bernoulli distribution. Then there exists a
function l ∈ RV0 such that

ℑFµ(iy) = y +
1

y
l(y)− 1

y
l(y)o(1)

as y →∞.

Proof. Let νn be the distribution of Zn = Zn(µ,
√
nhn, An) where {hn}∞n=1 is

a sequence of slowly varying functions and {An}∞n=1 is a sequence of real numbers.
Assume that νn converges weakly to b1. Then by Proposition 2.1 it follows that

lim
n→∞

Kνn(z) = Kb1(z) =
1

z
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uniformly on compact subsets of some truncated cone Γα,β for some α, β > 0.
Also using (3.1), we get

Kνn(z) =

√
n

hn
Kµ(
√
nhnz)−An

for z ∈ Γα,β . Now, taking the imaginary parts on both sides of the above equation,
we get

ℑKνn(
√
nhnz) =

hn√
n
ℑ
(
1

z

)
+

hn√
n

o(1)(4.1)

uniformly on compact subsets of Γα,β .
We have assumed that hn+1 ∼ hn as n → ∞. Therefore, there exists an

h ∈ RV0 such that h(n) = hn for all n ∈ N. Consequently, the function f(y) =√
yh(y) is in RV1/2. Now using [3, Theorem 1.5.12], there exists a function

f(y) = y2k(y) where k ∈ RV0 such that g(f(y)) ∼ y as y →∞. Hence,

(h(y))2k(
√
yh(y)) ∼ 1(4.2)

as y → ∞. Let us define a function l(y) = (k(y))−1 ∈ RV0. Applying [3, Theo-
rem 1.2.1], we get

l(
√
nhn|z|) ∼ (hn)

2(4.3)

as n → ∞ uniformly on compact subsets of C+. Observing that
√
nhn → ∞ as

n→∞ and replacing
√
nhnz by z in (4.1), we get

ℑKµ(z) =
hn√
n
ℑ
(√

nhn
z

)
+

hn√
n

o(1)

(4.3)
= (hn)

2ℑ
(
1

z

)
+

hn√
n

o(1)

as n→∞ uniformly on compact subsets of Γα,β . Now the above with the asymp-
totic (4.2) and observing that z → ∞ (when

√
nhnz is replaced by z) if n → ∞,

we may write

ℑKµ(z) = l(|z|)ℑ
(
1

z

)
+

1

|z|
l(|z|)o(1)(4.4)

as |z| → ∞, z ∈ Γα,β . Now from the definition (2.2) of the energy transform it is
immediate that

ℑKµ(iy) = y −ℑ(Fµ(iy))(4.5)
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for any y > 0. Putting z = iy in (4.4) and using (4.5), we get

ℑ(Fµ(iy)) = y − l(y)ℑ
(

1

iy

)
− 1

y
l(y)o(1)

= y +
1

y
l(y)− 1

y
l(y)o(1)

as y →∞. ■

We are now ready to prove the main results of this article.

Proof of Theorem 1.1. Assume that µ ∈ D[b1]. The Nevanlinna representation
of Fµ (given in (2.1)) yields

ℑFµ(iy) = y +
1

y
Lσ(y) +

∞∫
∞

y

y2 + t2
dσ(t)(4.6)

= y +
1

y
Lσ(y) +

1

y
σ(0) +

1

y
o(1)

as y →∞. Also Lemma 4.1 shows that there exists an l ∈ RV0 such that

ℑFµ(iy) = y +
1

y
l(y)− 1

y
l(y)o(1)(4.7)

as y →∞. Comparing (4.6) and (4.7), we get

Lσ(y) + σ(0) = l(y)(1 + o(1))(4.8)

as y →∞. This shows that Lσ ∈ RV0. An appeal to Proposition 2.3 gives us that
Hσ ∈ RV0.

Conversely, suppose that Hµ ∈ RV0. It follows from Proposition 2.3 that
Lµ ∈ RV0. Without loss of generality we may assume that µ has mean zero (since
the term δAn is there just to adjust the mean of µ). The following expression is
obtained from [12, Proposition 3.6, (3.7) and (3.8)]:

Fµ(iy) = iy − 1

iy
Hµ(y) +

1

y
Hµ(y)o(1)

as y →∞. Therefore,

Kµ(iy) =
1

iy
Hµ(iy)−

1

y
Hµ(y)(4.9)

as y → ∞. We define un as the asymptotic inverse of the function R(u) =
u2/Hµ(u), which is regularly varying with index 2 since Hµ ∈ RV0. As a re-
sult, R(u) → ∞ and an asymptotic inverse exists. Setting un = R←(ny2), it
follows that un →∞ and

ny2

u2n
Hµ(un)→ 1 as n→∞,
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due to the property R(R←(u)) ∼ u as u→∞. Defining the normalizing sequence
Bn := un/y, we get Bn →∞ and

(4.10)
n

B2
n

Hµ(Bny) ∼ 1 as n→∞.

Given that the measure µ is centered, we consider

νn := D 1
Bn

µ ⊎ · · · ⊎D 1
Bn

µ︸ ︷︷ ︸
n times

.

The functions Kνn are well defined in Γα,β for some α and β and for all y > β,
we have

Kνn(iy) =
n

Bn
Kµ(iBny).

Using (4.9) and the fact that Bn →∞ as n→∞, the above equation simplifies to

Kνn(iy) =
1

iy

n

B2
n

Hµ(Bny)(1 + o(1))

as y →∞ (or n→∞). Using (4.10), we see that

lim
n→∞

Kνn(iy) =
1

iy
.(4.11)

Applying [3, Theorem 1.3.1], for large values of y and n we get

Hµ(Bny)

Hµ(Bn)
=

c(Bny)

c(Bn)
exp

(Bny∫
Bn

ϵ(t)

t
dt

)
,

where |ϵ(t)| < 1 for t ⩾ Bn and c(·) is a measurable function such that c(x) →
c ∈ (0,∞) as x→∞. For those large values of n, we conclude that

Hµ(Bny)

Hµ(Bn)
⩽ y(1 + o(1))

as y →∞ because of the bound

exp

(Bny∫
Bn

ϵ(t)

t
dt

)
⩽ exp

∣∣∣∣Bny∫
Bn

ϵ(t)

t
dt

∣∣∣∣ ⩽ exp

∣∣∣∣Bny∫
Bn

1

t
dt

∣∣∣∣ = y.

It is clear from (4.10) that nH−2n (Bn) is bounded for large values of n. Hence,∣∣∣∣Kνn(iy)

y

∣∣∣∣ = nHµ(Bny)

y2B2
n

(1 + o(1))→ 0(4.12)
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uniformly as y → ∞. Applying part (iii) of Proposition 2.1 together with (4.11)
and (4.12), we conclude that νn converges weakly to a measure ν and Kνn(iy) =
(iy)−1 for every y > β. Corollary 4.9 of [16] and the above observation allow us
to deduce that Kν(z) = z−1 for every z ∈ Γα,β and now it is clear from (3.2) that
ν = b1. ■

Theorem 1.3 follows directly from [17, Theorem 1] (taking g(n) =
√
n and h

as the constant function taking value c only). Another proof of Theorem 1.3 can be
given by imitating the proof of Theorem 1.1; we give an outline below.

Proof of Theorem 1.3. Suppose µ ∈ ND[b1]. The slowly varying function l
in this case can be chosen as l(y) = c2 and we shall be able to conclude that the
measure σ (appearing in the Nevanlinna representation of Fµ) has finite variance.
In place of (4.8) we shall have σ(2)+σ(0) = c2. Finally, Proposition 2.4 will imply
that the variance of µ is c2.

Conversely, if we assume that µ has mean zero and finite variance c2, then after
proceeding as in the previous case, (4.9) simplifies to

Kµ(iy) =
c2

iy
+

1

y
o(1)

as y → ∞. The rest of the proof is same as in the proof of Theorem 1.1 with
Bn =

√
nc. ■
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