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How to solve y = x3 in x?

Although the standard sufficient condition

f ′(x) 6= 0

for the local invertibility of the function
f (x) = x3

fails, yet f can be inverted and solution can be found

y = f−1(x) = x1/3.

We shall try to generalize it to multi–dimensional and infinite–dimensional cases.

Palais-Smale Condition

Definition. The functional ϕ : X → R is satisfying P-S, i.e. Palais-Smale, condition if any sequence
xn with n ∈ N such that ϕ(xn) is bounded and ϕ

′(xn) → 0 as n → ∞ posesses a convergent
subsequence in the space X .

Origin and evolution of the Palais-Smale condition in critical point theory.

Jean Mawhin and Michel Willem. Dedicated, with admiration, to Stephen Smale.
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In 1963, Palais and Smale have introduced a compactness condition, namely Condition (C), on real
functions of class C1 defined on a Riemannian manifold modelled upon a Hilbert space, in order to
extend Morse theory to this frame and study nonlinear partial differential equations. This condition
and some of its variants have been essential in the development of critical point theory on Banach
spaces or Banach manifolds, and are referred as Palais-Smale-type conditions.

Global Invertibility Theorem

Theorem 1.

Let X be a Banach and H be a Hilbert space, F ∈ C3(X,H).

(a) for any x ∈ X either F ′(x) is bijective or the conjunction of conditions holds:
F ′(x) = 0, F ′′(x) = 0, inf|h|=1 |F

′′′(x)h3| > 0 and F ′′′(x) : X3→ H is onto,

(b) for any y ∈ X the functional ϕy(x) =
1
2|F (x)− y|

2 satisfies the P-S condition.

Then the operator F is globally invertible.

Theorem 2.

Assume that F : X2→ H and for any y ∈ X F (·) = G(·, y) satisfies the assumptions of the previous
theorem. Then the global solvability in x of the G(x, y) = 0 is guaranteed, i.e. for any y there exists
the unique x = x(y) such that

F (x(y), y) = 0 .

One dimensional example

Consider F (x) = x3+x5, then F ′(x) = 3x2+5x4, F ′′(0) = 0 and F ′′′(0) = 6 and thus the solvability
of x3+ x5 = y can be derived from the solvability of 6h3 = y which is trivial and the solution is given
by h = (y/6)1/3. The Palais–Smale condition holds for any fixed y since |x3 + x2 + y|2 is bounded
with respect to x iff |x| is bounded.

Two dimensional example

Let us move to higher dimensions and consider z(x) = (x3 + x5 − y5, y3 + y5 + x5).

z1 dependence on x and y z2 dependence on x and y

Then z′1(x) = (3x
2+5x4,−5y4) and z′2(x) = (5x

4, 3y2+5y4). Next z′′′(0)h3 = 6(h31, h
3
2). The Palais–

Smale condition holds in this case since (x3 + x5 − y5 + y01)
2 + (y3 + x5 + y5 + y02)

2 is coercive with
respect to |(x, y)| growing like x10 + y10 for any y0 =)y01, y

0
2).

Applications to integral or differential equations

Consider the problem motivated by BVP for ODE suggested by Fijałkowski

F (x) = A(x2)x + r(x) (1)

where for some measurable function 0 < α ¬ K(t, s) ¬ β <∞ the integral operator A is defined as
follows

Az(t) =
∫ 1
0 K(t, s)z(s)ds . (2)

Then X = H = L2(0, 1), while A : L1(0, 1) → C([0, 1]) is continuous and compact. If we assume
r(x) = o(|x|3) at 0 then

F (k)(0) = 0

for any k = 1, 2 while

F (3)(0)h3 = 6A(h2)h .

Notice that, due to the lower bound for the function K and the growth assumption o(|x|3) at ∞ on
r, the functional |F (x)|2 is coercive in x ∈ L2(0, 1). Next due to the reflexivity of the space of the
square integrable functions the Palais–Smale sequence contains the weakly convergent subsequence xn
in L2(0, 1) not to zero (otherwise we are done) and Ax2n can be assumed to be convergent in C([0, 1]).
On the function r we have to impose the assumption of weak continuity together with its derivative
to get the convergence of r(xn) and r

′(xn). Since

xn = (F (xn)− r(xn))/(Ax
2
n) (3)

and using the estimate Ax2n(t)  α|xn|
2 > 0 one gets that the convergence of F (xn) is equivalent

to xn under weak continuity assumption imposed on the function r. Finally recall that for the Palais
smale sequence we have as n→∞ that

< F ′(xn), F (xn)− y >→ 0 .

But using (3) one obtains the relation guaranteeing the convergence of F (xn)

F ′(xn)h = A(x
2
n)h + 2A(xnh)xn + r

′(xn)h , (4)

F ′(xn)h = A(x
2
n)h + 2A(xnh)(F (xn)− r(xn))/(Ax

2
n) + r

′(xn)h . (5)
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