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Abstract. In the paper we consider estimation of the regression coefficients
in a linear regression model Y = X3 + €, where 3 is assumed to lie in
a given ellipsoid ©. The estimation is performed using a weighted squared
error loss function. Under specific conditions, we find an explicit formula for
an estimator 3 ar of B, which is minimax in the class D of all decision rules,
not limited to linear estimators. We generalize the results of Wilczynski
(2007), who found a minimax decision rule 3 s under considerably more
restrictive conditions.
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1. INTRODUCTION

Consider the linear regression model
(1.1 Y = X3 +¢,

where Y € R" is the vector of observations, X € R"*? is a known design matrix
of full rank p, 3 € R? is the vector of unknown regression coefficients, and € € R”
is a random error vector with mean zero and known covariance matrix I,,.

Let A € RP*P and B € RP*P be fixed positive and nonnegative definite matri-
ces, respectively.

Suppose we know in advance that the unknown vector 3 belongs to a given
ellipsoidal set O, defined by

(1.2) o={8:8BB<1}.

In this paper, we address the problem of finding a minimax estimator ﬁ a for
B € © under the weighted squared error loss function

(1.3) L(B,B8) = (B - B)A(B - B).
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We estimate the unknown vector 3 based on an observation Y using an esti-
mator 3(Y"), where (3 is an arbitrary element of the set of all estimators

D = {all Borel measurable transformations §:R" — RP }.
The risk function of an estimator ,é € D is defined to be

R(B,B,P) =Ep[L(B(Y),B)], PeP,Beco.

Here, Ep(-) denotes the expectation with respect to an unknown distribution
P € P of the random vector €, and the class P is defined by

P = {P : Pisadistribution of € such that Ep(e) = 0, Covp(e) = I,}.

A minimax estimator 3, minimizes the maximum risk suppcp geo R(3, 3, P)
over all estimators, i.e.

inf sup R(ﬁvﬁ7 P) = Sup R(ﬁM:Bv-P)a
BeD Pcp Pep
BeO BeEG
When it is known a priori that the vector 3 lies within a restricted parameter
space © (not necessarily an ellipsoid), finding the minimax estimator 3,, is gen-
erally difficult. As a result, this problem is often replaced by the simpler task of
finding a minimax linear estimator 3,,;, € Dr. Such an estimator minimizes the
maximum risk among all linear estimators, that is,

inf  sup R(B,8,P)= sup R(Byp,B;P).
BeD; PeP,BeO PeP,BcO

The class of linear decision rules Dy, is defined by
Dy, = {6 € D: §(y) = Cy for some C € RP*"}.

The use of the minimax linear principle to estimate the regression coefficient in
the linear model (I.T]) under the weighted squared error loss function (1.3)) was pro-
posed by Kuks and Olman (1971, 1972). In their work, the disturbance € has mean
zero and a known covariance matrix, and some prior information about 3 is avail-
able. This approach was subsequently studied by several authors, including Lauter
(1975), Hoffmann (1979), Pilz (1986), Stahlecker (1987), Trenkler and Stahlecker
(1987), Gaffke and Heiligers (1989), Pilz (1991), Drygas (1993), Stahlecker and
Trenkler (1993), Rao and Toutenburg (1995), and Blaker (2000). In all of these
studies, the parameter space is assumed to be a known compact subset © C RP,
and the focus is restricted to the class Dy, of linear estimators.

Although the risk function of a linear estimator is relatively simple under the
loss (I.3), determining the admissible linear or minimax linear estimators of 3
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remains challenging when © is a known compact subset of RP. This issue was
comprehensively analyzed by Gaftke and Heiligers (1989).

Using Theorem 3 and Lemma 3 of Gaffke and Heiligers (1989), we obtain the
following result, whose proof is postponed to the Appendix.

PROPOSITION 1.1. Consider the linear regression model (1.1)) with the re-
stricted parameter space and the loss function (1.3). Let the number r and
the matrices EE, H be deﬁned by

B 1+ tr(HE)
= tr((H1/2E2H1/2)1/2)’
E = Al/z(X/X)_lAl/Q, H = A_l/QBA_l/Q.

If

(1.4) N*:=x-H V2(HVE*H'/*'?H"'? _E = 0,

that is, if N is nonnegative definite, then the minimax linear estimator of 3 is
(1.5) Bur(Y)=A"V2N*(N*+ E) '"EA~'/?X'Y.

REMARK 1.1. To the best of our knowledge, the explicit form of the minimax
linear estimator 3,,;(Y") is not known when the matrix N is not nonnegative
definite and the matrices A, B and X’ X do not commute.

Minimax linear estimation of 3 € © under the loss (I.3) becomes consider-
ably simpler when the matrices X’ X, A, and B have the same eigenvectors (and
are thus commuting matrices) and © is an ellipsoid. In such cases, Blaker (2000)
derived an explicit form of the minimax linear decision rule [/3\ a1 (also in cases
not resulting from Lemma 3 of Gaffke and Heilligers (1989)). Wilczyr’lski (2007)
generalized this result, proving that the minimax linear decision rule [3 a1, found
by Blaker is minimax among all estimators, i.e. ,6 M= [3 ML-

The assumption that X’ X, A, and B are commuting matrices is quite restric-
tive. However, the example provided by Wilczyriski (2007) demonstrates that when
the loss is and O is an ellipsoid, the minimax linear estimator 3, can still
be minimax in D even when this assumption does not hold.

The above example raises the following question regarding the estimation of
the vector 3 € {3 : 3B < 1} in the linear regression model with the loss
function (I.3): Is the minimax linear estimator B a2 also minimax within the class
of all estimators, not only the linear ones?

In this paper, we provide a partial answer to this question. Specifically, under
the assumption that holds, we present a sufficient (but not necessary) condi-
tion to ensure that B M= B AL» €ven when X' X, A, and B are noncommuting
matrices.
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2. MAIN RESULTS

Consider the linear regression model
(2.1) Z=D~+¢, Epe=0,Covp(e)=1I,,

where D = [d;;] is the n x p matrix with all elements zero except dj; = --- =
dpp = 1.

The following result is crucial to this paper. Its proof is deferred to the Ap-
pendix.

PROPOSITION 2.1. There exist a matrix B € RP*P and a diagonal matrix
A € RP*P| both positive definite, such that the minimax estimation problem in
the model (1)) is equivalent to finding the minimax estimator ¥(Z) of v € I' =
{~ : /B~ < 1} under the loss function L(7,~v) = (¥ —v)ABA(§ — ) in the
linear model (2.1)).

The main result of the paper is as follows.

THEOREM 2.1. Consider the linear regression model 2.1) with the restricted
parameter space I' = {~ : ' B~y < 1} and the loss function

where B = [bij] € RP*P and A = diag(\1, ..., Ap) are positive definite matrices.
Define
B)+1
(2.2) K= &
tr(AB)

If the following two conditions hold:

(C1) the matrix kA — I, is nonnegative definite,

KA — 1)2 1
(C2) max (72) + max ——5— < 1,
1<i<p (KA;) 1<i<p (KA;)?by;
then the minimax linear estimator 4 of 7y is also minimax among all decision
rules and

(2.3) Yu(Z) =y (Z) =T, - 'AD'Z.

Proof. Using Gaffke’s result (cf. Gaffke and Heiligers (1989), Lemma 3), we
first observe that 4,,; is a minimax linear estimator under condition (C1). Then,
under additional condition (C2), we construct a prior distribution 7 on P with
respect to which 4, is a Bayes decision rule. Finally, we deduce the minimaxity
of 7z, in D from the fact that 7(w,) = 1, where w, denotes the set of all points at
which the risk function of 4,,; attains its maximum. The details of the argument
are provided in the Appendix. =
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3. EXAMPLES

In this subsection we will illustrate Theorem with two examples in which the
nondiagonal matrices B = [b;;] and the diagonal matrices A = diag(\1, ..., \p)
satisfy both conditions (C1) and (C2). Consequently, the minimax estimator 7 ,; of
7 is given by (2.3). In each case, the formula for 7, cannot be deduced from the
result of Wilczyniski (2007), because B, ABA and D’ D are not commuting ma-
trices. Without loss of generality, we assume throughout that Ay > --- > A\, = 1.
Note that, under this assumption, condition (C1) can be rewritten in a more read-
able form as (see (2.2))

(CD i bii(Ai — 1) < 1.
=1

Furthermore, since A1 = maxi<;<p Ai, condition (C2) takes the form

(/ﬁ;)\l — 1)2
C2) ——~— — < 1.
( ) (H/\1)2 + 112262(1) (HAi)QbM
REMARK 3.1. For fixed positive values of b11, . . ., byp, condition (C1) is satis-

fied when the numbers \; > --- > A, = 1 are sufficiently close to 1. For example,
when \; — 1 < 1/ Zf;ll bii, we have Y P b;i(A; — 1) < 1, because

p p—1 p—1
Yobii(Ni—1) = > bi(Ni —1) < (M —1) D by
=1 =1 =1

EXAMPLE 3.1. Let B = [b;;] € RP*P be a positive definite matrix such that
minjgi<p b > 1. Furthermore, let Ay > --- > A, = 1 be real numbers such
that condition (C1) is satisfied (see Remark [3.1)). If we assume additionally that
)\% < mingg;<p bi; then condition (C2) also holds, since

(/{)\1)2 1H<12<Xp (K})\,L)Zb“ = (I{)\l)2 112130 (/{)\1)2 12713) b’L’L
KA1 — 1)2 1 1 KA —1)2 1 A2
_ — + L
o KA1 2 KAy )2 ming <;<p b N KA1 2 KA1 2 mini<i<p bii
P P SNISP
(kA1 —1)2 N 1 _ (kA1)? = 26A1 + 2 (kA1)? _1
(/i)\1)2 (li/\l)Q (/ﬁ:)\l)Q b (KA1)2 '

Here, the next to last inequality follows from the fact that kA1 > 1, because the
matrix kKA — I, is nonnegative definite.

In the previous example, each of the values b1, ...,b,, was assumed to be
greater than or equal to 1. In the next example, some of these values may be slightly
less than 1.
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EXAMPLE 3.2. Let by, ..., by, be positive real numbers such that
1
(3.D —2kp+1+— <0,
brk

where by, = mini<;<p bii, and the number ¢ > 1 is defined by

bt byt 1
bii -+l

Of course, inequality (3.1]) holds when by > 1, because ko > 1. Nevertheless,
(3.1) may also be satisfied when by, < 1, provided that

2b
(3.2) b e[l—2/p,1) and pbpp < biy+ -+ by < ﬁ
Now, let B = [bij] € RP*P be a positive definite matrix whose diagonal el-

ements either satisfy condition (3.2) or are all greater than or equal to 1 (see Re-
mark [3.2] below). Furthermore, let A; > --- > X, = 1 be real numbers such that
condition (C1) is satisfied (see Remark [3.T). Assume additionally that

)\2
(3.3) —2kp+ 1+ — <0.
bek
(Clearly, Ay = --- = X, = 1 when equality holds in inequality (3.1).) Then

condition (C2) is also satisfied, since

kAL — 1)2 1 KA — 1)2 1 1

- 4+ m < + max max —

(R)\l)g 1<Z<p (R)\ ) b = (/i)\l)Q 1<i<p (/i)\ ) 1<ip b”‘
(kA —1)? 11 (kA —1)? 1A

_— + _
(H)\l)Q (/i)\p)Q bkk (H)\l)Q (/43)\1)2 bkk
(5A1)% = 26A1 + 1+ A /b _ (5A1)* = 260 + 1+ M /b _ (A1)

(Iﬁ?)\l)Q (/i)\l)Q h (Iﬁ?)\l)Q

Here, the next to last inequality follows from the assumption (3.3) and the fact that

bt byt 1 S bi1+ - +bpp+1 _ ko
bll)\1+...+bpp)\p ~ /\1(b11—|—--'+bpp) )\1.

REMARK 3.2. The class of non-diagonal positive definite matrices satisfying
conditions described in the previous example is nonempty. It includes, for instance,
every strictly (row) diagonally dominant matrix B = [b;;] € RP*P whose diagonal
elements either satisfy condition or are all greater than or equal to 1.
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4. CONCLUDING REMARKS

In Theorem|2.1] we showed that under condition (C1) the minimax linear estimator
7 ps1, remains minimax over the class of all estimators, provided the rather restric-
tive condition (C2) also holds. This raises the question: can the conclusion of this
theorem be extended to the case where only (C1) holds? We believe the answer is
affirmative.

However, we expect that proving such a generalization will require construct-
ing a prior distribution whose support is larger than that of the least-favorable prior
7 used in the original proof. Recall that this prior 7, with respect to which 4, is
a Bayes estimator, has the following properties. It chooses specific discrete distri-
butions P;, P, ..., P, ?p of the random vector Z under which

e CovpZ =1I,and Ep Z = D~, := 1/\/b;;)e;,
e P; is the distribution of —Z when Z is distributed according to P;.

In the minimax estimation problem described in Theorem [2.1} the unknown vec-
tor -y lies in the set I' = {v : 4'B~ < 1}. Thus, the prior distribution 7 is
quite limited, as it takes into account only the 2p distributions P of Z for which
EpZ = D~ with

€l + €9

e
Lo e e } cT.
Vvbir Vb2 \/bpp

However, the following fact is worth noting. Since 7 ,,;, is Bayes with respect to
this sparse, least-favorable prior 7, we immediately obtain:

L+

’)’EF():_{

COROLLARY 4.1. Theorem remains valid even when the uncountable pa-
rameter space I' = {~ : ' B~y < 1} is replaced by its finite subset Ty defined
above.

REMARK 4.1. The results of the paper can be applied to a model slightly more
general than (1.1)), in which the covariance matrix of the observed vector Y is a
known positive definite matrix V/, that is,

EY = X8, Cov(Y)=V.

This model can be reduced to the simpler case (1.1)) by defining Y =V 1%y,
X := V12X, which gives

EY = X8, Cov(Y)=1I.
5. APPENDIX
5.1. Result of Gaffke and Heiligers (1989). For completeness, we recall the fol-

lowing result that is used to prove Proposition We state it using the authors’
original notation.
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Let Y denote the n-dimensional vector of observations and let
(5.1 EY = Xa, Cov(Y)=V,

where X is a given n X p matrix of full rank p and V' is a given positive definite
n X n matrix. Suppose that the unknown vector a is constrained to the set

acQ:={weR:wHw<1},
where H is a positive definite matrix, and that the loss function has the form
L(a,a) = (@ —a)'(a— a).

Let E = (X'V~1X)~!. In this setting, Gaffke and Heiligers (1989) proved (see
Theorem 3 and Lemma 3 therein) that if the matrix

1+ tr(HE)

2) N*:=
62 tr{(H'/2E*H"/?)1/2}

H—1/2(H1/2E2Hl/2)1/2H—1/2 —E

is nonnegative definite, then the minimax linear estimator of a € 2 is given by
(5.3) ayr(Y)=N*E+ N 'EX'VY.

5.2. Proofs.

Proof of Proposition For any 3, B € RP, define a := AY?Band a :=
A2 Since X3 = X A~'/2q, the linear model (L.T) can be rewritten under this
reparametrization as

EY = XA 2a, Cov(Y) = I,,.
In the notation of Gaffke and Heiligers, the loss function takes the form
(B—B)AQB - B) = (A28 - AV2B)(AY?B ~ AV2B) = (@~ a) (@~ a).
Moreover, with H := A~'/2BA~1/2, the ellipsoidal constraint is given by
{B:8B3<1}={a:(A"%a)BA?a <1} ={a:d' Ha<1}.
To complete the proof of Proposition L it suffices to apply the result of Gaffke

and Heiligers (cf. ( G3)) with X == XA Y2, H .= AY/2BA7Y/2,
VvV .=1,, notmgthat,@ML A Y258, .

Proof of Proposition [2.1] Let the singular value decomposition of X be X =
UDV', where U € R™", V € RP*? are unitary matrices and D = d;;] € R?>P
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is a matrix with Jﬂ =2 Jpp > 0 and d;; = 0 for all distinct 7, j. Then
X'X =VvD'DV'=VL*V',

where L = diag(dy1,...,dyy). Setting Z = U'Y, % = V'@, and € = U'e, we
transform (L.I)) into the linear model

(5.4) Z=Dy+& Epé=0,Covp(é) =1y,

where P € ‘P denotes the distribution of € = U’e when e is distributed according
to P € P (P € P,because U is orthogonal). Under these assumptions, Wilczynski
proved the following lemma (see Wilczyiniski (2007), Lemma 1):

LEMMA 5.1. Let B be any rule in D and define (%) := V'B(UZ), z € R™
Then ,@M(Y) is a minimax estimator of 3 € {3 : ' BB < 1} in the linear regres-
sion model (T1)) with the loss function (I3) if and only if ¥ ,;(Z) := V'8, (UZ)
is a minimax estimator of ¥ € {v : ~'V'BV~ < 1} in the linear regression
model with the loss function L(¥,%) = (¥ —4)'V' AV (§ — 7). Moreover
,@ v and 4y have the same minimax risk.

To simplify the estimation problem, we set 7 = (71, ...,7,)" := L. In this

Z =¢fori=p+1,...,n,

parametrization, Z; = 1; + €; fort = 1,...,p and Z;
ie.
(5.5) Z=Di+E EzE=0,Covp(€) =1I,.

Using arguments similar to those employed in the proof of Lemma we con-
clude that 5 u(Z)isa minimax decision rule in the previous problem if and only
if n);(Z) := L~,,(Z) is a minimax estimator of 7 € {n : n'Bin < 1}
with the loss (7 — 1)/ A1(7 — 7)), where A; := L™'V'AVL ™! and By :=
L 'V'BVL™

To simplify the estimation problem even further, note that in view of the spectral
decomposition of a symmetric matrix (see Rao (1973)), there exist a unitary matrix

P ¢ RP*? and a diagonal matrix A = diag()y, ..., )\,) such that
(5.6) BTVA(BY2A, B3 2 BTV — PAP' = " \P.P..
i=1
This implies that the matrix A; can be rewritten as
A, = PAP'B1PAP'.
Let P be the unitary matrix of the form

[P 0
Pl i)
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where 0 € RP*("~P) is a rectangular submatrix of P. Setting Z = P'Z, v = 15’77,
= P’¢, we transform the linear model (5.3) into the linear model 2.T)), be-
cause P is a unitary matrix and P’z keeps (zp41,...,2,) unchanged for any
z=(21,...,%) € RP,
Let A € Rpo and B € RP*? be defined as

B=PB,P, A=APB,PA=ABA.

Again, by arguments similar to those used in the proof of Lemma[5.1} we con-
clude the following: The minimax estimation of 7 € {n : n’Bin < 1} in the
model (5.5), under the loss function (7 — 77)’ Al(ﬁ 1), is equivalent to finding
the minimax estimator ¥(Z) of v € I' = {vy : v "B~ < 1} in the model (Z.1)),
under the loss fuction L(5,v) = (3 — v) AR — 7). where A = ABA. This
completes the proof of the proposition. m

Proof of Theorem First, we apply Proposition to identify the counter-
part of condition (T.4) and to obtain the explicit formula for ;..

Since the matrices X, B and A appearing in this proposition must be replaced
by D, Band A, respectively, we obtain E = A, because D'D = I,,. Define

W = H_I/Q(HI/QA2H1/2)1/2H_1/2.

Then (HY2A’HY?)Y2 = HY?WHY? and A> = WHW. Since A =

ABA and H = A BA™'? it follows that W = A"*AA"”. Thus the
matrix N* defined in Proposition [I.1]takes the form

5.7) N*=w H V2HVPAH?)2H VA=A (kA-1,)A"?,

and condition (I.4) is equivalent to condition (C1) introduced in Theorem [2.1]
The number x, defined in Proposition[I.1] satisfies (2.2)), because

tr((HY2 A HY?)V?) = to(HY?W HY?) = to(W H)

— tw(APAAPATPBATY) = (AB),

and
tr(HA) = tr(A *BA"* A) = w(B).

Finally, when kA — I, > 0, (I.5) and (5.7), together with the identity E = A,
yield
Yur(Z) =T, - x'ATHD'Z
To prove minimaxity of 7,7 in D we first show that this decision rule is Bayes
with respect to some prior distribution 7 on P. Let

(58) Q; = (I{)\Z - 1)b“, 1= 1, .oy D
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Since kA—1I, and B= [b;;] are positive definite matrices, the numbers a, . . ., oy
are positive. Moreover, from (2.2) we obtain

Z a; = Z Ai — Db = ktr(AB) — tr(B) = tr(B) + 1 — tr(B) =
i=1

The construction of 7 begins by defining an auxiliary random vector W. Let

Vbii

fort=1,...,p,
zi = < by + o P
1 fori=p+1,...,n
and let
c= max zj.
1<i<p
Furthermore, let the components ¥y, ..., ¥, of ¥ = (¥y,..., ¥, ) be indepen-

dent random variables defined as follows:

e For j = 1,...,p, the variable ¥; takes the values —c/z;, 0, and ¢/z; with
probabilities (z;/c)?/2, 1 — (z;/c)? and (2;/c)?/2, respectively.

e For j = p+1,...,n, the variable ¥; takes the values —1 and 1 with equal
probabilities of 1/2.

Clearly, each of these variables has mean zero and variance 1. Consequently, since
the variables are independent, the covariance matrix of W is the identity matrix I,,.
Specifically,

I, =E(OW) =3 ph) x pap'.
PeEA

Here A is a subset of R with cardinality N = 37 - 2"~ P, defined by

A={p = (¢1,...¥n) 1 ¢j € {=¢/2,0,¢/2}, 1 <j<p,
Yy =%l j=p+1,....n},
and p(1p), where ¢ € A, is the probability that the random vector ¥ takes the

value ). Clearly, due to the independence of ¥y, ..., ¥,,, we have
p
p() = p(1,- .., 1hn) = [T ((2/)? /21 @IN(1 — (2 /c)?) ~Isen(®s)]
7j=1
n
[T 1/2,
J=p+1

where sgn(z) is 1, 0 or —1 according as x is positive, zero or negative. Next, define
= /p(¢)ep and denote by U = [U; : --- : Up] the n x N matrix with
columns formed from successive values of u(v), ¥ € A. Then

- S U = Y u)u ) = I,

j=1 PEA
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Additionally, let e; = (1,0,...,0)',...,e, = (0,0,...,1)" be the standard or-
thonormal basis in R? and let

2
(67 .
;= R .= 1 b iy = 1"‘_7 R
Pi <bii+ai> i = (1/+/bii)e; ¢ p

Clearly v, € I',i =1,...,p, since ’yzB'yZ = 1. Furthermore, let Z be an observed
discrete random vector with the probability mass function given by

(pi if z=DC™ 1,
Dij if z = dej,
(59) PZ(Z = Z) = 4 4ij if z = —dej,

N
1- [pi + > (pij + Qij)] ifz=0,
=1

where we define

C = (Ipm_lA_l):diag<b110_tal,...,b ‘j{’a >
pp P

We choose the numbers p;; > 0,¢;; > 0andd; >0,7=1,...,n,j=1,...,N,
so that

(5.10) EpZ =D~; and EpZZ' =1, + Dv;(D7,).
Since
bn + oy g ?
C vy, =C! ; and p; =
e;/ i and pi e

it follows that

pi(DC'y;) = -Dv; and pi(DC'v,)(DC™',) = D~,(D~;)'.

bll —'—
Therefore, condition ( is satisfied whenever
bii N

-Dvi, > (pij + 4ij)d;UU; =
bu +a j=1

Z Dij — qu d U

An obvious candidate for solving the above system of equations is given by

b |
i1 i

because Zjvzl UjUJ’» = 1,,. Furthermore, based on the structure of the vectors
Ui,...,Uy and the fact that the matrix D = [d;;] € R"*? has all entries zero
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except for dyy = --- = dp, = 1, it follows that for each j = 1,..., N and each
1=1,...,p, we have

1 bii +
U;D~v, =U;D <e¢> = Uiw; = c\/p(¥;) sgn(U; De;).

1
Vbi; Vi bi;
Here, w; € R" is a vector with all coordinates zero except the ith which is 1, and

1, is the element of A that corresponds to the vector U;. Therefore, it is evident
that a solution of (5.T1) is given by

sgn(U; De;)

1 1
(5.12) dj = ———, pij+a¢;=—7 2
J

5y  DPij — qij =
cy/p(¥;) d;
Note that this solution defines a probability distribution, because

1 4 sgn(U; De;) 1 —sgn(U;De;)
>0, qj;= P
243 243

Pij =

and, by (5.8), we have

N N
i+ 2 (pij + aig) = pi + Y Ep(py) = pi+
j=1 i—1
2 2
oy bii (H)\Z' — 1) 1
= ——'—— + max = + max ——— < 1,
(bii + Oéi)2 1<isp (bu + Oéz‘)g (/ﬁ;)\i)2 1<ip (H)\Z‘)Qbii

where the last inequality follows from condition (C2).
Let the prior m choose a distribution P of Z, and hence the corresponding
distribution from P of the error e = Z — EpZ, in such a way that

a(P=P)=n(P=P;)=«;/2, i=1,...,n,

where P; is thz distribution of —Z when Z is distributed according to P;, ¢ =
1,...,n.Then P;(Z = z) = P(Z = —z), z € RP, i = 1,..., p. Therefore, by
(5.12)), the w-Bayes estimator 4. (z) = E(v | Z = z) of «y has the form

50 - S BIAZ =) - P2 = )
" > i1 P2 =2)+ Pi(Z = —2)]
0 if z =0,
Vi if z = DC™ ',

p
=4 > ajsgn(UjD~,)y;  if z = d;Uj,
j=1

P
— > ajsgn(U;D~,)y; if z = —d;Uj.
j=1
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To prove that 4. = 4,7, we first observe that for any z € R",

p v
~ =(I,—xk 'AYD'z2z=CD'z = !
Guslz) = (1~ D = 0D = (300

eie;) D'z
This implies that foreach 1 < j < N,

Yu1(d;U;) = d,CD'U;d; Zb " —eieD'U,

=1 Yii i

eZUDe)

o e; <c,/p(1,b])sgn(U Del)b j;al>

7

i

p

aysgn(U;D~,)y; = 4, (d;Uj)

and clearly '?ML(—dej) = ~,(—d;Uj). Moreover, 7,,1,(0) = 7,(0) and since
D’'D = I, we also find that for each 1 < i < p,
Aur(DC™'v;) = CD'DC™'y; = v; = 3.(DC™'y,).

From these equalities we conclude that the 7-Bayes rule 7. is equivalent to 7, .

To complete the proof, we first compute the risk function of 4,,;. Since
Yur(Z) = CD'Z and D'D = I, it follows that the risk function of 7,
is
R(A v, P) =Ep([CD'Z —4/ABA[CD'Z — ~))
=Ep ([CD’(Z—D’y)—(I—CD’D)V]’ABA[CD’(Z—D')/)—(I—CD’D)’y})
=Ep([Z — DY DC'ABACD'[Z — Dv)) ++'(I - C)ABA(I - C)~
= tr(DC'ABACD’) +~/'(I - CYABA(I - C)y
= tr(DC'ABACD') + k 24/A"'ABAA v
= tr(DC'ABACD') + "%y B~.
When the parameter space is restricted to 4 € I' = {~ : v/B~ < 1}, the maximal
risk of 4,/ is given by

sup R(Y1,7, P) = tr(DC'ABACD') + 12
pPep

This maximal value of the risk is attained for each distribution F; in the support
of the prior 7, because v;B~y; = 1 when v, = (1/\/b;i)e;, i = 1,...,p. The
minimaxity of 7 ,,; among all estimators then follows from Lehmann and Casella
(1998), Corollary 1.6, p. 311. =
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