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ON THE MEAN EXIT TIME FROM A BALL
FOR A SYMMETRIC STABLE PROCESS

BY

MICHAL RYZNAR* (WROCLAW)

Abstract. Getoor (1961) calculated the mean exit time from a ball for the
standard isotropic a-stable process in R? starting from the interior of the
ball. The purpose of this note is to show that, up to a multiplicative constant,
the same formula is valid for any symmetric a-stable process.
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1. INTRODUCTION

Let X; be a d-dimensional symmetric a-stable process of index o € (0,2), d € N.

Let E® = E(-|Xo = x) and let B, = {z € R? : |2| < r}. In this note we deal

with the mean exit time of the process X from B,, that is, we study E*7.X | where
X =inf{t>0:|X/>r}, r>0.

Getoor [1] studied the mean exit time from a ball in the case of the standard
isotropic stable process X and he calculated that
g 2
B = c(a,d)(r? — |27,

where c(a, d) = I'(d/2)[2°T(1 + a/2)['((d + «)/2)] L. It is a bit surprising that
the above formula holds (up to a multiplicative constant) for any symmetric stable
process. The main result of this note is the following theorem.

THEOREM 1.1. Let v be the Lévy measure of a symmetric a-stable process X;.
Then

2 2\0/2 d
— |x z € R

1
where ko = T(l—a/2)(1+a/2)"
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Our approach relies on the one-dimensional version of the already mentioned
result obtained by Getoor [[1]]. Actually we apply the fact that the function R > u —
(r? — |u|2)i/ % is in the domain of the generator of the L! semigroup generated by
the one-dimensional standard a-stable process and the value of the generator is a
negative constant in the interval (—r,r) (see [1, Theorem 5.2]). Next, using this
result, we easily show that the value of a generator of any d-dimensional symmet-
ric stable process evaluated (pointwise) for the function w(x) = (r? — \x|2)i/ 2,
x € RY, is equal to a negative constant if || < r. This allows us to use an argu-
ment based on Dynkin’s lemma applied to some sufficiently smooth approximation
of w.

As a matter of fact, we are able to prove a slightly more general version of
Theorem Let A = {A(z) : © € R?} be a family of d x d invertible matrices
such that z — A(z) and  — A~!(x) are continuous maps (in the space of
matrices we use the operator norm). Consider the stochastic differential equation

(1.1) dY, = A(Y;_)dX;.

THEOREM 1.2. Let v be the Lévy measure of a symmetric a-stable process X,
and let Y; be a solution to (1.1). Then
Ra

W(T — |CL'| )a/2 EIT,}/ < Hi& a/2 T € Rd,
max 1

AminV(Bf) (T - ‘l’| ) ;
where Apmax = maxXy|y|<r, |z|=1} |A(2)2|% and Apin = ming < 2121y |A(2) 2]

Throughout this note we denote by C'(«) a positive constant depending on «
whose value may change from line to line. For two vectors z,y € R% we denote
by « - y their standard scalar product, and for a d x d matrix A, we denote by | A|
its operator norm.

2. MEAN EXIT TIME CALCULATIONS

Let S = {z € R? : |z| = 1} be the standard unit sphere in R%. Let 1 be a finite
positive measure on S. Let A = {A(z) : # € R?} be a family of d x d matrices.
For a given 0 < o < 2 let v be the Lévy measure of an o-stable symmetric process
in R%. We consider the operator defined by

K f(x) =pv. [[f(z+ Ax)y) — f(x)] v(dy)

Rd

= f (z + Az)y) — f(z) = Vf(z)  Al@)yl)y <] v(dy)

for any Borel function f : R? — R and any = € R? such that the right-hand side
exists. It is well known that the measure v has the factorization

d
v(dy) = ‘w’%y(dz), y=wz,weR, z€S§,
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where p is a finite positive and symmetric measure on S so we can write

Kﬁﬂm:pvJWﬂx+Auvw—fmﬂ@ﬁ;uua

SxR

If a bounded f is locally C? at x, that is, it has second order partial derivatives con-
tinuous in some neighborhood of x, then K* can be written as an iterated integral

Kif@) = [ [Ife + Al >—f@ﬂ@ﬁ;uw@,

where the inner integral is a principal value integral.

From now on we assume that the solution to (I.1)) exists for any initial value
x € R? Then by an application of Ito’s formula it is not difficult to show that
the operator /C;,4 is the generator of the semigroup defined by the Markov process
which is the solution to (1.1J).

Next, for a given vector v # 0 in R? let us introduce

mﬂ@=£ﬁ@+mw—ﬂmyjﬁw reRY,

again as a principal value integral. Let v* = v/|v|. By a simple change of variables
we have

2.1) /Cvf(x)zIvlo‘f[f(HU*W)—f(x)]|C|Zl+a 0] Ko f ().

R

For » > 0 we define
Sp(z) = ca(r? — [2)Y?,  zeRY

where
o

2U'(1 — a/2)T(1 + «/2)"
The following simple lemma is a key observation for the rest of this note.

LEMMA 2.1. Ifv € RY, then

Co —

KoSr(z) = —[v|*, |z| <7

Proof. By (2.1), it is enough to prove the lemma for |v| = 1. Next, we claim
that we can assume that v can be taken to be e; = (1,0,...,0). Indeed, if R is a
rotation such that Rv = e, then we have

KySr(x) = Ky (Sr o R)(x) = Key Sp(Rx), x| <7
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Now, we recall the one-dimensional version of the result obtained by Getoor
[T, Theorem 5.2.]. For r > 0 let s,(u) = cq(r? — |u\2)i/2,u € R. Then for
—r <wu <r,we have

22) Jlsr(u+w) — sy (w)] df’m .
R

Actually in [[1] the above equality was proved almost surely, but it is not difficult
to show that the left-hand side is a continuous function of u € (—r,r), hence it
must hold pointwise on (—r,r). Next, for x = (z1,...,z4) with |z| < r we have
|z1| < \/7? — |Z|?, where & = © — 1€, and by we obtain

a/2 a/2 dw
Ke,Sr(x) = caf[(r2 — |z +we1!2)+/ - ( |x! )y / ] fw[TFa
R
~ a ~ & dw
= caf[(TQ — |$‘2 — ‘331 +’w|2)+/2 — (7”2 - ‘35|2 |55 | ) /2] ‘w|1+a
R
dw
é 7"2 \x|2 1:1 +ZU) — S\/r2—|a~:|2(l’1)} ’w|1+a =-1

This implies that
KySr(z) = Ke, Sr(Rx) = —

since [R(z)| = |z| <r. m
COROLLARY 2.1. Forany |x| < r we have

K3\, (x :—f\A )2|*

If A(x) is an isometry for all |x| < r, then
Ki'Sr(@) = =u(S),  fal <.
Proof. Since the function S, is locally C2, for any = with |z| < r we can write

K3\« f/CA Sr(x) p(dz) = —:g!A(ﬂf)Zlau(dZ),

where the last step follows from Lemma[2.1] =

The next two lemmas provide us with some smooth approximation of ;..

LEMMA 2.2. For 8 > 0 let hg(z) = 2P, 2z > 1. There is an C* extension hg
of hg to R such that hg(2) = hjz(2) = hj3(z) = 0, 2 < 0.
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Proof. Letw(z) = 23(a +b(z — 1) + ¢(z — 1)?), z € R. We define

0 for z < 0,
hs(z) = w(z) for0< z< 1,
28 for z > 1,

where a, b, ¢ are chosen in such a way that w(1) = 1,w'(1) = 8 and w”(1) =
(B8 — 1)B. Itis clear that hg is the desired extension. m

LEMMA 2.3. Let 0 < R < Ry. There exists a function g : R® — R such that
such that

() gr is of class C2 (RY),
(b) gr(x) = Sk, () for |z| < R,
(c) there is a constant C(«) such that
l9r(2)] < Cl)(BY — (RAL))Y?, o eR”
Proof. Let
- R? — |z|?
9(®) = cal B3 — B2)*/2hy s (R%'RL) v e RY
0

Then all the above properties of gr follow from Lemma[2.2] m

LEMMA 2.4. For any r > 0 the mean exit time 7, satisfies

E°rY <00, zeRY
Proof. Fort,v > 0, let

Nx(t,v) =) 1p:(AX,)

s<t

be the number of jumps in the interval [0, ¢] of the process X of length at least v.
It is enough to show that
sup PP (1Y > tg) < 1
x

for some ¢y > 0. Let |z| < 7. It is clear that if {7} > #¢} then the process Y does
not make jumps of length at least 27 in [0, £o]. Since the jumps of Y™ are of the form

AY, = A(X; )AX,,
for ¢t < ty we have

|AX;| < sup |[A7Y(z)||AY;| < sup |[A7H(z)|2r

|| <r |z|<r
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on the event {7Y > to}. Let a* = SUP||<r |A=1(z)|. This implies that

P*() > tg) < P(Nx(to, 2ra*) = 0)
= ¢ tov(yly[22ra®) 9

since Nx (o, 2ra*) has the Poisson distribution with intensity parameter equal to
tov(y : |y| > 2ra*). The proof is complete. m
Now, we are in a position to prove the main result.

Proof of Theorems [I.1) and [I.2]. Recall that the generator of the process Y;
which is the solution to (I.T)) is given by

K f(x) =pv. [[f(x+ Alx)y) — f(2)] v(dy).

Rd
Let0 < R < Ry be such that R — (Rg — R)'/3 > 0. Pick r = (R — (Ro — R)/?).
Now, let || < r. Then from Lemma[2.3{b)~(c) we infer that
23)  |K{'Sky(x) - Ki'gr(2)]

_ ‘ [ [Sre(x+ A(x)y) — gr(z + A(z)y)] v(dy)
lo+A(z)y|>R

< | (f) . [Sky(z + A(x)y) + lgr(z + A(z)y)|] v(dy)
z+A(x

< C(a)(RE — R*)*u(y - |A(x)y| > R~ 1)

< C(a) (R~ RWW%M/HMMU%M”

< C(a)(Ro — R)™u(y : ly| > 1) A()|*Rg>.

Note that E*7}Y < oo by Lemma 2.4, so by Dynkin’s lemma applied to g which
is in the domain of the generator K;*, and by Lemma b), we have

7Y

Wmmm=%m+wgw%mw

Y
= Spo(z) + E* [ K;'Sg,(Y2) dt
0

o4

+E” [(Ki'gr(Yi) — K7'SR, (V7)) dt.
0

Since, by Corollary 2.1]

Y Y
Tr Tr

" KSR, (Vi) dt = —E* [ [A(Y))2| uldz) dt,
0 0 S
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we obtain
Y
Sro(@) —E* [ [IA(Y)2]* u(dz) dt = E*(gp(Xoy )
0S .
+E* {(KfSRO(Yt) — KJlgr(Y2)) dt.

We will show that the right-hand side of the above equality vanishes when R T Rj.
By Lemma [2.3(b)—(c),

B (gr(Y,y))| < C(a)(R3 — 122 < C(a)Ry* (Ry — R)™S,

and by (2.3),

w

B [ [(KAS(Y)—Kitgr(Y0)| dt < C(a)(Ro— R)™/®w(B5)| Ax)|* Ry *E*rY .
0
Letting R T Ry we obtain

v Y

Tr 7-RO
Shy(x) = lim B [ [|A(Y))2|" p(dz)dt = BT [ [ |A(Yy)2|* u(dz) dt.
RiRo 9 s 0 s

Let Aax = Max{|y|< gy, |s|=1} [A(2)z|* and Apin = mingj,<g,, 21213 [A(2)2]*.
Then from the above inequality we obtain
S
e Eh e
where ¢ = 1/u(S) = 2a/v(BY).

If we assume that A(x) is an isometry for all z € Bpg, then Apax = Amin = 1
and we have equality in the conclusion of Theorem|[I.2] In particular, if we consider
A(z) = I, then we obtain the formula for the mean exit time of any symmetric
stable process. m

SRO (:C)
Amin ’

REMARK 2.1. If a ball is replaced by an ellipsoid £ C R? with center at
the origin, then we can easily extend the conclusions of the above theorems. For
example, let L be the linear operator such that L(E) = Bj. Then

K 2 d

Eory = ElorlX = 22 1—Lx2a/7 x € RY,

E Bq Z/(Ec) ( ‘ | )+

where 75 is the first exit time of the process X from F, and TlélX is the first exit

time of the process LX from the ball B;. Note that LX is a symmetric a-stable
process.
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