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Abstract. Azmoodeh et al. established a criterion regarding conver-
gence of the second and other even moments of random variables in a
Wiener chaos with fixed order guaranteeing the central convergence of the
random variables. This was a major step in studies of the fourth moment
theorem. In this paper, we settle even more generalizations of the fourth
moment theorem by building on their ideas. More precisely, further criteria
implying central convergence are provided: (i) the convergence of the fourth
and any other even moment, (ii) the convergence of the sixth and some other

even moments.
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1. INTRODUCTION

The fourth moment theorem (Nualart-Peccati criterion), discovered by Nu-
alart and Peccati [9], provides a concise criterion for central convergence of ran-
dom variables {Z,,}7° ; belonging to a Wiener chaos of fixed order. More pre-

cisely, Nualart and Peccati showed that if E[Z2] — 1 and E[Z] — 3 asn — oo,
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2 N. Naganuma

then {Z,,}°° ; converges to a standard Gaussian random variable N in law. Subse-
quently, many researchers began studying generalizations and applications of the
theorem. For example, Peccati and Tudor [11] extended it to the multidimensional
case, and Nualart and Ortiz-Latorre [8] provided another proof for the theorem
in terms of Malliavin calculus. Nourdin and Peccati [5] provided Berry-Esséen
bounds in the Breuer—-Major central limit theorem by combining Malliavin calcu-
lus and Stein’s method.

An extension by Ledoux [3] was a major step in the ongoing study of the fourth
moment theorem. He provided another proof for the fourth moment theorem in the
framework of diffusive Markov generators inspired by a proof based on Malliavin
calculus. More sophisticated and generalized results were provided by Azmoodeh,
Campese, and Poly [1]. These papers were devoted to answering the following

question stated in [2] by Azmoodeh, Malicet, Mijoule, and Poly.
What are the moment conditions that ensure central convergence?

This paper is also devoted to answering this question.
In order to go on discussion more precisely, we introduce some notation. Let
X = {X(h)}nes be an isonormal Gaussian process over a real separable Hilbert
space ). For every p € N U {0}, we write H,, to denote the pth Wiener chaos of
X. For precise definitions, see [7], [6]. Let { Z,,}°° ; be a sequence of elements in
'H,, for some integer p > 2. We denote by 7 a finite subset of even numbers.
Then, the question above may be able to be reduced to equivalence of (CL)

and (CM) for a finite subset Z of even numbers:

(CL) Z, — N inlaw asn — oo.

(CM) E[Z%*] — E[N*]asn — oc forall 2i € T.

Of course, the fourth moment theorem involves equivalence of (CL) and (CM) for

{2,4} and after shown the theorem some researchers wonder that the equivalence
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Generalizations of the fourth moment theorem 3

holds for any set of two distinct even numbers. The authors of [2] showed the
equivalence of (CL) and (CM) for {2, 2k} with 2k > 4. One of their ingredients is
a formulation of central convergence in terms of polynomials (this will be stated in
Lemma 2.1). In this paper, we build on their formulation to suggest directions for
generalization of the fourth moment theorem. Although we cannot provide a full
answer of the question, we provide interesting examples of central convergence

based on a lemma in [2]. Our main theorem is as follows.

THEOREM 1.1. Let I be any of the following.

1. T = {2,2k}, where 2k > 4 is an arbitrary even integer.

2. T = {4,2k}, where 2k > 6 is an arbitrary even integer.

3. T ={6,8},{6,10}.

4. T ={6,12,14,2k}, where 2k > 16 is an arbitrary even integer.

5. 7 ={6,12,18,30, 32, 2k}, where 2k > 34 is an arbitrary even integer.
Then, (CL) and (CM) for I are equivalent.

For readers’ convenience, this theorem contains previous results; that is, As-
sertion 1, a part of Assertion 2 and Assertion 3, have already been demonstrated
in [2, Theorem 1.2 and Section 5]. The cases of Z = {4,6}, {4, 8}, {4,10} have
already been treated, and we demonstrate that convergences of the fourth and any
even moments imply central convergence in Assertion 2. Note that we can see that
only in cases 1, 2, and 3, the method in [2] is effective in the proof of equivalence
of (CL) and (CM) (this is one of contribution of this paper and stated in Proposi-
tion 3.1). Assertions 4 and 5 are entirely new. We make a remark on them.

- The case Z = {6, 12} cannot be treated with the method in [2] due to Propo-
sition 3.1, although a truely nontrivial case is Z = {6, 12} after cases 1, 2, and 3.
Hence the second smallest number in Assertions 4 and 5 should be greater than or

equal to 12. If we replace 12 by 10, we see the equivalence due to Assertion 3.

- At this stage, we have no counterexample for the case Z = {6, 12}.
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84 - Assertions 4 and 5 are not trivial and their proofs are interesting from the
85 viewpoint of the properties of polynomials that appear in the proof.
86 For more discussion on our main theorem we should prepare more notation, and
87 we postpone it until Section 4.
88 The remainder of this paper is organized as follows. Section 2 reviews the
89 principal part of [2]. Section 3 is devoted to proving our main theorem. In Section 4,
90 we discuss on our main theorem. Section 5 investigates asymptotic characteristics
91 of the hypergeometric function.
92 Throughout this paper, we use the following notation. Let [V be a standard
93 Gaussian random variable and set w(z) = \/%67%, which is the density function
94 of N. Set i; = E[N?] = (2i — 1)!! fori € N U {0} with the convention (—1)!! =
95 0. We introduce the following functions.
96 - The Hermite polynomial: H,,(x) = (—1)%% jx—nne*% forn € N U {0}.
97 - The Gamma function: I'(a) = fooo u? te=% du for a > 0.
98 - The Beta function: B(a, b) fo Yo tub=l duy = F(Ela)zg;) fora,b > 0.
99 - The Hypergeometric function:
1
100 F(a,b,c;2) = B(a c—a) {u“ L )71 —uz) P du
101 for0 <a < cand |z < 1.
102 We define {£;(m)}m>i>2 and {&;(m)}m.i>2 as
103 (1.1) f@i(m):B<i—1,;>F<i—1,—(m—i),i—;,;)
1 1 wy m—i
104 = {U%Q(l —u)"2 (1 - 5) du,
105 and
108 (1.2) &(m) = Grprri(m), 2<i<m,
107 0, otherwise.
14 Jun 2022 04:10:23 CEST Editorial
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Generalizations of the fourth moment theorem 5

2. REVIEW OF AZMOODEH ET AL.

In this section, we summarize most important part of [2] and extend it. For

every ¢ > 2, we define even polynomials W; and 1; with degree 2i as
Wi(z) = (20 — 1)®[H;H; o] (), Yi(x) = E[Wi(zN)],

where ® is defined as

T

O[Q(z) =z [ Q(t) dt — Q().

0

Note that W; is monic. Let 7" be a monic even polynomial with degree 2k > 4 of

the form
k
@.1) T(z) = Y a;Wi(x)
i=2
for some o, ...,ar_1 € R and o = 1. Then, the next lemma is a major compo-
nent of [2].

LEMMA 2.1 ([2, Lemma 4.2]). Let {Z,,}°; be a sequence of elements in H,,
for some integer p > 2, and let T' be a monic even polynomial with degree 2k > 4
of the form (2.1) with positive a, nonnegative as, . .., a1, and i = 1. Then,

Zn — Ninlaw asn — oo ifand only if E[T(Z,)] — 0 as n — oc.

Lemma 2.1 tells us that we can obtain central convergence of {Z,,}7° ; by
finding a suitable polynomial 7". In general, a monic even polynomial 7" with de-

gree 2k > 4 is defined as

(2.2) T(x) = zkj a;z? + ag

i=1
for some ag,...,ar_1 and ap = 1. To use Lemma 2.1, we seek to determine what
conditions on ay, . .., ar imply 7" are of the form (2.1) with ao, ..., ar, and we
provide a formula for calculating a, . . . , a from ay, . . . , ar. We know that

E[T(N)] = lim E[T(Z,)] =0

n—oo
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6 N. Naganuma

if {Z,}5°, C H, satisfies E[Z2] — y; as n — oo. This is equivalent to ¢(1) =
0, where ¢(x) = E[T(xN)]. The next proposition follows.

PROPOSITION 2.1. Let T be an even polynomial with degree 2k > 4 and set
¢(x) = E[T(xN)]. The following are equivalent.
1. ¢(1) = ¢/(1) = 0 holds. In other words,

k k
(2.3) Z ai; + ag =0, Z a;2ip; = 0.
i=1 i=1
2. There exist constants au, . . ., € R such that (2.1).

Proof. Inthis proof, we use 1;(1) = (1) = 0fori > 2 (see [2, Lemma4.1]).
We show that Assertion 1 implies Assertion 2. Since WW; is an even polynomial
with degree 2¢, there exists a unique expansion of the form

Zaz () + B + .

We see that 5 = v = 0 as follows.
k

k
= ;aiE[VVi(xN)] + BE[(zN)] +~ =Y anbi(z) + Ba® + 7.

i=2
Since ¢(1) = ¢/(1) = 0 and ;(1) = ¢;(1) = 0 for i > 2, it follows that § + v =
0 and 28 = 0 so 8 = v = 0. Hence, Assertion 2 holds.

Next, we show that Assertion 2 implies Assertion 1. The assumption implies
that ¢(z) = 2522 a;1i(x). This expression and the identity 1;(1) = ¢/(1) = 0
yield Assertion 1. m

Hereafter, we assume ¢(1) = ¢'(1) = 0. Then, as a result of Proposition 2.1,
ag, - ..,ar in (2.2) and ao, ..., ar in (2.1) have good relations. We examine an
explicit formula for g, ..., o by ag, ..., ar. More precisely, setting ¢; = (2i —
1)il(i — 2)! for ¢ > 2, demonstrate the next proposition, an analogue of [2, Propo-

sition 4.1] demonstrated in a similar manner.

PROPOSITION 2.2. Forevery2 < i < k,

m!k;(m)
ic; = 21 - Z d 1 Ot

Here, {K;(m)}m>i>2 are defined by (1.1).
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Generalizations of the fourth moment theorem 7

The next corollary follows immediately from Proposition 2.2. It will be used

in Section 3 and play an important role in the proof of main theorem.

COROLLARY 2.1. Let 1 < I < k and assume that a.,, = 0 for all 1 < m <

[ — 1. Then, for every 2 < i < k,

1 k
QiC = 57 Z {&i(m) — &) ympman,.

2= S
Here, {&;(m)}i m>2 are defined by (1.2).

Proof. From Proposition 2.2, for all 2 < ¢ < k, it follows that

k k k
aicinil = Z gi(m)mﬂmam = Z gz(m)mﬂmam = Z gz(m)mﬂmam
m=i m=2 m=l

In the above, we used &;(m) =0 for2 <m <i—1and ay, =0for1 <m <
I — 1. Since ¢'(1) = 0 (see (2.3)) and a,, = 0 for 1 < m <[ — 1 imply

k k
0= > MUmam = >, Mmam,
m=1 m=l

we have

k
EDlwar=— > &G)mpman.
m=Il+1

Substituting this equality into a;c;2°~! yields the assertion. m

For readers’ convenience, we provide a proof of Proposition 2.2. For details,

see [2, Appendix A]. We introduce even polynomials ¢ and R with degree 2(k —

1) > 2as
k k i—1 ,2r
Q(z) = Z:Qai(% — 1)Hi(x)H;—2(x), R(z) = gzlai,ui Z:O -

Then, ®[Q)] = T = ®[R] from direct computation, and ) = R as a consequence
of [2, Lemma A.2].
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8 N. Naganuma

LEMMA 2.2. Foralll <n<k—1,

(2n)! k A Cm

>

(n =D+ D1, 5 (m— (n+ D)V

fQ Hgn ( )d.CC:

k U
R(z)Hop(z)w(x) de = 2" A o .
f m:Zn:—&—l 7“;1 (T - n)'

Proof. We refer to [2, Lemma A.1]. The product formula and the orthogo-
nality of the Hermite polynomials imply that

(2n)! il(i — 2)!
(n+(n—1) (i — (n+ 1))

f H,(2) Hy—a(2) Hon (2)0(x) do = frorc

Hence, the first equality holds. The second assertion follows from

1 (2r)! 2"yl
1n<r = n<r.
(r—m)!

Ei{oxﬂﬂ%( x)w(z)dr = 1 2 — )

This completes the proof. m

Proof of Proposition 2.2.. Set

Mg i—1
f@) =¥ e

Since f (")(O) = Qp+1Cp+1 holds for every 1 < n < k — 1, we look for other ex-
pressions of f(")(0). First, we show that

k i—1
=> aipi >z
i=1 r=0

Ca fO-2) — F1) = [ ) (g1 — )} du

O%»—A

and next we consider nth derivatives of both sides at z = 1/2. We obtain the as-
sertion as a consequence.
For every n € N,

k

e ,
f(n) ) = #xzf(nﬂ)’
0= 2 Ty
(n) k i—1 r!
g\ (z) = @l —" "
( ) i:%—l rgn (7" - 7’L)'

Combining Lemma 2.2 with the above yields

(2n)!
(n—1!(n+1)!

F (1) = 2ng (1),
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Generalizations of the fourth moment theorem 9

Since % = 732:1 Bé ) as a consequence of [10, (5.4.6), (5.5.5) and (5.12.1)],

f(")(l) — n2—: 1B (;,n> g(”)(l).

By the above,

f(U=22) = f(1) =

(—22)"

n L 1
( ;1 bf (1—u) 2" du> g™ (1) (-2)"z"

1 L (k1 ()
= {(1 —u) 2 (Z g |(1) (n+ 1)yt (—1)”x”> du.

n=1

Here, noting that g(1) = Zle a;p;i = 0 and applying the Taylor formulato g(1 —
ux) yield

{ug(l —ux)

The two equalities imply (2.4).
Next, we consider the nth derivative of (2.4) at x = 1/2. Substituting

d & 1—(1—ux)™
el 1 _ v ol U ———
du{ug( uz)} du m:1a Hmt (1 —ux)

k

=Y amptn - m(1 —uz)™ 1
m=1

into (2.4) yields

1
Amftm - [(1— u)_%u_l(l — uz)™ 1t du.
1 0

(U =22) = f(1) =

M-

Furthermore, for every n < m — 1,

dn
T — (1 —u)" %ufl(l — ug)™ !
m— 1)! — 5 n m n
=1 (_1_n>!(1—u) 2u H(—u)" (1 — ux)™ !
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10 N. Naganuma

and

sup  |(RHS of the above)|
we(1/4,3/4)

(m — 1)' et u\m—1-n
Sl - (1-9) .
\(m—l—n)!( u)ru 4
Hence, by Lebesgue’s derivative theorem,
k
—1)!
(M) = (—1)" m(mi
(=270 = (0" 3 i+ T e ),

where k,,+1(m) is a constant defined by (1.1). This is the conclusion of the propo-
sition. m

3. EXPRESSION OF 7" AND PROOF OF MAIN THEOREMS

In this section, we consider the positivity of {c; }a<i<i for several cases and
. . ~ ~ h0t—1
present our main theorem. Set k > 2, and write &; = &;(k) = % From
Corollary 2.1, we have

k -y
3.1 Gi=ak)= Y {&(m) - G} Emq,,

m=Il+1 kMk

3.1. T(z) = 2** + a;z* 4 ao. Consider an even polynomial T'(z) = x2* 4
aix® + ag for 2k > 21 > 2. The function ¢(x) = E[T(xN)] satisfies ¢(1) =

(1) = 0 if and only if q; = —E%& and aq = (&
y I

m 1) ug. In this subsection, we

show the next proposition.

PROPOSITION 3.1. The polynomial T'(x) = 2% 4 ajx®! 4 ag is expressed as
(2.1) with positive coefficients oo, . .., ax ifand only ifk >l =1ork > 1= 2 or
(k,1) = (4,3),(5,3).

Proof. Substituting aj11 = --- = a1 = 0 and a;, = 1 into (3.1) we have
ai(k) = & (k) — & (1) for every 2 < i < k. We should recall &;(I) # 0 only for
2 < i< ldueto (1.2).

We can obtain the “only if” part of the assertion by focusing on ag. If [ = 3,
then

166

dﬂ@:&@%fﬂ$<&@%{%ﬂzgg_§<o
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263 Generalizations of the fourth moment theorem 11

264 for all £ > 6 (see Proposition 5.2 Assertion 3 and Proposition 5.1). If [ > 4, then
265 ao(k) = & (k) — &(1) < 0 for all k > [ (see Proposition 5.2 Assertion 3). This
266 yields the “only if” part.
267 Now, we show the “if” part. If [ = 1, then &;(k) = &(k) > 0 forall 2 < i <
268 k.If | = 2, then
269
i(k), 3<i<k,
270 a;(k) = &ilk) _ '
§Q(k)—§2(2), = 2.
271 Hence we have &;(k) > 0 for i = 2 (resp. 3 < @ < k) due to Proposition 5.2 As-
272 sertion 1 (resp. & (k) > 0). If [ = 3, then &;(k ) 51( ) —&(3) >0fork =4,5
273 due to the same reason with the case [ = 2. This completes the proof. =
274 32.7(x) = 2% + arz™ + agx'? + a3z5 + ao.
275 Select a natural number k& > 8, and set T'(x) = 2% + ax'* + bx'? 4 az2® +
276 ap. Here, a3 and ag is chosen to ensure that ¢(1) = ¢’(1) = 0. Then, from Corol-
277 lary 2.1,
- B 6#6
278 ai(k) = {& (k) — &)} +{&(7) — &(3 ) +{€z( ) = &i(3) uk
279 In what follows, we consider the case a7 = 0 and ag = 0 and show that ay, . . ., ag,
280 as, g, (3, (g are positive. In this case, it is necessary that
J81 Tur _ &(k) Gpo , _ Er(k) &6(7)  Eo(k)
kpug &(7) kpe— &6(7) &6(6)  &6(6)
282 Hence,
- &7(k)
) = (606 - 63} + 16 - ) (-7
7(k) &6(7 ) _ &e(k)
+16(60) - m}( ' ,6
283 §7(7) &6(6)  &6(6)
7 7 - Q2 7 1 Y
e+ [ SO SO 606)) ¢
&7(7) &7(7)€6(6)
&i(6) — &i(3 )]
+ |- k 3
{ oal EUR
284 Since &;(k) = & (k) > 0 for 8 < ¢ < k, we consider &; (k) fori = 2,3,4,5.
14 Jun 2022 04:10:23 CEST Editorial
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LEMMA 3.1. Let k > 8. Then, &;(k) > 0 foranyi = 2,3,4,5.

Proof. For 8 < k < 3000, the assertion follows by direct computation. We
use Mathematica for this calculation. For the source code used, see Listing 1.
Next we show the assertion for k£ > 3000. As a consequence of Proposition 5.3,
{&(k)}3o., converges to 2/ (i — 2)! as k — oo, and we estimate the error of this

convergence. Setting ;(k) = & (k) — 2071(i — 2)! yields

§2(k) + 307256( ) + 15:1;60§7(k) — %, 1=2,
298(k) + 2 &r(k) — 3, i=3,
3256( )+ ﬁ§7( )s 1 =4,

(k)
N (k) —
(67 k) =
(k) (k) —
(k) — 2&(k) + fe5&(k), i =5,
TQ(,IC) + 301727‘6(]{3) + 153607“7(:1{3) + %, 1=2,
( ) 726987'6(k) + 7162810T7(k) + %7 1= 3:
(k) — 55r6(k) + f577(k) + 488, i =4,
(k) — 2rg(k) + Z5r7(k) + 1008, i=5,

which implies

~(Ir2(k)| + 7316 (k)| + magglr7 (B)) + 55, i =2,
—(Irs (k)| + Zglre (k)] + 7ggglrr(R))) + 252, i =

(Ira(k)
(Irs(k)

~.

ai(k) > | o
—(Ira(k)| + g5lr6 (k)] + g5lr7(k)[) + 488, i=4,

—(|rs(k)| + glre (k)| + g |r(k)|) + 1008,
> 0.

~
\'C“

The last inequality follows from Proposition 5.3. This completes the proof. m

Listing 1. Proof of Lemma 3.1

kappal[i_,m_]:=Beta[i-1,1/2]«Hypergeometric2F1[i-1, - (m—1)

,1-1/2,1/2];
xi[i_,m_J]:=(m-1)!/(m-1i) !+xkappali,m]/;m>=i;
xi[i_,m_]:=0/;m<i;

tildeA[i_,k_] —Xl[l k] ( (x J_[ 71-xi[i,3])/x1i[7,7]+x1i
[6,7]*(xi[1, 6] 31)/ (% 7 7]*xi[6,6]))*xi[7,k
1+ (—(xi[1,6]1- y/x1[ ])*xi[6,k]—xi[i,3]

(¥xAre tildeA[i,k]>0 for 1i=2,3,4,5 and k<30017?%)
Table[Map[tildeA[#,k]&,{2,3,4,5}1,{k,8,3000}];
AllTrue[Flatten[%],Positive]

(¥xAre tildeA[i,k]>0 for i=2,3,4,5 and k>30007?%)
Map([tildeA[#,k]1&,{2,3,4,5}]1/.Array([xi[#,k]->2" (#-1)
*x (#-2) '+r[#,k]&,7,2]//Expand;
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312 Generalizations of the fourth moment theorem 13

313 CoefficientArrays[%$,Map[r[#,k]&,Range[2,16]]]//Normal;
314 Map [Abs, %1;
315 $[[111+%[[2]].Map[-r[#,k]&,Range[2,16]];
316 %/ .MapThread[#1->2"#2&, {Map[r[#,k] &, Range
317 (2,1611,{-18,-9,-5,-2,2,6,10,14,18,23,28,32,37,42,47}}1;
318 AllTrue[Flatten[%],Positive]
319 33.7(x) = 2% + a1623* + a152°° + agz'® + agz'® + az2® + ay.
320 Select a natural number k > 17, and set T'(z) = 2%* + az3? 4 b230 + c2'® +
321 dz'? + a3x® + ag. Here, az and ag are chosen to ensure that ¢(1) = ¢'(1) = 0.
322 Then, from Corollary 2.1,
- 1616 1515
323 a;(k) = {&(k) = &(3)} + {&(16) — &i(3)} a+{&(15) = &(3)}——0b
kpk K,
g 616
324 i(9) — &(3)}— i(6) —&(3)}—d.
FLE0) ~ G@)) e+ {6(6) ~ &@) e
325 Here, we choose a, b, ¢, d to ensure that o; = 0 for all ¢ € {6,7,12,13}. It fol-
326 lows from this expression that &; (k) = &;(k) > 0 for any 17 < i < k, and we can
327 demonstrate the next lemma in the same manner as Lemma 3.1.
328 LEMMA 3.2. Let k > 17. Foreveryi € {2,...,16} \ {6,7,12,13}, we have
329 a;(k) > 0.
330 3.4. Proof of main theorem.
Proof of Theorem 1.1.. Proposition 3.1 implies that T'(z) = 2%* — %le +

331 (% — 1) py, can be written as (2.1) with positive as, ..., o for k> 1 =1 or

k>1=2or (k1) = (4,3),(5,3). Combining this fact with Lemma 2.1 yields
332 Assertions 1, 2 and 3.
333 In the same manner as the above, combining Lemmas 2.1, 3.1 and 3.2 yields
334 Assertions 4 and 5. =
335 4. DISCUSSION ON MAIN THEOREM
336 After [9], [2] and the present paper, the next conjecture is still open:
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338 CONJECTURE 4.1. Let T = {2l,2k} for 6 < 2l < 2k. Then, (CL) and (CM)
339 for I are equivalent.
340 As stated in Section 1, we cannot give a proof to Conjecture 4.1 by the method
341 in [2] (see Proposition 3.1). Here we reconsider this fact intensely. Write Z =
342 {201,...,2lp, 2k} with 2 < 20y < -+ < 20y < 2k.
343 Since our proof of “(CM) = (CL)” relies on Lemma 2.1, T should be ex-
344 pressed as (2.1) and ¢(1) = ¢'(1) = 0 should be satisfied (see Proposition 2.1).
345 Note that the conditions ¢(1) = ¢’(1) = 0 give a system of two linear equations
346 (2.3) with k£ unknowns ag, a1,...,ar—1 (ap = 1 because 1" is monic). Since we
347 should obtain E[T'(Z,)] — 0 from convergence of moments in Z, we should set
348 a; =0fori €{0,....,k—1}\ {ly,...,ln}. Hence we have two linear equations
349 with (M + 1) unknowns ao, a;,, . .., a;,,. Of course, we may be able to obtain
350 a unique solution only for M = 1 and we have choices in ag, ay,...,a;_1 for
351 M > 2. After finding ag,aq,...,ar_1, we can calculate ag, ..., a1 (ap =1
352 since 1" and W}, are monic) from ag, a1, ..., ag—1 due to Proposition 2.2
353 For the case M = 1 (thatis, Z = {2[, 2k} with 2 < 2l < 2k), ag, a1, .., a1
354 are uniquely determine and do so «a, . . ., ai_1. Furthermore, for some cases (e.g.
355 7 = {6,12}), we have as < 0 and cannot show the equivalence of (CM) and
356 (CL). If M > 2, ag,a1,...,a,_1 are not uniquely determine and does not so
357 sz, .. .,a_1. Hence we may be able to choose ag, a1, ...,a,—1 sothatao, ..., a1
358 are nonnegative.
359 From the observation above, we found Z in Assertions 4 and 5 of Theorem 1.1
360 so that s, . . ., a1 are nonnegative. This procedure needs numerical calculation
361 (Listing 2 is the source code in Mathematica, which is used to find 7). Other than
362 7 in Assertions 4 and 5, we observe the next examples:
363 - The largest number of Z in Assertions 4 (Z = {6,12,14,2k}) and 5 (Z =
364 {6,12,18, 30, 32,2k}) of Theorem 1.1 is arbitrary, however it does not holds in
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general. For example, all of g, . . ., o, are (resp. are not) nonnegative for Z = {6,

12, 16, 2k} with 18 < 2k < 40 (resp. 42 < 2k < 100)

- The smallest number of Z may be arbitrary. For example, ao, ..., ay are
nonnegative for 7 = {8, 12, 14, 18, 26, 32, 34, 36, 38, 1000}, Z = {8, 12, 14,
18, 28, 30, 34, 36, 38, 1000} and Z = {10, 14, 16, 18, 24, 28, 30, 32, 34, 36, 38,
1000}.

However we can not describe a rule which the nonnegativity of as, . . . , a1 obeys
clearly. These examples suggest the following conjecture, which is a relaxed ver-

sion of Conjecture 4.1.

CONJECTURE 4.2. Let 21y > 8 be an arbitrary even integer, and choose (M —
1) suitable integers la, ..., Ipr with Iy <lg < --- < lp;, where M > 1. Let 2k >
2(Ipr + 1) be an arbitrary even integer. Set T = {21, ...,2ly,2k}. Then, (CL)
and (CM) for 1L are equivalent.

Of course the cases 2l; = 2,4, 6 are obtained in Theorem 1.1 and this conjec-

ture might be shown by the method in [2].

Listing 2. How to find examples

he[k_,x_]:=helk,x]=2" (-k/2)HermiteH [k, x/Sqrt[2]];
(x Define w «x)
wll_,x_]:=w[l,x]=Module|[{coefflList},coefflist=

CoefficientList[he[l/2,t]*he[l/2-2,t],t];

(2%x1/2-1)*({0,0} " Join~ (coefflList*Map[l/#&,Range[Length|[
coefflList]]])-(coefflList”Join"{0,0})) .MapI[x"#&,Range
[0,11]1]1//Expand;

(» Set list={1l,...,k}. Consider an identity with respect
to x so that a_0O+a_lx"1+...+a_kx"k = b_4 w[4,x]+...+
b_k wlk,x] =*)

equalities[list_]:=equalities[list]=Map[#==0¢&,
CoefficientList [Plus@@Map[Subscriptla, #]*x"#&, {0}~
Join~list]-Plus@@Map[Subscript[b, #]*w[#,x]&,Rangel4,
Last[list],2]]1,x7211];

( Find example a_k,...,a_1l,b_1,...,b_k so that a_k=1,

b_k=1, b_k,...,b_4 are nonnegative x)
example[list_]:=FindInstance[Join[{Subscript[a, Last|
list]]==1, Subscript[b, Last[list]]==1},Map[Subscript]|

b, #1>=0&,Range[4,Last([list],2]],equalities[list]],
Map [Subscript[a, #]&,{0} " Join"list] "Join"Map|[
Subscript[b, #]&,Range[4,Last[list],2]]]

list = {6, 12, 16, 100};
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396 equalities[list]
397 example[list]
398 5. APPENDIX
399 In this section, we study properties of &;(k) defined by (1.2). First, we obtain
400 the next proposition by direct calculation.
401 PROPOSITION 5.1. The first few exact values of {&;(m) };m>i>2 are
8 14
402 £(2)=2, &LB)= 3 =266..., 2(4) = 5 =28
96 166 o84
403 5)=—=2.74... 6)=— =2.63... 7)=—=252...
&) = 3 L 6(6) = o AR ,
8 24 208
404 3)=-=266... 4)=— =438 5)=——=594....
£3(3) 3 » &(4) 5 , &(5) 35
405 In addition, we can obtain more information regarding &; (k) by studying the
406 hypergeometric function, as follows.
407 PROPOSITION 5.2. Leti = 2. Then,
408 1. £&(2) =2and 2 < & (k) for k > 3.
409 2. 52(2) < 52(3) < 52(4).
410 3. &(4) > &(5) > &(6) > - -
411 PROPOSITION 5.3. For every i > 2, {&;(k)}32, converges to 2771 (i — 1) as
412 k — oc. In addition, for all 2 < i < 16 and k > 3000, r;(k) = & (k) — 271(i —
413 2)! satisfies
s ralh)| < 2"
415 The values of p; are as listed in Table 1.
416 TABLE 1. Definition of p;
417 il 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
418 pi|-18 -9 -5 -2 2 6 10 14 18 23 28 32 37 42 47
14 Jun 2022 04:10:23 CEST Editorial

Version 2 -- submitted to Probability and Mathematical Statistics System


https://www.editorialsystem.com/

419

420

421

422

423

424
425

426

427
428
429
430

431

432

433

434

435

436

Generalizations of the fourth moment theorem 17

5.1. Proof of Proposition 5.2.

In this subsection, we demonstrate Proposition 5.2.

Proof of Propsotion 5.2.. First,

1 u\ —2
(5.1) (1-u)"3 < (1 - 5) for 0<u<1/2,
—1
(5.2) 1-u)2> (1 - %) for 0<u<Ll

Then, Assertions (5.2) and (5.2) for k = 2, 3 follow from Proposition 5.1. For
k > 4, it follows from (5.2) that

£z(k)>(k—1)Z(1—g)l (1—%)#2 du:2—|—ki2<1—l;k__21>.

Since the last term is positive for k > 4, & (k) > 2 for k > 4.

Now, we demonstrate (5.2). Since £2(4) > £2(5) > &2(6) > &2(7) from Propo-
sition 5.1, we show that £3(k) > &a(k + 1) for k > 7. If we set 0, = &a(k + 1) —
&a(k), then

N|=

5 = }(1 )" (1 - %)H <1 - l;u> du.

0

Noting that 1 — gu 2 0forus % and using estimates (5.1) and (5.2) yield

e () () a3 (1 )

3k2 1\ 22 -2k +2) (1)"
MRS =e (1 k> ICEPICES <2> ]

Here, the fact that (i) k — (1 — %)k is increasing and converges to 1/e(< 7/19)
2(k2—2k+2) .

as k — oo, that (i1) k — % is decreasing, and that (iii) £ — Th=2)0=1) 18
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438 decreasing, yields that for k > 7,
439
440 O < 2 2
PR R -3)(k—2)
441 N 3.7 l+2(72—2'7+2) 1\*
(k—3)(k—2)(7T—1)219 (7T—=2)(7—1) \2
442 | 113 1 L8371 g
B 228 (k—3)(k—2) 15 \2
2-37 15113
443 k
=— ——2"—(k—-3)(k—2)] .
15(k — 3)(k — 2)2k {37 228 ( A )]
444 Since the last term is negative if £ > 7, the assertion is demonstrated. This com-
445 pletes the proof. =m
446 5.2. Proof of Proposition 5.3.
447 Now, we examine the hypergeometric function F'(a, b, ¢; z).
448 LEMMA 5.1 (Watson’s lemma, [4, Proposition 2.1]). Let ¢: (0,1) — R be
449 an integrable function on (0, 1). Assume that there exist constants o > 0 and 0 <
450 p < 1 and a smooth function 1) on [0, p| such that ¢(s) = 1(s)s° L. Then,
1

451 “2s Y(0)I'(0)

ds — - \7)
452 { os)e ’ A7

219(0)] | (maxocsgp [¢/(s))I(0+1) 1 |
453 < AP FCas! + ﬁ{'qﬁ(s)‘ds
454 forany \ > 20 /p.
455 Proof. Following a proof in [4] and using the monotonicity of the function
456 t— e 5t on [20, 00) in estimating an incomplete Gamma function yield the
457 estimate. m
458 LEMMAS2. Leta>1,0<c—a <1 and0 < z < 1. Then,
459 B(a,c—a)F(a,—b,c;z) — _LDla) < 2(—(b+1)log(l — z))
9 ) gl Za(b + 1)a X a,c;z
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Generalizations of the fourth moment theorem 19

forany —(b+1)log(1 — 2z) > 2a/p. Here, 0 < p < 1 is an arbitrary constant and
My ... is defined as

1 2 (1—-p)*2T(a+2) B(a,c—a)
Macz()\) - (1 *Z)a+]' (p)\ep)\ )\CL+1 + ep)\ .
Proof. We expand B(a,c — a)F(a,—b,c; z) fo yera=i(1 —
zu)® du with respect to b 4 1 making use of Lemma 5.1.
Set v — l;)(;ggll zzu €= log (1—2) = 7(17z)’lzog(1fz)7 and h(w) _ eww_l.

Then, the fact that

1—wu
1—wv

% = eh(vlog(1 - 2)), — nh((v - Dlog(1 - 2)), 1—zu= "0,

yields

ua—l(l . u)c—a—l(l _ Zu)b

- (T (1 = Z)l V(1 = 001 (1 = 2

v
_ g—ld)(v)evblog(l—z)
_ g—lw(v)va—levblog(l—z)’

where

d(v) = Y)Y, P(v) = Kg(v)(1 — )1,
K =& g(v) = h(vlog(l — 2))* 'A((v — 1) log(1 — 2))** .

Combining this with 4 = ¢ev log(1=2) and writing A = — (b + 1) log(1 — ) yield

B(a,c—a)F(a,—b,c;2) = [ ¢(v)e " dv.

o=~

In what follows, we expand the integral above with respect to A making use of
Lemma 5.1. Here, we list properties of h, as follows.

- h is strictly increasing and positive;

- h(log(1l — 2)) = €71, h(0) = 1 and h(—log(1 — 2)) = n~1;

- B/ /h is strictly increasing and 0 < (h//h)(w) < 1 forw € R;

- (W /h)(0) =1/2and (h'/h)(—1log(1 — 2)) = 1/z + 1/log(1 — 2);

- 0 < (W/h) (w) <|(K/h)(0)] =1/12 forw € R.
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First, 1/(0) = Kg(0) = Kh(0)* 1h(—1log(1 — 2))¢~%~! = £4. From this and
0 < €< (1—2)71, it follows that

YOI T(o)
@ z¢(b+1)2’

[p(0)] < (1—2)7"
Next, we estimate maxo<y<, |0'(v)|. Note that ¢'(v) = g(v) f(v), where

B R (vlog(l — z))
fv) = {(a -1 h(vlog(1 — 2))

W((w— 1)log(1 — 2)
e e ) o~ 1) log(1 — 2)) }log“ —%

implying that

Y(v) = Kg(v)(1 =) "2 {f(v)(1 = v) = (c —a—1)}.
It follows froma — 1 > 0, —1 < ¢ — a — 1 < 0, and the properties of A that
<h aflh c—a—1 _ 1
max |g(v)] < h(0)""h(0) 7
max | f(v)] < {la — 1|+ |e — a — 1]} log(1 — 2)| < a| log(1 - 2)|.
0<v<1
Hence, using K = €711 — 2)¢7% 1 < (1 —2)"% (¢ > 1) and |log(1 — 2)| V1 <
(1 —2)"1for0 < 2 < 1yields
max [¢(v)] < K(1— p)* " {a| log(L - 2)| + 1}
0<vp
<(1=p) 2 a+1)(1 — z)~ D),

and finally,
1 1 . .

<K m T —w)eTeT < (1-2)"“B(a,c— a).
[ 16w dv < K g [g(9)] [ 70— 0o < (1= 2) " Blase —a)

Hence, the remainder is bounded by

1 2 (1-p) 2 2(a+1)Ta+1) 1
(1—2)e <p)\e/’)‘ + 1—2 Nt @TAB(CL’ c=a)).

This bound and 1 < (1 — 2)~! complete the proof. m
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512 Proof of Proposition 5.3.. Recalling (1.1) and applying Lemma 5.2
witha =i—1, b=k —iand c =i — % yield rj(k) = &(k) — 2771(i — 2)! =
7“171'(]{) + 7“271'(]{>, where

k—1)! 1 11
513 . _( 1 = 1 —(k—4) 5 — .
rii(k) = =) {B <’L 1, 2) F (2 1, —(k—1),i 5 2)
201 (i — 2)!
(k—i+1)i-1
(k—1)! 2071 —2)! 1
514 (k) = — — 2 —2)L
rza(k) (k=) (k—i+1)—1 (i-2)
. k—1)! - _ . )
515 Write ¢;(k) = (kil),((kf%l)hl Then, ¢;(k) = Hza:ll (1 + ,ﬁi_&l) is monotoni-
516 cally convergent to 1 as k — oo.
517 Setting A = (k — ¢ + 1) log 2 yields
(k—1)! _ k) i—1
518 Ir1i (k)] < (=) My 1.0 = (log2)i-1 ATM 11 (Y
519 forall A > 2(i — 1)/p. Since, for every n > 0 the functions \ — A"e ™" and \
620 A~" are decreasing on [n/p, c0), the function [0,00) 2 XA +— A1M, | . 11(})
T
is decreasing on [(i — 1)/p, 00) and converges to 0 as A — oo. In addition,
521 0 < 7ro4(k) =27 (i — 2){ei(k) — 1}
522 From the above, it follows that &;(k) — 271(i — 2)! as k — oc.
523 Choose ko € N and ¢ € N to ensure that (kg — i+ 1)log2 > 2(i — 1) /p, in
524 other words, %# > 4. Then, for all £ > ko,
ci(ko) -1
525 (B < —=—= - A""M,_,. 1.1(\
‘Tz( )| (log2)’*1 171,27%,%( ) A=(ko—i+1) log 2
526 + 20710 — 2) e (ko) — 11
57 Since % > 64 for kg = 3000 and p = 2~4, we canchoose i = 2,...,16
and obtain the estimate of |r;(k)| fori =2,...,16. =
528 Acknowledgments. The author thanks anonymous referees for careful reading
529 a manuscript of the paper.
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