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Abstract. This paper establishes an exponential inequality for a sequence of
widely orthant dependent (WOD) random variables. Leveraging this result,
we prove the strong consistency of a non-parametric regression estimator
under a general moment condition. We further derive the convergence rate
of this estimator, highlighting its alignment with classical results under spe-
cific parameter choices. As an application, we examine the nearest neighbor
estimator and support our theoretical findings with a numerical study.
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1. INTRODUCTION

Numerous studies have investigated the convergence properties of non-parametric
regression estimators, with particular emphasis on both strong and weak consis-
tency. Following the framework established by [10], we consider the model de-
fined, for each n ­ 1 and 1 ¬ k ¬ n, by

(1.1) Zn,k = R(tn,k) + en,k,

where R is an unknown regression function, the design points tn,k belong to a
compact subset S ⊂ Rd for d ­ 1, and en,k are random errors. The corresponding
weighted regression estimator of R(t), for any t ∈ S, is

(1.2) Rn(t) =
n∑

k=1

Pn,k(t)Zn,k,

where Pn,k(t) = Pn,k(t, tn,1, tn,2, . . . , tn,n) are weight functions.
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A major challenge in this area is the treatment of dependent random errors.
We focus on a broad class of dependence structures that includes both positively
and negatively dependent random variables, known as widely orthant dependence,
introduced in [11]. Let {gu(n), n ­ 1} and {gl(n), n ­ 1} be sequences of
positive numbers called dominant coefficients, and let {Tn, n ­ 1} be a sequence
of random variables. The sequence {Tn} is said to be WOD if, for all tk ∈ R with
1 ¬ k ¬ n, the following two conditions hold:

P
( n⋂
k=1

{Tk > tk}
)
¬ gu(n)

n∏
k=1

P(Tk > tk),

and

P
( n⋂
k=1

{Tk ¬ tk}
)
¬ gl(n)

n∏
k=1

P(Tk ¬ tk).

Several recent works have addressed convergence under widely orthant depen-
dence. For instance, [13, 18] established complete convergence theorems, while
[9] studied convergence properties for the maxima of random variables. [16] de-
rived weak laws of large numbers using moment inequalities. For complete mo-
ment convergence, see [1, 17], which extend earlier studies by [5, 8] on complete
qth moment convergence. Additional contributions include [14] on Lp convergence
under R-h-integrability conditions and [15] on Cesàro uniform integrability. In
non-parametric regression, consistency results for wavelet and Priestley–Chao es-
timators were obtained in [2, 3] respectively.

In this paper, we develop fundamental probabilistic tools for analyzing data
with dependent structures. First, we present several key lemmas forming the theo-
retical foundation of our analysis. Next, we establish an exponential inequality for
WOD random variables and use it to derive convergence results for the weighted re-
gression estimator (1.2), including the convergence rate for strong consistency. To
keep the presentation concise, all the proofs are included in the appendix. Finally,
we illustrate the practical utility of these theoretical findings through an application
to nearest neighbor estimation, supported by numerical simulations.

2. LEMMAS

This section presents key lemmas that will be used to prove the main results in the
next section.

LEMMA 2.1 ([11]). Let {Tn, n ­ 1} be a sequence of WOD random variables.
If {φn, n ­ 1} is a sequence of increasing (or decreasing) functions, then the
sequence {φn(Tn), n ­ 1} is also WOD.

LEMMA 2.2 ([6]). Let {Tn, n ­ 1} be a sequence of WOD random variables.
Then for any r > 0, the following inequality holds:

E
(
exp

{
r

n∑
k=1

Tk

})
¬ g(n)

n∏
k=1

E(erTk).
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LEMMA 2.3 ([12]). Let {Tn, n ­ 1} be a sequence of WOD random variables
such that E(Tk) = 0 and E(|Tk|µ) <∞ for 1 ¬ k ¬ n and some µ ­ 1. Then

E
(∣∣∣ n∑

k=1

Tk

∣∣∣µ) ¬ (Cµ,1 + g(n)Cµ,2)
n∑

k=1

E(|Tk|µ) for 1 ¬ µ ¬ 2,

and

E
(∣∣∣ n∑

k=1

Tk

∣∣∣µ) ¬ Cµ,1

n∑
k=1

E(|Tk|µ) + g(n)Cµ,2

( n∑
k=1

E(|Tk|2)
)µ/2

for µ ­ 2,

where Cµ,1 and Cµ,2 are positive constants.

3. PROBABILITY INEQUALITY FOR WIDELY ORTHANT DEPENDENT RANDOM
VARIABLES

In this section, we present an exponential inequality that provides an upper bound,
which will be instrumental in proving our main results.

THEOREM 3.1. Let {Tn, n ­ 1} be a sequence of WOD random variables
such that E(Tk) = 0 and |Tk| ¬ ∆ for every 1 ¬ k ¬ n and for some constant
∆ > 0. Then, for every 1 < λ + π ¬ 2, 1 < π < 2, and ϵ > 0, the following
inequality holds:

(3.1) P
(∣∣∣ n∑

k=1

Tk

∣∣∣ > ϵ
)
¬ 2g(n) exp

{
−Cλ,π

(
ϵλ+π

eE(
∑n

k=1 |Tk|λ+π)

) 1
λ+π−1

}
,

where
Cλ,π = (λ+ π)−

1
λ+π−1 − (λ+ π)−

λ+π
λ+π−1 .

The next result establishes complete convergence for partial sums of WOD ran-
dom variables.

THEOREM 3.2. Let {Tn, n ­ 1} be a sequence of WOD random variables
such that E(Tk) = 0 and |Tk| ¬ ∆ for all 1 ¬ k ¬ n and for some constant ∆ > 0.
Assume that supk­1 E(|Tk|λ+π) <∞ for some λ, π satisfying 1 < λ+ π ¬ 2 and
1 < π < 2. If for some constants d1, d2 > 0,

(3.2)
∞∑
n=1

g(n) exp{−d1nd2} <∞,

then n−l
∑n

k=1 Tk converges completely to zero for every l > 1/(λ+ π).

REMARK 3.1. In Theorem 3.2, if the condition (3.2) is replaced by the stronger
summability assumption

(3.3)
∞∑
n=1

g(n)n−d <∞,

while all the other hypotheses of the theorem remain satisfied, then for any d > 1
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we obtain the almost sure convergence of n−l
∑n

k=1 Tk, with convergence rate

ϵ =
(
(dC−1λ,π)

λ+π−1e sup
k­1

E(|Tk|λ+π)
)1/(λ+π)

(3.4)

× n−l+1/(λ+π) log(λ+π−1)/(λ+π) n

= O(n−l+1/(λ+π) log(λ+π−1)/(λ+π) n).

REMARK 3.2. In Remark 3.1, if g(n) = 1 or g(n) = ω, where ω is a positive
constant, which corresponds respectively to the negatively orthant dependent and
extended negatively orthant dependent cases, we achieve almost sure convergence
with the same convergence rate (3.4) without needing to assume condition (3.3).

4. SOME RESULTS ON CONVERGENCE OF THE NON-PARAMETRIC REGRESSION
MODEL ESTIMATOR

In this section, we establish the almost sure convergence of the estimator for the
non-parametric regression model introduced in (1.2), under certain conditions on
the weight function and the dominant coefficients.

We denote by I indicator functions. The notation ∥t∥ refers to the Euclidean
norm. Throughout this section, the symbol C represents a positive constant that
may vary from line to line depending on the context.

The result below establishes the strong consistency of the estimator (1.2). The
following assumptions on the weight functions are required for the proof, for any
t ∈ S. Let 8/3 < v ¬ 4, α > 0, 1 < ŝ ¬ 2, j ­ ŝ − 1 − (ŝ − 1)2/u, and
g ­ 3(ŝ − 1)/2, where ŝ/2 < u < ŝ. Note that the choice of v satisfies the
condition v−1 ­ (3v − 8)/(4v) > 0.

(A[1]
sc ) |

∑n
k=1 Pn,k(t)− 1| = O(n(8−3v)/(4v)),

(A[2]
sc )

∑n
k=1 |Pn,k(t)| ¬ C for all n ­ 1,

(A[3]
sc ) max1¬k¬n |Pn,k(t)|ŝ−1 = O(n−j log−g n),

(A[4]
sc )

∑n
k=1 |Pn,k(t)| |R(tn,k)−R(t)| I(∥tn,k−t∥ > αn−1/v)=O(n(8−3v)/(4v)).

THEOREM 4.1. Let {en, n ­ 1} be a sequence of WOD random variables
with E(ek) = 0 for all 1 ¬ k ¬ n and supn­1 E(|en|ŝ) < ∞. If the assumptions

(A[1]
sc )–(A

[4]
sc ) hold, and

(4.1)
∞∑
n=1

g(n) exp{−Cn loga n} <∞ for some a ­ 3/2,

with R(t) satisfying a local Lipschitz condition around the point t, then for each
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t ∈ S, we have

(4.2) lim
n→∞

Rn(t) = R(t) almost surely.

THEOREM 4.2. Consider a sequence {en, n ­ 1} of WOD random variables
such that E(ek) = 0 for every 1 ¬ k ¬ n. Assume that supn­1 E(|en|2ŝ) < ∞. If

the conditions (A[1]
sc )–(A

[4]
sc ) and (4.1) hold, with R(t) satisfying the local Lipschitz

condition around the point t, then, for each t ∈ S, we have

(4.3) Rn(t)−R(t) = O(n(8−3v)/(4v)) almost surely.

5. APPLICATION TO THE NEAREST NEIGHBOR ESTIMATOR

In this section, we present an application of our results to the nearest neighbor
estimator of R(t). Assume tn,k = k/n for 1 ¬ k ¬ n where ⌈t⌉ stands for the
smallest integer greater than or equal to t. For every t ∈ S = [0, 1], we reorder the
absolute differences |tn,1 − t|, |tn,2 − t|, . . . , |tn,n − t| as follows:

|tφ1(t) − t| ¬ |tφ2(t) − t| ¬ · · · ¬ |tφn(t) − t|.

Observe that if |tn,k − t| = |tn,k̂ − t|, then |tn,k − t| appears before |tn,k̂ − t| if
tn,k ¬ tn,k̂. The weighted nearest neighbor estimator of R(t) for model (1.1) is
defined by

(5.1) R[nne]
n (t) =

n∑
k=1

P
[nne]
n,k (t)Zn,k,

where P
[nne]
n,k (t) = 1/θn if |tn,k − t| ¬ |tφθn (t)

− t|, and 0 otherwise, for every
1 ¬ θn ¬ n.

By applying Theorems 4.1, and 4.2, we obtain the following result.

THEOREM 5.1. Let {en, n ­ 1} be a sequence of WOD random variables with
E(ek) = 0 for all 1 ¬ k ¬ n and let θn = ⌈n1/2⌉. Assume that condition (4.1)
holds and R(t) satisfies a local Lipschitz condition around t. Then, for each t ∈ S,
if supn­1 E(|en|ŝ) <∞, then

lim
n→∞

R[nne]
n (t) = R(t) almost surely.

Moreover, if supn­1 E(|en|2ŝ) <∞, then

R[nne]
n (t)−R(t) = O(n(8−3v)/(4v)) almost surely.

5.1. Numerical study. To support the theoretical results, we carried out a sim-
ulation study of the nearest neighbor estimator R

[nne]
n (t) for sample sizes n =

100, 350, 700, 1000. A collection of regression functions R(t) was examined and
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four representative cases were chosen to reflect different patterns of shape and
smoothness.

In the simulations, the error terms {en,k} were generated from a multivariate
normal distribution with a banded covariance matrix

Σ = (σij)1¬i,j¬n, σij =


1 + θ2, i = j,

−θ, |i− j| = 1,

0, otherwise,

where we set θ = 0.7. For each setting, 200 Monte Carlo replications were per-
formed. The estimator was evaluated at grid points, and the replication yielding the
smallest mean squared error (MSE) was selected for visualization. The resulting
average MSE values for the regression functions and sample sizes are summarized
in Table 1.

Table 1. MSE for different functions with varying sample sizes

R(t) t n = 100 n = 350 n = 700 n = 1000

MSE

0.25 6.27 · 10−4 8.79 · 10−3 2.67 · 10−2 7.38 · 10−3

t4 − t2 + 0.2 0.5 8.75 · 10−4 9.29 · 10−7 1.93 · 10−4 3.58 · 10−3

0.75 2.65 · 10−2 1.49 · 10−2 4.48 · 10−3 5.22 · 10−3

1 4.39 · 10−2 3.83 · 10−3 3.07 · 10−3 1.67 · 10−2

0.25 3.21 · 10−2 4.78 · 10−5 1.03 · 10−2 6.23 · 10−3

exp
(
− (t−0.5)2

0.1

)
0.5 8.75 · 10−3 2.31 · 10−2 7.69 · 10−3 1.46 · 10−3

0.75 6.65 · 10−2 4.63 · 10−3 3.28 · 10−3 1.34 · 10−3

1 9.13 · 10−2 1.17 · 10−2 1.18 · 10−3 1.71 · 10−4

0.25 8.26 · 10−2 1.27 · 10−3 3.38 · 10−3 1.74 · 10−3

cos(2πt) 0.5 6.42 · 10−3 2.37 · 10−2 1.09 · 10−2 3.90 · 10−3

0.75 4.24 · 10−2 6.66 · 10−4 3.14 · 10−3 8.00 · 10−4

1 4.63 · 10−3 2.62 · 10−4 9.14 · 10−4 2.31 · 10−3

0.25 4.00 · 10−2 1.17 · 10−4 1.24 · 10−2 2.81 · 10−3

t(1− t) sin(6πt) 0.5 2.76 · 10−2 2.86 · 10−3 4.19 · 10−4 1.32 · 10−3

0.75 1.57 · 10−2 3.08 · 10−3 8.38 · 10−3 6.33 · 10−3

1 5.55 · 10−3 2.84 · 10−2 1.49 · 10−3 2.68 · 10−5

As shown in Table 1, the estimator exhibits decreasing MSE as the sample size
increases in most cases, confirming the theoretical consistency results.

Figures 1–4 display the estimated curves together with the true regression func-
tions for the four cases, showing how the estimator approaches the true function as
n increases, assuming WOD errors. We note that occasional non-monotone behav-
ior of the MSE for finite n, appearing in a minority of the replications, is due to
Monte Carlo variability and finite-sample effects under dependence, and does not
contradict the asymptotic consistency of the estimator.



Probability inequality for WOD random variables 233

T
he

fu
nc

tio
ns

R
(t
)

an
d
R

nn
e

n
(t
)

t

T
he

fu
nc

tio
ns

R
(t
)

an
d
R

nn
e

n
(t
)

t

T
he

fu
nc

tio
ns

R
(t
)

an
d
R

nn
e

n
(t
)

t

T
he

fu
nc

tio
ns

R
(t
)

an
d
R

nn
e

n
(t
)

t

The function R(t) The estimator Rnne
n (t)

Figure 1. Comparison of estimated and true regression functions (R(t) = t4−t2+0.2) for sample
sizes n = 100, 350, 700, 1000
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Figure 2. Comparison of estimated and true regression functions (R(t) = exp(− (t−0.5)2

0.1
)) for

sample sizes n = 100, 350, 700, 1000
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Figure 3. Comparison of estimated and true regression functions (R(t) = cos(2πt)) for sample
sizes n = 100, 350, 700, 1000
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Figure 4. Comparison of estimated and true regression functions (R(t) = t(1 − t) sin(6πt)) for
sample sizes n = 100, 350, 700, 1000
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6. CONCLUSION

This paper extends classical results on non-parametric regression under WOD er-
rors by establishing a new exponential inequality and proving strong consistency
under the weaker moment condition supn­1 E(|en|ŝ) <∞ for 1 < ŝ ¬ 2 (see [7]
for the case ŝ = 2). We also derive an O(n(8−3v)/(4v)) convergence rate for
8/3 < v ¬ 4, which coincides with the classical rate when v = 4.

The assumption (A[3]
sc ) allows for broader applicability through flexible parame-

ters (j, g), adapting to a wider range of moment conditions. In the nearest neighbor
estimator, we adopt θn = n1/2, consistent with our theoretical framework. This ex-
ample demonstrates how our general results can be applied to concrete estimators,
confirming their validity in practical settings. A numerical study is also provided
to illustrate the practical relevance of our results.

7. APPENDIX

7.1. Proof of Theorem 3.1. Since |Tk| ¬ ∆ for some constant ∆ > 0, we apply
the inequality

1 + r ¬ er ¬ 1 + r + |r|λ+πe2|r| for all r ∈ R,

which holds for 0 < λ ¬ 2− π and 1 < π < 2. Then for all θ > 0,

E(eθTk) ¬ 1 + E(|θTk|λ+πe2|θTk|) ¬ 1 + θλ+πe2θ∆E(|Tk|λ+π)(7.1)

¬ exp{θλ+πe2θ∆E(|Tk|λ+π)}.

Using Markov’s inequality, Lemma 2.2, and inequality (7.1), we obtain

P
( n∑
k=1

Tk > ϵ
)
¬ E(eθ

∑n
k=1 Tk)e−θϵ(7.2)

¬ g(n)
n∏

k=1

E(eθTk)e−θϵ

¬ g(n) exp
{
θλ+πe2θ∆

n∑
k=1

E(|Tk|λ+π)− θϵ
}
.

Now, assume 2θ∆ ¬ 1 and define

Θ(θ) = −θϵ+ θλ+πeE
( n∑
k=1

|Tk|λ+π
)
.

Minimizing Θ(θ) yields the optimal value

θ =

(
ϵ

(λ+ π)eE(
∑n

k=1 |Tk|λ+π)

) 1
λ+π−1

.



238 O. E. Cherifi et al.

Substituting this into (7.2), we get

(7.3) P
( n∑
k=1

Tk > ϵ
)
¬ g(n) exp

{
−Cλ,π

(
ϵλ+π

eE(
∑n

k=1 |Tk|λ+π)

) 1
λ+π−1

}
.

Noting that

P
(∣∣∣ n∑

k=1

Tk

∣∣∣ > ϵ
)
= P

( n∑
k=1

Tk > ϵ
)
+ P

(
−

n∑
k=1

Tk > ϵ
)
,

and that, from Lemma 2.1, the sequence {−Tk} is also WOD, we similarly obtain

(7.4) P
( n∑
k=1

−Tk > ϵ
)
¬ g(n) exp

{
−Cλ,π

(
ϵλ+π

eE(
∑n

k=1 |Tk|λ+π)

) 1
λ+π−1

}
.

The result follows directly from inequalities (7.3) and (7.4).

7.2. Proof of Theorem 3.2. From Theorem 3.1, for any ϵ > 0,

(7.5) P
(∣∣∣ n∑

k=1

Tk

∣∣∣ > nlϵ
)
¬ 2g(n) exp

{
−Cλ,π

(
(nlϵ)λ+π

eE(
∑n

k=1 |Tk|λ+π)

) 1
λ+π−1

}
¬ 2g(n) exp{−d1nd2},

where

d1 =
Cλ,πϵ

λ+π
λ+π−1

(e supk­1 E(|Tk|λ+π))
1

λ+π−1

and d2 =
l(λ+ π)− 1

λ+ π − 1
.

Under condition (3.2), the Borel–Cantelli lemma implies that n−l
∑n

k=1 Tk con-
verges almost surely to 0. This completes the proof.

7.3. Proof of Remark 3.1. If we substitute ϵ from (3.4) into (7.5), then under the
assumption (3.3), we obtain complete convergence. A straightforward application
of the Borel–Cantelli lemma yields almost sure convergence with convergence rate
O(n−l+1/(λ+π) log(λ+π−1)/(λ+π) n).

7.4. Proof of Theorem 4.1. Fix t ∈ S. For clarity, we decompose

|Rn(t)−R(t)| = |E(Rn(t))−R(t) +Rn(t)− E(Rn(t))|

¬ |E(Rn(t))−R(t)|+ |Rn(t)− E(Rn(t))| = L
[1]
n,t + L

[2]
n,t.

From (1.1) and (1.2), we can write

L
[1]
n,t ¬

n∑
k=1

|Pn,k(t)| |R(tn,k)−R(t)| I(∥tn,k − t∥ ¬ αn−1/v)(7.6)

+
n∑

k=1

|Pn,k(t)| |R(tn,k)−R(t)| I(∥tn,k − t∥ > αn−1/v)

+ |R(t)|
∣∣∣ n∑
k=1

Pn,k(t)− 1
∣∣∣.
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Under assumptions (A[1]
sc ) and (A[4]

sc ), we conclude

(7.7) L
[1]
n,t = O(n(8−3v)/(4v)).

The proof follows the same lines as in [4], so it is omitted for brevity. To prove
(4.2), it remains to show

(7.8) lim
n→∞

L
[2]
n,t = 0 almost surely.

Let en,k = e
[1]
n,k + e

[2]
n,k + e

[3]
n,k and ek = e

[1]
k + e

[2]
k + e

[3]
k for each 1 ¬ k ¬ n with

n ­ 1, where

e
[1]
n,k = k1/uI(en,k > k1/u) + en,kI(|en,k| ¬ k1/u)− k1/uI(en,k < −k1/u),

e
[2]
n,k = (en,k − k1/u)I(en,k > k1/u),

e
[3]
n,k = (en,k + k1/u)I(en,k < −k1/u),

and similarly define e
[i]
k .

For each fixed k, we assume that en,k and ek have the same marginal distribu-
tion, which in particular implies that E(en,k) = E(ek) = 0. Then, for the weighted
sum we have

L
[2]
n,t =

n∑
k=1

Pn,k(t)en,k

=
n∑

k=1

Pn,k(t)[e
[1]
n,k − E(e[1]n,k) + e

[2]
n,k − E(e[2]n,k) + e

[3]
n,k − E(e[3]n,k)]

=
n∑

k=1

(M
[1]
n,k +M

[2]
n,k +M

[3]
n,k),

where we define M
[i]
n,k = Pn,k(t)(e

[i]
n,k − E(e[i]n,k)). Under conditions (A[1]

sc )–(A[3]
sc ),

with Jensen’s inequality and the inequality (x+y)ŝ ¬ 2ŝ−1(xŝ+yŝ) for x, y ∈ R,
we have

n∑
k=1

E(|M [1]
n,k|

ŝ) =
n∑

k=1

E(|Pn,k(t)[e
[1]
n,k − E(e[1]n,k)]|

ŝ)(7.9)

¬ 2ŝ
n∑

k=1

|Pn,k(t)|ŝE(|e
[1]
n,k|

ŝ)

¬ C
n∑

k=1

|Pn,k(t)|ŝE(|ek|ŝ)

¬ C max
1¬k¬n

|Pn,k(t)|ŝ−1
n∑

k=1

|Pn,k(t)|

¬ Cn−j log−g(n).
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Applying the inequality in Theorem 3.1 and the upper bound (7.9), we find that for
every ϵ > 0 and 8/3 < v ¬ 4,

(7.10) P
(∣∣∣ n∑

k=1

M
[1]
n,k

∣∣∣ > ϵ
)
¬ 2g(n) exp

{
−Cŝ

(
ϵŝ

en−j log−g n

)1/(ŝ−1)}
,

where Cŝ = ŝ−1/(ŝ−1) − ŝ−ŝ/(ŝ−1). Assume that ϵ = n(−j+1)/ŝ and substitute it
into (7.10). So by applying the definition of complete convergence and condition
(4.1), we get

(7.11)
∞∑
n=1

P
(∣∣∣ n∑

k=1

M
[1]
n,k

∣∣∣ > ϵ
)
¬
∞∑
n=1

2g(n) exp{−Cn logg/(ŝ−1) n} <∞.

By applying the Borel–Cantelli lemma to (7.11), we obtain

(7.12) lim
n→∞

n∑
k=1

M
[1]
n,k = 0 almost surely.

From the condition supn­1 E(|en|ŝ) <∞, for every 1 < ŝ ¬ 2, we have

(7.13)
∞∑
k=1

E(e[2]n,k)

kj/(ŝ−1) logg/(ŝ−1)−(3v−8)/(4v)(2k)

=
∞∑
k=1

E(e[2]k )

kj/(ŝ−1) logg/(ŝ−1)−(3v−8)/(4v)(2k)

¬
∞∑
k=1

E[|ek|I(|ek| > k1/u)]

kj/(ŝ−1) logg/(ŝ−1)−(3v−8)/(4v)(2k)

¬
∞∑
k=1

k−(ŝ−1)/uE(|ek|ŝ)
kj/(ŝ−1) logg/(ŝ−1)−(3v−8)/(4v)(2k)

=
∞∑
k=1

E(|ek|ŝ)
kj/(ŝ−1)+(ŝ−1)/u logg/(ŝ−1)−(3v−8)/(4v)(2k)

.

Set j = ŝ− 1 in (7.13). Then

∞∑
k=1

E(|ek|ŝ)
k1+(ŝ−1)/u logg/(ŝ−1)−(3v−8)/(4v)(2k)

<∞,

which implies

(7.14)
∞∑
k=1

e
[2]
n,k

k logg/(ŝ−1)−(3v−8)/(4v)(2k)
<∞ almost surely.
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Applying Kronecker’s lemma to (7.14), we find

n−1 log(3v−8)/(4v)−g/(ŝ−1)(2n)
n∑

k=1

e
[2]
n,k → 0 almost surely.

By (A[2]
sc )–(A[3]

sc ), it is easy to see that∣∣∣ n∑
k=1

Pn,k(t)e
[2]
n,k

∣∣∣ ¬ max
1¬k¬n

|Pn,k(t)|
n∑

k=1

e
[2]
n,k(7.15)

¬ Cn−1(log−g/(ŝ−1) n)
n∑

k=1

e
[2]
n,k

= o(log−(3v−8)/(4v) n) almost surely.

We also deduce under the same conditions, and since n > log(2n), that∣∣∣ n∑
k=1

Pn,k(t)E(e
[2]
n,k)

∣∣∣ = ∣∣∣ n∑
k=1

Pn,k(t)E(e
[2]
k )

∣∣∣(7.16)

¬ max
1¬k¬n

|Pn,k(t)|
n∑

k=1

E[|ek| I(|ek| > k1/u)]

¬ Cn−1 log−g/(ŝ−1)(2n)

×
n∑

k=1

k−(ŝ−1)/uE[|ek|ŝ I(|ek| > k1/u)]

= O(log−g/(ŝ−1)−(ŝ−1)/u(2n)).

From (7.15), (7.16) and since g/(ŝ−1)+(ŝ−1)/u− (3v−8)/(4v) > 1, we have

(7.17)
∣∣∣ n∑
k=1

M
[2]
n,k

∣∣∣ = o(log−(3v−8)/(4v)(2n)) almost surely.

Since

E(|e[3]n,k|) = E(|e[3]k |) = E[(−ek − k1/u) I(ek < −k1/u)](7.18)

= −E[ek I(ek < −k1/u)]− k1/u P(ek < −k1/u)
¬ −E[ek I(ek < −k1/u)]
¬ E[|ek| I(|ek| > k1/u)],

the proof for M
[3]
n,k follows the same steps as that of M

[2]
n,k, where we replace

E(|e[2]n,k|) by E(|e[3]n,k|) using (7.18)3 in the proof of (7.14), and using (7.18)4 in
the proof of (7.16), which yields

(7.19)
∣∣∣ n∑
k=1

M
[3]
n,k

∣∣∣ = o(log−(3v−8)/(4v)(2n)) almost surely.

Hence, we conclude that (7.8) has been established based on the results of (7.12),
(7.17) and (7.19). This completes the proof.
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7.5. Proof of Theorem 4.2. Using the same notation as in the proof of Theorem 4.1,
where ŝ < u ¬ 2ŝ, suppose that j = (3v− 8)ŝ/(4v) + ŝ− 1 and g = 3(ŝ− 1)/2.
According to (7.7), we only need to prove that

(7.20) L
[2]
n,t = O(n(8−3v)/(4v)) almost surely.

Applying the inequality from Theorem 3.1 and using the upper bound (7.9), since
supn­1 E(|en|2ŝ) <∞, we have, for every ϵ > 0 and 8/3 < v ¬ 4,

(7.21) P
(∣∣∣ n∑

k=1

M
[1]
n,k

∣∣∣ > n(8−3v)/(4v)ϵ
)

¬ 2g(n) exp

{
−Cŝ

(
(ϵn(8−3v)/(4v))ŝ

en−j log−g(2n)

)1/(ŝ−1)}
¬ 2g(n) exp{−Cn logg/(ŝ−1)(2n)},

where Cŝ = ŝ−1/(ŝ−1) − ŝ−ŝ/(ŝ−1). Since g = 3(ŝ− 1)/2 and using the complete
convergence condition (4.1) we obtain, by the Borel–Cantelli lemma,

(7.22)
n∑

k=1

M
[1]
n,k = O(n(8−3v)/(4v)) almost surely.

To prove the convergence of
∑n

k=1M
[2]
n,k, note that since supn­1 E(|en|2ŝ) < ∞,

we can write

(7.23)
∞∑
k=1

E(e[2]n,k)

k(3v−8)/(4v(ŝ−1))+1 log3/2(2k)

=
∞∑
k=1

E(e[2]k )

k(3v−8)/(4v(ŝ−1))+1 log3/2(2k)

¬
∞∑
k=1

E[|ek| I(|ek| > k1/u)]

k(3v−8)/(4v(ŝ−1))+1 log3/2(2k)

¬
∞∑
k=1

k−(2ŝ−1)/uE(|ek|2ŝ)
k(3v−8)/(4v(ŝ−1))+1 log3/2(2k)

=
∞∑
k=1

E(|ek|2ŝ)
k(3v−8)/(4v(ŝ−1))+(2ŝ−1)/u+1 log3/2(2k)

<∞.

This gives

(7.24)
∞∑
k=1

e
[2]
n,k

k(3v−8)/(4v(ŝ−1))+1 log3/2(2k)
<∞ almost surely.
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Applying Kronecker’s lemma to (7.24), we infer that

n(8−3v)/(4v(ŝ−1))−1 log−3/2(2n)
n∑

k=1

e
[2]
n,k → 0 almost surely.

By (A[2]
sc )–(A[3]

sc ), it is easy to see that∣∣∣ n∑
k=1

Pn,k(t)e
[2]
n,k

∣∣∣ ¬ max
1¬k¬n

|Pn,k(t)|
n∑

k=1

e
[2]
n,k(7.25)

¬ Cn((8−3v)ŝ)/(4v(ŝ−1))−1 log−3/2(2n)
n∑

k=1

e
[2]
n,k

= Cn((8−3v)/(4v))(ŝ/(ŝ−1)−1)−1+(8−3v)/(4v)

× log−3/2(2n)
n∑

k=1

e
[2]
n,k

= o(n(8−3v)/(4v)) almost surely.

Again, since ŝ > ŝ− 1 and n > log(2n), we have∣∣∣ n∑
k=1

Pn,k(t)E(e
[2]
n,k)

∣∣∣ = ∣∣∣ n∑
k=1

Pn,k(t)E(e
[2]
k )

∣∣∣(7.26)

¬ max
1¬k¬n

|Pn,k(t)|
n∑

k=1

E[|ek| I(|ek| ­ k1/u)]

¬ Cn((8−3v)ŝ)/(4v(ŝ−1))−1 log−3/2(2n)

×
n∑

k=1

k−(2ŝ−1)/uE[|ek|2ŝI(|ek| ­ k1/u)]

¬ Cn((8−3v)ŝ)/(4v(ŝ−1)) log−3/2−(2ŝ−1)/u(2n)

= O(n(8−3v)/(4v) log−3/2−(2ŝ−1)/u(2n)).

From (7.25) and (7.26), we have

(7.27)
∣∣∣ n∑
k=1

M
[2]
n,k

∣∣∣ = o(n(8−3v)/(4v)) almost surely.

The proof for M [3]
n,k is similar to that for M [2]

n,k, replacing E(|e[2]n,k|) by E(|e[3]n,k|) in
(7.23) and (7.26), noting that |ek| = |−ek|. Note that

E(|e[3]n,k|) = E[|ek|I(|−ek| > k1/u)] ¬ k−(2ŝ−1)/uE(|ek|2ŝ).

Therefore,

(7.28)
∣∣∣ n∑
k=1

M
[3]
n,k

∣∣∣ = o(n(8−3v)/(4v)) almost surely.
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From (7.22), (7.27), and (7.28), we conclude that

(7.29) L
[2]
n,t = O(n(8−3v)/(4v)) almost surely.

The result follows by combining (7.7) and (7.29).

7.6. Proof of Theorem 5.1. From the definitions of φk(t) and P
[nne]
n,k (t), we observe

that if P
[nne]
n,k (t) > 0, then for all α > 0, ŝ/2 < u < min {ŝ, 4(ŝ − 1)} and

t ∈ [0, 1],

n∑
k=1

P
[nne]
n,k (t) =

θn∑
k=1

1

θn
= 1,(7.30)

max
1¬k¬n

|P [nne]
n,k (t)|ŝ−1 = 1

θŝ−1n

¬ Cn(1−ŝ)/2,(7.31)

n∑
k=1

|P [nne]
n,k (t)| |R(tn,k)−R(t)| I(∥tn,k − t∥ > αn−1/v)(7.32)

¬ Cα−2
θn∑
k=1

(k/n)2θ−1n n2/v = O(n(2−v)/v).

Estimates (7.30)–(7.32) show that conditions (A[1]
sc )–(A[4]

sc ) are satisfied, allowing
the application of Theorems 4.1 and 4.2 to prove Theorem 5.1.
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