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Abstract. This paper establishes an exponential inequality for a sequence of
widely orthant dependent (WOD) random variables. Leveraging this result,
we prove the strong consistency of a non-parametric regression estimator
under a general moment condition. We further derive the convergence rate
of this estimator, highlighting its alignment with classical results under spe-
cific parameter choices. As an application, we examine the nearest neighbor
estimator and support our theoretical findings with a numerical study.
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1. INTRODUCTION

Numerous studies have investigated the convergence properties of non-parametric
regression estimators, with particular emphasis on both strong and weak consis-
tency. Following the framework established by [[10], we consider the model de-
fined, foreachn > 1 and 1 < k < n, by

(L.1) Zn,k = R(tn,k) + éenk,

where R is an unknown regression function, the design points ¢, ; belong to a
compact subset S C R? for d > 1, and €n,k are random errors. The corresponding
weighted regression estimator of R(t), forany ¢t € S, is

(1.2) R, (t) = > Pok(t)Znk,
k=1
where P, 1,(t) = Py k(t,tn,1,tn2, ..., tnn) are weight functions.
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A major challenge in this area is the treatment of dependent random errors.
We focus on a broad class of dependence structures that includes both positively
and negatively dependent random variables, known as widely orthant dependence,
introduced in [11]]. Let {g,(n), n > 1} and {g;(n), n > 1} be sequences of
positive numbers called dominant coefficients, and let {T},, n > 1} be a sequence
of random variables. The sequence {7}, } is said to be WOD fif, for all ¢;, € R with
1 < k < n, the following two conditions hold:

n

P( ﬁ {1 > tk}) < gu(n) [T P(Tk > tk),
k=1 k=1

and
n

P( ﬁ {T) < tk}) < gi(n) [T P(Th < t).
k=1 Fe1

Several recent works have addressed convergence under widely orthant depen-
dence. For instance, [[13| [18] established complete convergence theorems, while
[9] studied convergence properties for the maxima of random variables. [[16] de-
rived weak laws of large numbers using moment inequalities. For complete mo-
ment convergence, see [1, [17], which extend earlier studies by [, 8] on complete
qth moment convergence. Additional contributions include [[14] on LP convergence
under R-h-integrability conditions and [15] on Cesaro uniform integrability. In
non-parametric regression, consistency results for wavelet and Priestley—Chao es-
timators were obtained in [2, 3] respectively.

In this paper, we develop fundamental probabilistic tools for analyzing data
with dependent structures. First, we present several key lemmas forming the theo-
retical foundation of our analysis. Next, we establish an exponential inequality for
WOD random variables and use it to derive convergence results for the weighted re-
gression estimator (I.2)), including the convergence rate for strong consistency. To
keep the presentation concise, all the proofs are included in the appendix. Finally,
we illustrate the practical utility of these theoretical findings through an application
to nearest neighbor estimation, supported by numerical simulations.

2. LEMMAS

This section presents key lemmas that will be used to prove the main results in the
next section.

LEMMA 2.1 ([11l)). Let {T},, n > 1} be a sequence of WOD random variables.
If {on, n > 1} is a sequence of increasing (or decreasing) functions, then the
sequence {on(Ty), n > 1} is also WOD.

LEMMA 2.2 ([6]]). Let {T,, n > 1} be a sequence of WOD random variables.
Then for any r > 0, the following inequality holds:

E(exp{r kzn:1 Tk}) < g(n) ﬁ E(eTr).

k=1
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LEMMA 2.3 ([12])). Let {T},, n > 1} be a sequence of WOD random variables
such that E(Ty) = 0 and E(|Ti|*) < oo for 1 < k < n and some p > 1. Then

(]2

 11{") < (G + 9(0)C2) S BT for1 <p<2
k=1
and

(%

: S n w/2
> Tk‘ ) <C 2_: (1Tx]*) + g(n) “’2(,;1E(’T’“‘2>> for u>2

where C\, 1 and C,, 2 are positive constants.

3. PROBABILITY INEQUALITY FOR WIDELY ORTHANT DEPENDENT RANDOM
VARIABLES

In this section, we present an exponential inequality that provides an upper bound,
which will be instrumental in proving our main results.

THEOREM 3.1. Let {T,,, n > 1} be a sequence of WOD random variables
such that E(Ty,) = 0 and |Ty,| < A for every 1 < k < n and for some constant
A > 0. Then, foreveryl < A+ 7 < 2,1 < w < 2, and ¢ > 0, the following
inequality holds:

n M T
> Tk‘ > e) < 2¢(n) exp{—C,\,,r<e - )) },
k=1

E(Zk:1 |Tk”\+7r

3.1) ]P’(

where . i
Crr = (A7) 3T — (A7) *r1,

The next result establishes complete convergence for partial sums of WOD ran-
dom variables.

THEOREM 3.2. Let {T,,, n > 1} be a sequence of WOD random variables
suchthat E(Ty;) = 0and |Ty;,| < A foralll < k < nand for some constant A > 0.
Assume that supys, E(|Ti|M™) < oo for some A\, w satisfying 1 < A+ < 2 and
1 <7 < 2. If for some constants dy,ds > 0,

(3.2) i g(n) exp{—dmd2} < 00,
n=1

then n=' Y| Ty converges completely to zero for every | > 1/(X + ).

REMARK 3.1. InTheorem[3.2] if the condition (3.2) is replaced by the stronger
summability assumption

(3.3) 21 g(n)n™¢

while all the other hypotheses of the theorem remain satisfied, then for any d > 1
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we obtain the almost sure convergence of n ! ZZ:1 T}, with convergence rate

o N\ L/t
(3.4) e = (O™ e sup B(Ti M)
E>1

—H1/ () oo Am—1) /(M)

Xn log

_ O(n—l—l—l/()\-i-w) log()\+7r—1)/(>\+7r) 7’L)

REMARK 3.2. In Remark[3.1] if g(n) = 1 or g(n) = w, where w is a positive
constant, which corresponds respectively to the negatively orthant dependent and
extended negatively orthant dependent cases, we achieve almost sure convergence
with the same convergence rate without needing to assume condition (3.3).

4. SOME RESULTS ON CONVERGENCE OF THE NON-PARAMETRIC REGRESSION
MODEL ESTIMATOR

In this section, we establish the almost sure convergence of the estimator for the
non-parametric regression model introduced in (1.2)), under certain conditions on
the weight function and the dominant coefficients.

We denote by I indicator functions. The notation ||¢|| refers to the Euclidean
norm. Throughout this section, the symbol C represents a positive constant that
may vary from line to line depending on the context.

The result below establishes the strong consistency of the estimator (I.2). The
following assumptions on the weight functions are required for the proof, for any
teS Let8/3<v<4a>01<58<2,j>58-1-(5-1)%/u, and
g = 3(5 —1)/2, where §/2 < u < . Note that the choice of v satisfies the
condition v=! > (3v — 8)/(4v) > 0.

ALY |50 Bo(t) — 1] = O(n(-30)/ (),
AZ) S 1P(t)] < Cforalln > 1,
(AEC)}) maxigk<n |Pn,k(t)|§_1 = O(n_j logfg n)7

(A Sy Pak(B)] | R(tn ) =R Lt 1] > an™/7) = O(nlS-3)/(10)).
THEOREM 4.1. Let {€,, n > 1} be a sequence of WOD random variables
with E(ey) = 0 for all 1 < k < n and sup,,>1 E(|en|*) < oo. If the assumptions
(A (AN hotd, ana
4.1) > g(n)exp{—Cnlog®n} < oo forsomea > 3/2,
n=1

with R(t) satisfying a local Lipschitz condition around the point t, then for each
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t € S, we have

4.2) lim R, (t) = R(t) almost surely.
n—oo
THEOREM 4.2. Consider a sequence {e,,, n > 1} of WOD random variables

such that E(e;) = 0 for every 1 < k < n. Assume that sup,,>, E(|e,|**) < oo. If

the conditions (Agy)—(A@) and @.1)) hold, with R(t) satisfying the local Lipschitz

condition around the point t, then, for each t € S, we have

4.3) Ry (t) — R(t) = OnE=3/G0))  aimost surely.
5. APPLICATION TO THE NEAREST NEIGHBOR ESTIMATOR

In this section, we present an application of our results to the nearest neighbor
estimator of R(t). Assume ¢, = k/n for 1 < k < n where [t] stands for the
smallest integer greater than or equal to ¢. For every ¢t € S = [0, 1], we reorder the
absolute differences |t,, 1 — t|, [tn2 — t|, ..., |[tn.n — t| as follows:

ltory =t < [top) =t <o <t — -

Observe that if |t — t| = [t ; — t|, then |t, ; — t| appears before |t ; — | if
tnk < t, ;. The weighted nearest neighbor estimator of R(t) for model (L)) is
defined by

5.1) RIM(t) = 3 P (1) Z, i,
k=1

where PT[ane] (t) = 1/0n if [tng — t] < [ty @) — 1
1<6, <n.
By applying Theorems and.2] we obtain the following result.

THEOREM 5.1. Let {e,, n > 1} be a sequence of WOD random variables with
E(er) = 0forall 1 < k < n and let 6, = [n'/?). Assume that condition (@)
holds and R(t) satisfies a local Lipschitz condition around t. Then, for eacht € S,
if sup,>1 E(len|*) < oo, then

, and O otherwise, for every

lim R™el(t) = R(t)  almost surely.

n—oo

Moreover; if sup,,>; E(|en|**) < oo, then
RI™el(t) — R(t) = O(nE30/ W)Y almost surely.

5.1. Numerical study. To support the theoretical results, we carried out a sim-

ulation study of the nearest neighbor estimator Rgl nel (t) for sample sizes n =

100, 350, 700, 1000. A collection of regression functions R(¢) was examined and
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four representative cases were chosen to reflect different patterns of shape and

smoothness.

In the simulations, the error terms {e,, ;} were generated from a multivariate
normal distribution with a banded covariance matrix

¥ = (04j)1<i,j<ns

O3 =

1+ 62,

-0,
0,

=7,
otherwise,

where we set § = (.7. For each setting, 200 Monte Carlo replications were per-
formed. The estimator was evaluated at grid points, and the replication yielding the
smallest mean squared error (MSE) was selected for visualization. The resulting
average MSE values for the regression functions and sample sizes are summarized

in Table[I]
TABLE 1. MSE for different functions with varying sample sizes
R(t) t n = 100 n = 350 n = 700 n = 1000
MSE

025 6.27-107* 879-107% 267-1072 7.38-1073

t* —t24+0.2 0.5 875-107* 9.29-1077 1.93-107* 3.58-107°
075 2.65-1072 1.49-1072 4.48-1073% 5.22.107°

1 439-107%2 383-107% 3.07-10® 1.67-1072

025 3.21-1072 4.78-107° 1.03-1072 6.23-1073

exp(—{=29%) 05 875-107% 2.31-1072 7.69-107° 1.46-1073
075 6.65-1072 4.63-107% 3.28.107% 1.34-1073

1 9.13-1072 1.17-1072 1.18-10"%* 1.71-107*

025 8.26-1072 1.27-107% 3.38-107% 1.74-1073

cos(2mt) 05 6.42-107% 237-100% 1.09-1072 3.90-107°
075 4.24-1072 6.66-107* 3.14-10"% 8.00-107*

1 463-107% 262-107* 9.14-107* 2.31-1073

025 4.00-107%2 1.17-107* 1.24-107% 2.81-1073

t(1 —t)sin(6nt) 0.5 2.76-1072 2.86-107° 4.19-107* 1.32-1073
075 1.57-1072 3.08-107% 8.38-107% 6.33-1073

1 555-107% 2.84-1072 1.49-107% 2.68-107°

As shown in Table[T] the estimator exhibits decreasing MSE as the sample size
increases in most cases, confirming the theoretical consistency results.

Figures[[H4|display the estimated curves together with the true regression func-
tions for the four cases, showing how the estimator approaches the true function as
n increases, assuming WOD errors. We note that occasional non-monotone behav-
ior of the MSE for finite n, appearing in a minority of the replications, is due to
Monte Carlo variability and finite-sample effects under dependence, and does not
contradict the asymptotic consistency of the estimator.
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6. CONCLUSION

This paper extends classical results on non-parametric regression under WOD er-
rors by establishing a new exponential inequality and proving strong consistency
under the weaker moment condition sup,,~1 E(|e,|*) < oo for 1 < 5 < 2 (see [7]

for the case § = 2). We also derive an O(n(8=3v)/(4v)) convergence rate for
8/3 < v < 4, which coincides with the classical rate when v = 4.

The assumption (AE]) allows for broader applicability through flexible parame-
ters (4, g), adapting to a wider range of moment conditions. In the nearest neighbor
estimator, we adopt 6, = nt/ 2_ consistent with our theoretical framework. This ex-
ample demonstrates how our general results can be applied to concrete estimators,
confirming their validity in practical settings. A numerical study is also provided
to illustrate the practical relevance of our results.

7. APPENDIX

7.1. Proof of Theorem Since |T| < A for some constant A > 0, we apply
the inequality

l4+r<e <147+ [P forallr € R,
which holds for0 < A <2 —mand 1 < 7w < 2. Then forall § > 0,
(71) E(eng) <14+ E(‘HTk‘)\+ﬂ€2|9Tkl) <1+ 9/\+7T629AE(‘T]€|>\+7T)
< eXp{9A+ﬂ629AE(|Tk‘/\+W)}_
Using Markov’s inequality, Lemma[2.2] and inequality (7.1I), we obtain
n n
(7.2) P(Z T, > e) < E(ef Shar Tyt
k=1
n
< g(n) kH ]I“E(eeT’“)ffe6
=1

n
< g(n) exp{Q/\“LWeZHA S E(| T — ee}.
k=1
Now, assume 20A < 1 and define

0(0) = —fe + 9””@1@(2 \Tk]“”).
k=1

Minimizing ©(0) yields the optimal value

"= ((A + W)eE(izzl ITM”)) o
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Substituting this into (7.2)), we get

n et ﬁ
(7.3) IP’( Ty > e) < g(n eXP{—C)\, < ) }
];::1 (n) "\ eE(> " TP
Noting that

k=
n
P(
k=1

and that, from Lemma[2.1] the sequence {—1}} is also WOD, we similarly obtain

n A+ ﬁ
(7.4) ]P’(z T3 > e) < g(n) exp{—C')\m( ne + )) + }

Zk 1 |Tk |/\+7'r
The result follows directly from inequalities (7.3]) and (7.4).

7.2. Proof of Theorem 3.2} From Theorem 3.1] for any ¢ > 0,

]>e) :P(iTk>e)+P(—éTk>e),

k=1

15 P(| 3 7| > n'e) < 2(n) { C ( G )“1}
. >n e) < 2g9(n)expy —Ch 7
=1 eB(3 p_y |TklM7)
< 2g(n) exp{—d;n?},
where
Oy peXtmT I(A 1
+m—1 —
dy = Ame - and dp = &
(esupyzy E(|THA ) w1 At

Under condition (3.2), the Borel-Cantelli lemma implies that 7~ > o—y Tk con-
verges almost surely to 0. This completes the proof.

7.3. Proof of Remark If we substitute € from (3.4) into (7.3)), then under the
assumption (3.3]), we obtain complete convergence. A straightforward application

of the Borel-Cantelli lemma yields almost sure convergence with convergence rate
O(n—l—l—l/()\-i-Tr) 1Og(>\+7r—1)/(/\+7r) TL) )

7.4. Proof of Theorem[d.1} Fix ¢ € S. For clarity, we decompose
[RBn(t) — R(t)| = [E(Rn(t)) — R(t) + Rn(t) — E(Rn(1))]
1 2
< [E(Ba (1) = R(0)| + | Ru(t) ~ E(Ra(1)] = Ly, + Ly,
From (I.1)) and (1.2)), we can write

76 L < zum WIR(tn k) — RO (|[tn s — t] < an™)
+Z\PM )W R(tn ) — RE|I([[tns, — tl]| > an~'/?)

+R(1)] \kzl Poy(t) — 1‘.
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Under assumptions (AE) and (A@), we conclude

(7.7) L = O(nB-3v)/(4v)y

n,

The proof follows the same lines as in [4], so it is omitted for brevity. To prove
(4.2)), it remains to show

(7.8) lim LE ]t =0 almost surely.

n—oo

Letenk—e[] +6H +e§]kandek:eg}—ke[]—kegforeachl < k < n with
n > 1, where

ellh = KV (enn > BYY) + enpd(eng] < kYY) — KV (enn < —kYY),
ek = (enp = K (en s > K/),
ef]k (enk + kl/u)]l(emk < —kMw,

and similarly define eg].
For each fixed k, we assume that e,, ;, and e, have the same marginal distribu-

tion, which in particular implies that E(e,, ;) = E(ey) = 0. Then, for the weighted
sum we have

L[2 Z Pn k(t en,k

1 E@}}k) + ef}k ~E(el?) + ef’}k —E(e))]

£r.

M[” +MZ, + M2,

where we define M 7[1@ ]k = Pmk(t)(e[rf] P ]E(e%] ;.))- Under conditions (AE )—(AEE}),
with Jensen’s inequality and the inequality (z +y)* < 2571 (2 +4°) forz,y € R,
we have

n

(7.9) S E(|M), “ Z (| Po,i(t) [” —E(eﬂ,]k)]lé)
k=1 k=1
E_j £)[°E(Jel, )
Z; (D) E(|ex]®)

1<k<n

< C max |Pnk: )‘3_1 Z |Pn,k(t)
k=

< Cnlog™9(n).
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Applying the inequality in Theorem [3.1and the upper bound (7.9), we find that for
every € > 0and 8/3 < v < 4,

G \MG-D

where C; = §~ V61 — 5-8/(5-1) Assume that e = n(~711)/3 and substitute it
into (7.10). So by applying the definition of complete convergence and condition

@.1), we get
1) 3 IP’(‘ SRTieH
n=1 “g=1 "~

(7.10) P((é Ml

o0

) z n) exp{—Cnlog? =1 n} < co.

By applying the Borel-Cantelli lemma to ( , we obtain

(7.12) lim Z M [IL =0 almost surely.

n—oo k=

From the condition sup,,>; E(|en|*) < oo, forevery 1 < § < 2, we have

00 E(e [Q}k)
(7.13) 121 i/(5-1) logg/(s 1)— (31}—8)/(4v)(2k)
S E(e)
j=1 K3/ (5=1) 1ogd/ (5=1)=(Bv=8)/(4v) (9

E[ex[I(|ex| > k)]
K3/ (5=1) 1og9/ (5=1)=(Bv=8)/(4v) (9
C& k(e
S A /1) 1ogd G- DB/ (1)
- =

I\
|M8

g

E(lex|*)
ki) (5—1)+(3— 1)/ulogg/(5 1)— (3v—8)/(4v)(2k)'

Setj = § — 1in (7.13). Then

i": E(lexl*)
=l (8-1)/u IOgg/(s 1)— (3U—8)/(4v)(2k)

< 00,

which implies

2]
= enk
(7.14) Z  Flogd/ G- Go /) (o7 < oo almost surely.
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Applying Kronecker’s lemma to (7.14), we find

n~ logBv=8)/()=9/(5=1) (2p) ];1 ef}k — 0 almost surely.

By (A[Q]) (A ), it is easy to see that

(7.15) kel | <

- 2]
max [ Po )\k;en,k
< CnY(log=9/C"Vn) 3 o2

= o(log=Gv=8/) ) almost surely.

We also deduce under the same conditions, and since n > log(2n), that
[ ])‘

< max [Py (t)] Z Ellex| I(lex| > £'/*)]
k=1

(7.16)

nk ‘

1<k<n

< Cnog9/6G=Y(2n)
< 35 kDB ey > k)]
k=1
= O(log™9/G=1=E=D/u(apn)).
From (7.13), (m) and since g/(§—1)+(§—1)/u— (3v—8)/(4v) > 1, we have

(7.17) ~(Bv=8)/(4)(2n))  almost surely.

Since

(7.18) E(lel’, ) = E(le)|) = E[(—ex, — k") I(e, < —kY/")]
= —Elep I(ex < —kY")] — KV P(ef < —kY")
< —Eleg I(ep < —kY)]
< Ellex| I(|ex| > k™)),

the proof for M [3] follows the same steps as that of ME]k, where we replace

(|e 2 ) by E(]enk,|) using (7.18)3 in the proof of (7.14), and using (7.18)4 in
the proof of (7.16), which yields

(7.19) ’Z y)

Hence, we conclude that (7.8) has been established based on the results of (7.12),
(7.17) and (7.19). This completes the proof.

—(3v— 8)/(4v)(2n)) almost surely.
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7.5. Proof of Theorem[d.2] Using the same notation as in the proof of Theorem 4.1}
where § < u < 28, suppose that j = (3v — 8)§/(4v) +5§—land g = 3(5§—1)/2.
According to (7.7), we only need to prove that

(7.20) L = O(nB=3)/M)y  almost surely.

n,t

Applying the inequality from Theorem 3.1]and using the upper bound (7.9), since
sup,,>1 E(|en|?) < oo, we have, for every € > 0 and 8/3 < v < 4,

(7.21) P(‘kf;l MU > - /an,)

(8—30v)/(4v)\& \ 1/(5-1)
<2g<n>exp{—c§((€”._>)) }

en=Ilog™9(2n
< 2g(n) exp{—Cnlog?/ = (2n)},

where C; = 571/~ — 5=5/(=1) _Since g = 3(5 — 1)/2 and using the complete
convergence condition (4.1)) we obtain, by the Borel-Cantelli lemma,

(7.22) > MEL = O(nB=3)/W)y  almost surely.
k=1

To prove tbe convergence of » ,_, M 7[1 ]k, note that since sup,,>; E(|e,[**) < oo,
we can write

723) S E(ep})
(729 kz::l k(3v—8)/(4v(5—1))+1 log3/2(2k)

E(c;)
—1 k(Bv=8)/(4v(8-1))+1 10g3/2(2k)
BfJex | I(lcel > £/%)
o (3u=8)/ (4(—1)+1 16%/2(2k)
k=50 e )
=1 kBu=8)/(40(5=1)+1 16g5/2(2)

— E(Jex]*)
N 5 3 < Q.
=1 k(Bv—8)/(4v(3—1))+(25-1) /u+1 10g3/2(2k)

N\
s 1 Z’VMS

8

X

8

This gives

(2]
— enk
(7.24) Z . RO G-+ 10gh 2 (2h) < oo  almost surely.
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Applying Kronecker’s lemma to (7.24)), we infer that

A R OB e[nﬂk — 0 almost surely.
k=1
By (Ag] )—(AES}), it is easy to see that

(7.25) }kz Pi(t)el?,
=1

)

n
< P, (t 2
< e [Pl 2 e

—3v)s v(5—1))— - W 2
< Op((E=3v)9)/(u(3-1))~1 50 3/2(2”),;€L,}k
— On((8=3v)/(40))(5/(8-1)—1)—1+(8—3v)/(4v)

x log=3/%(2n) 3 ef}k
k=1
= o(nB73/M)y  almost surely.

Again, since § > § — 1 and n > log(2n), we have

n

(7.26) ’kg_jl Pn,k(t)E(ef}k)( = kZ_jl Pn,k(t)E(eE])‘
w 1/u
< max. | P (1) ;Eﬂeﬂ I(lex| = £77%)]

< On((8=3v)8)/(4v(3-1))-1 log—g/z(%)
x 32 kTR e P (ex| > K]
k=1

< Cn((8—3v)§)/(4v(§—1)) log—3/2—(2§—1)/U(2n>
_ O(n(873v)/(4v) log73/27(2§71)/u(2n))'

From (7.23)) and (7.26), we have

D Mf]k’ = o(nB=3)/M)y  almost surely.
k=1

(7.27)

The proof for M 7[13]k is similar to that for M, E]k, replacing E(|6§ ]k\) by IE(|€L3 ]k|) in
(7.23) and (7.26)), noting that |e;| = |—ex|. Note that

E(eP)]) = Elles|I(|—ex] > k%)) < k™23 D/vE (e 29).

Therefore,

> MEL’ = o(n®=3/14))  almost surely.
k=1

(7.28)
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From (7.22)), (7.27), and (7.28)), we conclude that
(7.29) Lmt = O3/ almost surely.

n,

The result follows by combining (7.7) and (7.29).

7.6. Proof of Theorem From the definitions of ¢ (¢) and Py[lnze] (t), we observe

that

t €[0,1],

if Pﬁ;e}(t) > 0, then for all @ > 0, §/2 < v < min{5,4(5 — 1)} and
[nne] On 1
(730) 3 Pl Z g
k=1 i=10n
nne] -1 _ 1 < (1-8)/2
(130 max [PI0F = o <ol

(7.32) Z PER @R (tng) = RO (|t s — t] > an™1/")

On
z (k/n)%0; 0% = O/,

Estimates (7.30)—(7.32)) show that conditions (A[I]) (A[4]) are satisfied, allowing
the application of Theorems {.T|and [d.2] to prove Theorem [5.1]
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